Beamspace MIMO for High-Dimensional Multiuser
Communication at Millimeter-Wave Frequencies
Akbar Sayeed and John Brady
Electrical and Computer Engineering
University of Wisconsin - Madison
Madison, WI, USA

Abstract—Millimeter-wave (mm-wave) systems operating from
30-300GHz provide a unique opportunity for meeting the exploding capacity demands on wireless networks. In addition to ordersof-magnitude larger bandwidths, the small wavelengths at mmwave enable high-dimensional multiple-input multiple-output
(MIMO) operation. However, fully exploiting the advantages
of mm-wave requires prohibitively high transceiver complexity
when using conventional MIMO techniques. In this paper we
propose and analyze the sum capacity of several linear, reducedcomplexity multiuser MIMO (MU-MIMO) precoders that exploit
the concept of beamspace MIMO (B-MIMO) communication –
multiplexing data onto orthogonal spatial beams that serve as
approximate channel eigenfunctions. Due to quasi-optical propagation at mm-wave, MIMO channels are expected to be low-rank
and the low channel rank is manifested in the sparsity of the
beamspace channel matrix. This enables near-optimal rank and
complexity reduction via the concept of multi-beam selection. We
present numerical capacity results that demonstrate the reducedcomplexity B-MIMO precoders are able to closely approximate
the performance of their full-dimensional counterparts with
complexity that tracks the number of mobile stations (MSs).
In mm-wave systems, where the number of MSs is expected
to be much lower than the system dimension, this enables a
considerable reduction in the digital signal processing complexity
and in systems equipped with analog beamforming front-ends
the hardware complexity is also reduced. Thus, the proposed
reduced-complexity multiuser precoders provide a near-optimal
route for achieving multi-Gigabit/s sum rates in mm-wave MUMIMO networks with the lowest transceiver complexity.
Index Terms—millimeter-wave wireless, Gigabit wireless, highdimensional MIMO, massive MIMO, beamforming, multiuser
precoders

I. I NTRODUCTION
The capacity demands on wireless networks are growing
exponentially with the proliferation of data intensive wireless
devices, such as smart phones and tablets. In current wireless networks operating below 5 GHz, two main approaches
are being pursued for addressing this challenge: small cells
to increase spatial re-use of spectrum [1], [2], and multiantenna multiple-input multiple-output (MIMO) technology
for managing interference and increasing spectral efficiency
[3], [4]. Emerging millimeter-wave (mm-wave) systems, operating from 30-300GHz, offer a complementary, synergistic opportunity due to the orders-of-magnitude larger available bandwidth [5], as well as high-dimensional MIMO operation due
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to the small wavelengths [6], [7]. The large number of MIMO
degrees of freedom can be exploited for a number of critical
capabilities, including [5]–[8]: higher antenna/beamforming
gain for enhanced power efficiency; higher spatial multiplexing
gain for enhanced spectral efficiency; and highly directional
communication with narrow beams for reduced interference
and enhanced security.
The extremely narrow beamwidths at mm-wave (Fig. 1(a))
offer a powerful and complementary alternative to small cells
through dense spatial multiplexing: reuse of spectral resources
across distinct beams [6], [7]. The spatial multiplexing gain,
coupled with the larger bandwidths, promise unprecedented
gains in network throughput and spectral efficiency even over
larger spatial scales due to the large antenna directivity gains
(Fig. 1(b)). Fig. 1(c) shows idealized spectral efficiency upper
bounds for downlink communication from an access point
(AP) with a 6”x6” antenna. While at 3GHz a maximum
of 9 mobile stations (MSs) can be spatially multiplexed,
at 80GHz orders-of-magnitude improvements are possible in
signal-to-noise ratio (SNR) due to antenna gain, and in spectral
efficiency due to spatial multiplexing gain. Indeed, 100-10,000
Gigabits/s (Gbps) aggregate rates (over 100-300 MSs) seem
attainable with the 1-10GHz of available mm-wave bandwidth.
However, unleashing the full potential of the mm-wave
spectrum makes agile electronic beamforming, and associated MIMO techniques, a critical functionality. This, in turn,
presents significant challenges in terms of transceiver complexity due to the high dimension (n) of the spatial signal
space [5]–[7]. Approaches to reducing complexity (e.g., antenna selection [9], [10] and widely spaced antennas [11]–
[14]) are sub-optimal and suffer from severe performance
degradation [6], [7]. Due to the predominance of line-ofsight (LoS) and sparse multipath propagation at mm-wave
frequencies [5], [15], MIMO channels are expected to be lowrank: communication occurs in a low-dimensional subspace of
the high-dimensional spatial signal space.
In this paper, we propose transceiver architectures that
exploit the concept of beamspace MIMO (B-MIMO) communication – multiplexing data onto orthogonal spatial beams
– for near-optimal performance at mm-wave frequencies
with transceiver complexity that tracks the dimension of the
communication subspace [6], [7]. A key advantage of BMIMO is that orthogonal beams serve as approximate channel

