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ABSTRACT
The degrees of freedom in a wireless channel determine its statistics and capacity. The degrees of freedom in turn depend on the
number and spatial distribution of physical propagation paths in
the environment as well as the signal space dimensions (number
of antennas, bandwidth). In this paper, we use a virtual representation of time- and frequency-selective MIMO channels to relate the
degrees of freedom to the physical propagation paths. The virtual
representation is characterized by virtual channel coefficients in
angle-delay-Doppler space. It induces a partitioning of paths that
reveals the contribution of each path to the degrees of freedom as
well as fundamental dependencies in angle, delay and Doppler that
constrain the degrees of freedom. As the signal space dimensions
increase, the degrees of freedom increase whereas the statistics of
the virtual channel coefficients deviate from Gaussian (Rayleigh)
to “specular” in which the amplitude of the coefficients is deterministic and the channel variations are manifested solely in the
phase. Implications of the angle-delay-Doppler dependencies on
channel structure and capacity are discussed, which are particularly relevant to ultra-wideband systems.
1. INTRODUCTION
The capacity and diversity afforded by a time- and frequencyselective MIMO (TF-MIMO) channel is due to the spatial distribution of propagation paths and the relative motion of the transmitter
and receiver arrays. The distribution of propagation paths, in conjunction with signal space dimensions, determine the structure and
degrees of freedom (DoF) of a TF-MIMO channel, which in turn
determines the channel statistics and capacity. Virtually all existing analyses of MIMO channels are based on the assumption of
Rayleigh fading which implicitly assumes an infinite number of
paths. In reality, the number of dominant paths is finite.
In this paper, we investigate the statistics and structure of TFMIMO channels under the assumption of a finite number of paths.
Our study is based on a virtual representation of TF-MIMO channels that captures the essence of channel-signal space interaction
in time, frequency and space [1, 2]. Each physical scatterer can
be associated with a unique Angle of Departure (AoD), Angle of
Arrival (AoA), delay, and Doppler shift. The virtual representation replaces the actual physical scatterers with virtual scatterers
associated with fixed uniformly spaced AoD’s, AoA’s, delays and
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Doppler shifts on a four-dimensional (4D) grid. The grid spacings in the four dimensions correspond to the resolutions in time,
frequency and the two spatial dimensions that are determined by
the signaling bandwidth, duration, and array apertures, respectively. The virtual representation yields many useful insights. Particularly relevant to this work, it induces a partitioning of paths
in angle-delay-Doppler that explicitly reveals the contribution of
each path to channel DoF. It also unravels fundamental dependencies in angle-delay-Doppler that constrain the DoF.
The study in this paper yields two important insights. First,
in the virtual spatial domain (beamspace), the virtual coefficients
exhibit lesser selectivity in time and frequency compared to the actual coefficients.1 Furthermore, the virtual spatial matrices corresponding to distinct virtual delays exhibit disjoint sets of dominant
coefficients, as supported by some preliminary results based on
measured data. Second, as the signal space dimensions increase,
the assumption of Rayleigh fading gets violated. In essence, the
variation in virtual channel coefficients over time is solely governed by phase variations (rather than phase and amplitude variation in Rayleigh fading). We present some preliminary results to
show that this deviation from Rayleigh fading does not affect the
ergodic capacity but could significantly improve outage capacity
performance at moderate to low SNRs ( 10dB). The above implications of angle-delay-Doppler dependencies could be exploited
in the design of non-coherent signaling schemes and multiuser receivers for ultra-wideband systems.
2. A PHYSICAL MODEL FOR MIMO CHANNELS
Consider a transmitter array with  elements and a receiver array
with  elements. We want to represent the TF-MIMO channel
over a signaling duration  and bandwidth  . In the absence of
noise, the transmitted and received signals are related as
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where 6
is the  -dimensional transmitted signal,   is the
Fourier transform of the transmitted signal,   is the  -dimensional
received signal, and  77 denotes the time-varying frequency
response matrix coupling
 the transmitter and receiver elements.
For simplicity we focus on one-dimensional ULAs of antennas
with antenna spacing ( . The channel matrix can be described via
1A

similar result has also been reported independently in [3].