nation of reduced-complexity B-MIMO precoding and systems
equipped with analog beamforming front-ends provides a nearoptimal route for attaining multi-Gbps speeds in mm-wave
MU-MIMO networks with the lowest transceiver complexity.
II. S YSTEM M ODEL

(a)
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We focus on an access point (AP) with a multi-antenna array
communicating with K single-antenna mobile MSs. We examine the more challenging scenario of downlink communication
- the uplink problem is well-studied [19] and can be formulated
easily along the lines discussed here. Let the AP be equipped
with an n-dimensional antenna which we consider to be a
critically-sampled uniform linear array (ULA) for simplicity.
We note that this model also captures the performance of
APs equipped with continuous aperture antennas that perform
analog beamforming [6], [7]. The received signal at the ith
MS is given by
ri = hH
i x + wi
where x is the n-dimensional transmitted signal, hi is the ndimensional channel vector, and wi ∼ CN (0, σ 2 ) is additive
white Gaussian noise (AWGN). Stacking the signals for all
MSs in a K dimensional vector r = [r1 , · · · , rK ]T we get the
antenna domain system equation
r = HH x + w , H = [h1 , · · · , hK ]

(c)
Fig. 1: (a) Antenna beampatterns for a 6” antenna at 3GHz vs. 30GHz. (b)
Antenna gain vs. frequency. (c) Potential multiuser spectral efficiency gains
due to spatial multiplexing at 80GHz vs. 3GHz with a 6” × 6” antenna.

eigenfunctions [6], [7], [16]. Thus, the low channel rank is
manifested in the sparsity of the beamspace channel matrix.
This naturally leads to beam selection for near-optimum dimensionality reduction, which can be exploited for dramatic
reduction in transceiver complexity on two fronts. In conventional massive MIMO systems [8], B-MIMO techniques can be
used to reduce the digital signal processing (DSP) complexity.
In systems that use analog beamforming, e.g via a discrete lens
array fed by an array of beamspace antennas as in Continuous
Aperture Phased MIMO (CAP-MIMO) [6], [7], [17] or via
phase shifting networks in conventional antenna arrays [5],
[18], a significant reduction in hardware complexity can be
achieved as well.
We develop and compare the capacity of three linear,
reduced-complexity B-MIMO precoders for multiuser MIMO
(MU-MIMO) links: the matched-filter (MF), zero-forcing (ZF)
and Wiener filter (WF) precoders. We demonstrate that the
performance of the reduced-complexity B-MIMO precoders
is nearly identical to that of their full-dimensional counterparts with complexity that tracks the number of MSs. At
mm-wave the number of MSs is expected to be orders-ofmagnitude lower than the system dimension. Thus, the combi-

(1)

where H is the n × K channel matrix that characterizes the
system. Our focus is on the design of the linearP
precoding
K
matrix G for the transmitted signal, x = Gs = i=1 gi si ,
where s is the K dimensional vector of independent symbols
for different MSs. The overall system equation becomes
r = HH Gs + w , E[kxk2 ] = tr(GΛs GH ) ≤ ρ

(2)

where the second equality represents the constraint on total
transmit power, ρ, and Λs = E[ssH ] denotes the diagonal
correlation matrix of s.
A. Channel Model
The channel matrix H governs the performance of the MUMIMO link. For a critically-sampled, n-dimensional ULA,
the channel can be accurately modeled via the array steering
vector
an (θ) = [e−j2πθi ]i∈I(n) , θ = 0.5 sin(φ)

(3)

where I(n) = {i − (n − 1)/2 : i = 0, 1, · · · n − 1} is a
symmetric set of indices centered around 0. The steering vector
an (θ) represents a discrete, complex spatial sinusoid whose
spatial frequency θ ∈ [−0.5, 0.5] corresponds to a point source
in the direction φ ∈ [−π/2, π/2] [6], [7], [16].1
Due to the highly directional and quasi-optical nature of
propagation at mm-wave frequencies, line of sight (LoS)
propagation is the predominant mode of propagation, with
possibly a sparse set of single-bounce multipath components
1 For a uniform planar array, the 2D steering vector is given by the
Kronecker product of the steering vectors for the azimuth and elevation angles:
an (θa , θe ) = anx (θa ) ⊗ any (θe ) [6].

[15]. We assume that LoS paths exist for all MSs. Let θk,0 ,
k = 1, · · · , K, denote the LoS directions (spatial frequencies)
for the K MSs. Then the LoS channel for the k th MS is
hk = βk,0 an (θk,0 ), where βk,0 is the complex path loss. In
general, for sparse multipath channels
hk = βk,0 an (θk,0 ) +

Np
X

βk,i an (θk,i )

(4)

(a)

i=1

where {θk,i } denote the path angles and {βk,i } represent the
complex path losses associated with the different paths for the
k th MS. The amplitudes |βk,i | for multipath components are
typically 5 to 10dB weaker than the LoS component |βk,0 |
[15]. In this paper, we focus on purely LoS channels with
θk,0 = θk , |βk,0 | = 1, and βk,i = 0 for i 6= 0 for all MSs.
B. Beamspace System Model
The beamspace MIMO system representation is obtained
from (1) via fixed beamforming at the transmitter. The columns
of the beamforming matrix, Uo , are steering vectors corresponding to n fixed spatial frequencies/angles with uniform
spacing ∆θo = n1 [6], [7], [16]:
1
λ
1
, (5)
Uo = √ [an (i∆θo )]i∈I(n) , ∆θo = =
n
n
2L
which represent n orthogonal beams that cover the entire
spatial horizon (−π/2 ≤ φ ≤ π/2), and form a basis for the
n-dimensional spatial signal space. In fact, Uo is a unitary disH
crete Fourier transform (DFT) matrix: UH
o Uo = Uo Uo = I.
The beamspace system representation is obtained by choosing G = Uo Gb in (2)
H
r = HH
b Gb sb + w , Hb = Uo H = [hb,1 , · · · , hb,K ] (6)

where sb = s represents the beamspace symbol vector and
Gb is the beamspace precoder. xb = Gb sb represents the
precoded beamspace transmit signal vector (e.g. the signals
on the feed antennas in CAP-MIMO). Since Uo is a unitary
matrix, the beamspace channel matrix Hb is a completely
equivalent representation of H.
C. Beam Selection
The most important property of Hb is that it has a sparse
structure representing the directions of the different MSs,
as illustrated in Fig. 2(a) for LoS links. The k th column
hb,k = UH
o hk (the rows in Fig. 2(a)) is the beamspace
representation of the k th MS channel and has a few dominant
entries near the true LoS direction θk of the MS. This sparse
nature of the beamspace channel is exploited for designing
reduced-complexity beamspace precoders that deliver nearoptimal performance through the concept of beam selection.
We define the following sets of beam indices – sparsity
masks – that represent the dominant beams that are selected
for transmission at the AP (see Fig. 2(b)):
o
n
Mk = i ∈ I(n) : |hb,k (i)|2 ≥ γk max |hb,k (i)|2
i
[
M=
Mk
(7)
k=1,··· ,K

(b)
2
|HH
b |

for a ULA with n = 81, representing the
Fig. 2: (a) Contour plot of
beamspace channel vectors (rows) for 20 MSs randomly distributed between
o
±90 (b) Illustration of beamspace channel sparsity masks Mk and M for
the Hb in (a).

where Mk is the sparsity mask for the k th MS, determined
by the threshold γk ∈ (0, 1). This beam selection is equivalent
to selecting a subset of p = |M| rows of Hb resulting in the
following low-dimensional system equation
r = H̃H
b G̃b sb + w , H̃b = [Hb (ℓ, :)]ℓ∈M .