the array steering and response vectors given by
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where is related to the AoA/AoD variable  (see Fig. 1) as 
(! "$#   - % , and % is the wavelength of propagation. We consider
critical ( %*-5/ ) spacing. The effect of larger spacings is discussed in
[1].
The channel matrix  7 can be generally modeled as [2]
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represent the angular spreads.
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and they are related to the discrete physical model (3) as
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3. VIRTUAL CHANNEL REPRESENTATION
In (3), each propagation path is associated with an AoD, AoA,
delay and Doppler shift which can be arbitrarily distributed within
the angular, delay and Doppler spreads. As illustrated in Fig. 1, the
virtual representation samples the scattering environment at fixed
virtual angles, delays and Doppler shifts. The virtual representation is expressed as [2]



tion. The spacing between the virtual angles represents the spatial
resolutions: x  ,  -0 and x 
 -0 . The spacing between
the virtual Doppler shifts and delays is determined by the spectral
and temporal resolutions: xyF
 -  and xzK  -5 .
The virtual coefficients can be computed as
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Fig. 1. Virtual representation in the spatial dimension. The virtual angles are fixed a priori and their spacing defines the spatial
resolution. The channel is characterized by the virtual coefficients,
4NPO Q R TSEU1, V:D , that couple the  virtual transmit angles,
4 ., VCD , with the  virtual receive angles, 4  , UWD .
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corresponding to transmit spatial resolution, receive spatial resolution, spectral resolution, and temporal resolution. Note that
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With this path partitioning the virtual coefficients in (4) and (8)
can be approximately expressed as
(4)

corresponding to fixed AoD’s, AoA’s, delays and Doppler shifts
defined as
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The virtual representation induces a partitioning of propagation
paths that reveals the contribution of each path to the DoF, and
also exposes fundamental dependencies between the DoF in angle,
delay and Doppler. Define the following subsets of paths
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coefficients are approximately uncorrelated since distinct U1, V , XY, Z
correspond to disjoint subsets of paths. The power in each virtual
coefficient is given by
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f   for all Q R ; that is, each

spatial DoF is associated with maximum DoF in delay-Doppler.
This would be true only if there are sufficiently large number of
paths ( 3 k3  3  ).
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Note that
even under the assumption of deterministic path amplitudes, each
N O Q R\L],^ will exhibit Gaussian statistics (Rayleigh fading)
for sufficiently large number of paths contributing to it (central
limit theorem). On the other hand, as the number of paths contributing to each virtual coefficient decreases, its statistics will deviate from Gaussian towards more “specular” statistics (see next
section).
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5. DEGREES OF FREEDOM, DEPENDENCIES, AND
FADING STATISTICS
The number of dominant non-vanishing virtual coefficients determine the DoF in the channel. The DoF depend on the number of
propagation paths, as well the angular and delay spreads associ
ated with them. In a SISO system ( 
 ), the maximum
number of DoF is the number of resolvable delay-Doppler bins:
3   j   f   . In a narrowband MIMO channel, the
maximum number of DoF is the number of resolvable spatial bins;
3    a +       a +     . In a TF-MIMO channel,
the maximum number of DoF is
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Consequently, the virtual representation (4) can be refined to reflect the essential DoF in the channel
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The ergodic capacity of a TF-MIMO channel only depends on the
angular DoF whereas the DoF in delay-Doppler only contribute to
diversity and outage capacity [4].
Equation (17) serves as an upperbound on the spatio-temporal
DoF; it assumes that the DoF in angle, delay and Doppler are independent. However, since the DoF are ultimately excited by the
same underlying propagation paths, the effective spatio-temporal
DoF, 3  .,
, are in general less than the upper bound 3   . The
$
$
fundamental dependencies are due to the fact that each virtual angle, delay and Doppler shift corresponds to a subset of paths, as evident from (10)-(13). For illustration, consider a fixed virtual angle
pair Q R . The corresponding NO Q% R\] ^ are non-vanishing
over the ], ^ range defined by
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Fig. 2. Illustration of angle-delay dependencies based on measured data for an 8x8 indoor MIMO channel.
(a) Virtual de7
NO Q R\  = . (c)
lay7 power profile. (b) Contour plot of
NPO Q R\  = .
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Conversely, for a given ^ , the number of non-vanishing entries
in the matrix 4N O Q% R\L^ D (spatial DoF) will be smaller than 3 
in general. Specifically, if 3  3  , then the total spatial DoF
( 3  ) will be distributed over virtual delays; the spatial matrices
4 NPO Q R\^ D for distinct delays (^ ) will be non-vanishing over
disjoint sets of entries. These dependencies are illustrated in Fig. 2
which is based on real measured data for an 8x8 wideband ( 
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An immediate consequence of this effect is that even though the
marginal statistics of each element of   may still be Gaussian, the joint statistics will deviate from
 Gaussian since the number of paths is smaller than the DoF in the channel. This directly
impacts the coherent channel capacity behavior, as illustrated in
Fig. 3 for a narrowband MIMO channel. Two channels are simulated in the virtual domain. In one case, the virtual coefficients are
modeled as i.i.d. unit variance complex Gaussian (Rayleigh fading), whereas in the other case, the virtual coefficients are modeled
with deterministic path amplitudes but independent phases (spec0 O -O
 .
ular fading). For Rayleigh fading, -
1
U
,
V
For specular fading the path amplitudes,
,  are scaled
so that