(8)

where H̃b is the p× K beamspace channel matrix corresponding to the selected beams and G̃b is the corresponding p × K
precoder matrix, where p ≤ n
For a given H, the total multiuser channel power is defined
as σc2 = tr(HHH ) = tr(Hb HH
b ), which under the simple LoS
PK
model is σc2 = n k=1 |βk,0 |2 = nK. The beam selection
thresholds {γk } can be selected so that the k th column of H̃b
captures a significant fraction ηk of the power of hb,k (e.g
ηk ≥ 0.9). This, in turn, implies that the fraction η of the
channel power captured by H̃b is at least mink=1,...,K ηk .
Conversely, the sparsity masks Mk can be chosen to select
the m dominant (strongest) beams for each MS. This implicitly
defines the {γk } as the ratio between the power of strongest
and mth strongest beams for each user. For the simple LoS
channel model this corresponds to selecting the m orthogonal
beams closest to the true LoS direction of the MS θk . In this
paper we use a 2-beam mask for complexity reduction (see
Fig. 2(b)). From the analysis in the Appendix, the expected
value of η for the 2-beam mask can be lower bounded as
2
E[η] ≥
n

Z

0

∆θo
2

fn2 (δ) + fn2 (δ − ∆θo )dδ

(9)

where fn (θ) is the Dirichlet sinc function.
III. M ULTIUSER B EAMSPACE MIMO P RECODERS
There are three main types of linear MU-MIMO precoders:
the matched filter (MF), zero-forcing (ZF), and Wiener filter
(WF). For the full-dimensional antenna domain system (2), the

ρ
(10)
tr(FΛs FH )

FMF = H , FZF = H(HH H)−1
σ2 K
tr(Σw )
=
FW F = (HHH + ζI)−1 H , ζ =
ρ
ρ

(11)
(12)

where the precoder matrix G is an n × K matrix. In
beamspace, the equivalent full-dimensional precoder Gb can
be obtained via the above equations by replacing H with Hb .
Similarly, the reduced-complexity B-MIMO precoder matrix
G̃b (p × K) is obtained via (10)-(12) by replacing H with
H̃b . As we demonstrate in the numerical results section, the
reduced-complexity B-MIMO precoder can deliver the performance of the full-dimensional precoder with complexity that
tracks the number of MSs K. The full dimensional precoders
require O(n) MIMO processing for determining the n × K G
as evident from (10)-(12). However, O(p) MIMO processing is
needed for the low-dimensional B-MIMO system determined
by the p×K H̃b . With an analog beamforming front-end, as in
CAP-MIMO [6], [7], this also reduces the transceiver hardware
complexity (the number of RF chains, including mixers, D/A
or A/D converters, and power amplifiers) from O(n) to O(p).
IV. P ERFORMANCE

AND

N UMERICAL R ESULTS

In this section, we assess the sum capacity of the BMIMO precoders. Let ρ denote the total transmit power,
which equals the total transmit SNR for σ 2 = 1. We use the
following idealistic upper bound for the sum capacity (spectral
efficiency)

n
bits/s/Hz
(13)
Cub (ρ, K, n) = K log2 1 + ρ
K
which corresponds to K MSs with orthogonal channels (MS
directions coincident with the fixed beams in Uo ). The received SNR associated with each MS is given by ρn/K
reflecting the n-fold array/beamforming gain of the AP antenna. The true sum capacity is achieved through dirty paper
coding, which suffers from high complexity [19]. Our focus is
on reduced-complexity linear precoders. For the general fulldimensional precoder in (10) we assess the conditional sum
capacity for a given channel realization (random MS directions
{θk }) as
C(ρ, G|H) =

K
X

log2 (1 + SINRi (ρ, G|H)) bits/s/Hz (14)

i=1

where the interference is treated as noise and the signal-tointerference-and-noise (SINR) ratio for the ith user is
2

SINRi (ρ, G|H) =

2

ρ |α|
K

H
2
ρ |α|
K |hi fi |
.
P
H
2
2
m6=i |hm fi | + σ

(15)

We can use the same relations for assessing the sum capacity
of B-MIMO precoders as well by replacing H with Hb
(full dimensional) and H̃b (low dimensional), and G with
Gb or G̃b . The ergodic sum capacity for a given precoder

(determined by G) is obtained as C(ρ, G) = E[C(ρ, G|H)]
where the averaging is over the random MS directions.
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Fig. 3: (a) Capacity of three different B-MIMO precoders for downlink
communication from an AP (n = 81) to K = 40 randomly distributed
o
single-antenna MSs. (b) With minimum separation ∆θmin = ∆θ
.
4

Fig. 3 and Fig. 4 show numerical ergodic sum capacity
results for the B-MIMO precoders generated by averaging
over 2000 channel realizations for an AP equipped with a
ULA of dimension n = 81 (linear 6” antenna at 80GHz)
communicating with K = 40 or 60 single-antenna MSs
over LoS links. The idealized upper bound is included for
comparison. A 2-beam mask is used for complexity reduction,
which from (9) captures at least 90 percent of the channel
power on average (E[η] ≥ 0.9). The MSs are randomly located
over the entire spatial horizon (−0.5 ≤ θ ≤ 0.5). The curves
in Fig. 3(a) and Fig. 4(a) were generated with no restrictions
on the MS LoS directions {θk } while the curves in Fig. 3(b)
and Fig. 4(b) were generated with the a minimum MS LoS
o
direction separation of ∆θmin = ∆θ
4 .
These plots show that the simplest MF precoder
[19], [21], [22] performs well at lower SNRs due to the
approximate orthogonality of high-dimensional user channels
[8]. However there is always interference for finite n, resulting in performance loss at higher SNR. The ZF precoder
completely eliminates interference, but significantly reduces
the received signal power when the interference is high resulting in performance degradation (see Fig. 4(a)) [20]. The
WF precoder achieves the best performance in all cases by
adapting to the operating SNR (see (12)). Most importantly,
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Fig. 4: (a) Capacity of three different B-MIMO precoders for downlink
communication from an AP (n = 81) to K = 60 randomly distributed
o
single-antenna MSs. (b) With minimum separation ∆θmin = ∆θ
.
4

the reduced-complexity B-MIMO precoders (G̃b ) are able to
closely approximate their full-dimensional counterparts (Gb )
except for the ZF precoder when the interference is high.

= 20
= 20
= 40
= 40
= 60
= 60

∆θmin
∆θmin
∆θmin
∆θmin
∆θmin
∆θmin

=0
= ∆θo /4
=0
= ∆θo /4
=0
= ∆θo /4

Spectral
Efficiency
(bits/s/Hz)
134
159
192
243
226
283

Aggregate
rate (Gbps)
670
795
960
1215
1130
1415

Average
per-user
rate (Gbps)
33.5
39.8
24
30.4
18.8
23.6

TABLE I: Performance of the reduced-complexity B-MIMO WF precoders at
an SNR of 20 dB with 5GHz of system bandwidth.

Table. I summarizes the performance of the reducedcomplexity WF precoder when operating at an SNR of 20dB
with 5GHz bandwidth for K = 20, 40, or 60 MSs and
o
∆θmin = 0 or ∆θ
4 . The table shows that enforcing a minimum
user separation increases the data rate. However this comes at
the cost of increased complexity. Fig. 5 plots E[p] (average
number of selected beams) for the 2-beam mask as a function
of K. Clearly enforcing a minimum user separation requires
the reduced-complexity precoders to select more beams on
average. The maximum number of beams that the 2-beam
mask can select (corresponding to the minimum complexity
reduction) is pmax = min(2K, n). Fig. 5 shows that while for
small K E[p] ≈ pmax , for larger K E[p] is generally smaller
than pmax with the largest gap when K ≈ n2 .