U1, V U1, V  . The coherent capacity is given by [5]
-
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 . The capacity for the two
channels3 is estimated using 500 independent channel realizations.
For specular fading, the amplitudes are fixed but the phases are independently chosen over the realizations. As evident from Fig. 3,
the two channels exhibit near-identical ergodic capacity but the
specular channel exhibits a markedly improved outage capacity
performance at SNR = 10dB. We note that the outage capacity
of the two channels converges at high SNRs ( 20dB) whereas
the advantage of specular channel becomes more pronounced at
lower SNRs ( 10dB). Of course, channel estimation becomes
more challenging at low SNRs but we believe that this trend towards specular statistics for large signal space dimensions has implications for non-coherent capacity as well.
It is worth noting that the above implications of angle-delayDoppler dependencies are particularly relevant in ultra-wideband
8
systems due to their extremely high delay resolution (each , Z
2
would likely contain a single path); in fact, evidence of specular
statistics in UWB systems has been reported in some recent experimental studies [6]. The association of disjoint spatial DoF with
distinct delays (Fig. 2) could be exploited in space-time coding
as well as for multiuser signal separation. For example, signals
from two different users could be separated via delay-filtering; at
appropriately chosen delays, the signals of different users would
correspond to non-interfering virtual spatial channels.

-

2 We thank Prof. Ernst Bonek of FTW, Vienna for graciously providing
the measured data.
3 The expression in (22) is the true capacity for the Rayleigh channel
but strictly speaking a lower bound for the specular channel.
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shows the virtual delay power profile 
Figs. 2(b)7 and (c) show contour plots of the virtual angle power
profile,
N O Q%R\^  8, for ^. and ^4 , respectively. Evidently, the path subsets , Z associated with the two adjacent de2
lays exhibit completely disjoint
sets of spatial angles, suggesting
that 3
in this case.

As  ,  , or  increase, the angle-delay DoF 3  
3  j 
 increase but the size of the resolution bin associated with each
DoF decreases. For fixed 3 , it follow from (15) that for sufficiently large 3  
3 , at most a single path will contribute
Q R\1^ P ) U1, V, Z  , where  Q  R^ is

N
O
to each bin; that is,
8
+  the variation in each nonthe single path in U1, V , Z . Consequently,
vanishing virtual coefficient will be entirely due to phase
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(b)
Fig. 3. Capacity comparison between a Rayleigh fading and specular fading channel at SNR = 10dB. (a) Ergodic capacity. (b) Outage capacity for 10 antennas.
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