C u b(ρ,K,n)−C (ρ,G W F )
C (ρ,G W F )
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Fig. 5: E[p] (average number of selected beams) using the 2-beam sparsity
mask when n = 81.
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Fig. 6: Normalized capacity gap between the idealized upper bound and the
WF precoder at an SNR of 30 dB

While the reduced-complexity WF precoder has the best
performance, there is still residual interference between closely
spaced MSs. This results in the idealized upper bound Cub
overestimating the sum capacity achieved by the system.
However, as shown in Fig. 6, when the interference is limited
(K ≪ n and/or there is a minimum separation between the
MSs) the approximation error between the true sum capacity
for the WF precoders and Cub is minimal.
For an AP equipped with a uniform planar array of dimension n = 6561 (planar 6” × 6” antenna at 80GHz)
communicating with K = 100 MSs over LoS links, K ≪ n so
the interference will be low. Thus Cub provides an accurate
estimate of the sum capacity of the WF precoder as 1268
bits/s/Hz. This corresponds to an average per-user rate of 63
Gbps with 5GHz bandwidth. If the AP is equipped with an
analog beamforming front-end and uses a 4-beam mask for
beam selection, the hardware complexity can be reduced an
order-of-magnitude from 6561 to pmax = 400 RF chains.
V. C ONCLUSIONS
We have presented three precoders for high-dimensional
MU-MIMO systems at mm-wave and higher frequencies that
exploit the concept of B-MIMO for near-optimal complexity
reduction. Optimal performance can be approached arbitrarily
closely by increasing the number of selected beams (p). However, as our results demonstrate, beamspace channel sparsity at
mm-wave enables near-optimal performance with transceiver
complexity that tracks the number of MSs. At mm-wave the
number of MSs is expected to be much lower than the system

dimension, enabling a significant reduction in DSP complexity
as well as a reduction in hardware complexity in systems
with analog beamforming front-ends. Thus, the combination
of reduced-complexity B-MIMO precoders and analog beamforming provides a optimal trade-off between complexity and
performance in mm-wave MU-MIMO networks.
A PPENDIX
In this appendix we bound the expected fraction of the
channel power captured by the m-beam mask for the simple
LoS channel model
E[tr(H̃H
b H̃b )]
E[η] =
.
(16)
nK
Assuming that the {θk } are independently and identically
uniformly distributed in [−0.5, 0.5], E[η] is equal to
X

 X

K
K X
1 X
1
E
E
|hb,k (i)|2 ≥
|hb,k (i)|2 (17)
nK
nK
k=1 i∈M

k=1

i∈Mk

where the inequality is due to the fact that Mk ⊆ M and
|hb,k (i)|2 ≥ 0. Since the {θk } are i.i.d.
 X

 X

K
1 X
1
E
|hb,k (i)|2 = E
|hb,1 (i)|2 . (18)
nK
n
k=1

i∈M1

i∈Mk

For the m-beam mask, M1 selects the m strongest elements
of hb,1 . The power of each element of hb,1 is
2

|hb,1 (i)|2 =

f 2 (δ + q(i, ℓ)∆θo )
aH
n (θ1 )an (i∆θo )
√
= n
(19)
n
n

where ℓ ∈ I(n) is the index of the orthogonal beam closest to
∆θo
n
o
θ1 , δ = θ1 − ℓ∆θo ∈ [− ∆θ
2 ,
2 ], q(i, ℓ) = mod(ℓ − i, ⌊ 2 ⌋)
is an integer representing the distance between the ℓth and
ith orthogonal beams, and fn (θ) is the Dirichlet sinc function
[6], [7]. Arranging the elements of hb,1 according to decreasing power gives the following sequence for the q(i, ℓ)
(
{0, −1, 1, . . . , c}
δ≥0
T =
(20)
{0, 1, −1, . . . , −c} δ < 0

where c = ⌊ n2 ⌋ for odd n and c = − n2 for even n. Define
Tm ⊆ T as the set containing the first m elements of T . For
the m-beam mask the i ∈ M1 correspond to the q ∈ Tm , so
the expectation in (18) is equal to
 X

1 2
E
fn (δ + q∆θo ) .
(21)
n
q∈Tm

Calculating the expectation by integrating over the two cases
of δ, (21) is equal to
Z ∆θ2 o X
Z 0
X
fn2 (δ + q∆θo )dδ +
fn2 (δ + q∆θo )dδ.
o
− ∆θ
2
q∈Tm

0

q∈Tm

(22)
Since fn2 is an even function and T (also Tm ) is symmetric
for the two cases of δ, the final bound for E[η] is
Z ∆θ2 o X
2
E[η] ≥
fn2 (δ + q∆θo )dδ .
(23)
n 0
q∈Tm
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