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Algebraic Number Precoding for Space-Time Block
Codes
Zhihong Hong, Ke Liu, Nigel Boston, and Akbar M. Sayeed

Abstract— We propose a space-time block coding framework
based on linear precoding. The codes for P transmit antennas
are formed by transmitting the information vector (with P
independent information symbols) L times where each time
it is rotated by a distinct precoding matrix. The framework
generalizes conventional spatial multiplexing techniques and facilitates tradeoff between rate and diversity. We propose a simple
construction for precoding matrices whose parameters are chosen
to guarantee maximal diversity using algebraic number theory.
Our codes exhibit circular structure, which greatly simplifies the
performance analysis and facilitates linear decoding. Theoretical analysis and numerical simulations demonstrated excellent
performance of the proposed algebraic precoding framework.
Index Terms— MIMO, algebraic number theory, cyclotomic
fields, Diophantine approximation, space-time codes, spatial multiplexing, circular matrices

I. I NTRODUCTION
Multiple-input multiple-output (MIMO) communication
systems, which employ multi-antenna arrays at the transmitter
and receiver, have been shown to significantly improve the
capacity and reliability of wireless communication links. Several distinct bandwidth-efficient MIMO techniques have been
developed to exploit the spatial degrees of freedom in MIMO
channels, including space-time coding [1], [2], [3], [4], [5] and
spatial multiplexing [6]. These techniques entail a fundamental
tradeoff between multiplexing gain and diversity as captured
in [7], although complexity is often another important factor in
practical schemes. For example, spatial multiplexing achieves
high rate but less diversity by transmitting independent data
streams from all transmit antennas. On the other hand, spacetime codes, such as the orthogonal space-time block codes
(STBC) [3], [2], focus on the transmit diversity advantage of
MIMO systems but often at the cost of rate.
Recently there have been a series of works focusing on
algebraic space-time codes (see e.g. [8], [9], [10], [11]).
These algebraic codes exploit the algebraic properties of the
underlining signal constellation. Powerful constructions such
as [10], [11] achieve full “multiplexing” rate at full diversity.
The multiplexing rate refers to the number of information
symbols being transmitted in one channel use. Note that such
a notion of full-rate, full-diversity codes is not in conflict
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with the information theoretic study of the multiplexing gain
versus diversity tradeoff in [7] which is an asymptotic characterization in the limit of high signal-to-noise ratio (SNR)
and the multiplexing gain is defined as a normalized capacity
with respect to SNR. Nevertheless, the algebraic approach
represents a major improvement over the earlier space-time
code designs.
The construction of space-time codes proposed in this paper
is in the spirit of the above algebraic method. It is inspired
by our earlier work [12] on spatial multiplexing for correlated
channels, where the transmitted vectors are precoded or rotated
to avoid the channel “null space” due to spatial correlation. Its
algebraic structure is inspired by the diagonal algebraic spacetime codes (DAST) [9] and the threaded algebraic space-time
codes (TAST) [10]. In DAST, the idea of constellation rotation,
first developed in the context of signal space diversity [13] for
single-input single-output fading channels, is further extended
to MIMO channels. By exploiting the algebraic property of
the signal constellation, DAST and TAST are able to achieve
full diversity.
In this paper, we leverage the constellation rotation insight
for designing space-time block codes from a different perspective. In the literature of space-time code design, diversity gain
is optimized by maximizing the rank of the error codeword
matrices, which is equivalent to maximizing the number of
linearly independent error vectors. When two vectors are
linearly independent, there is a nonzero angle between them.
This can be easily achieved by rotating the same vector by two
different precoding matrices. We thus propose a space-time
block coding framework in which codes are designed using
a set of L ≤ P precoding matrices, where P is the number
of transmit antennas. Unlike DAST and TAST, our focus is
on designing a code that is flexible in term of the tradeoff
between rate and diversity. Using the theory of cyclotomic
fields and Diophantine approximation in algebraic number
theory, we construct precoding matrices that achieve L-fold
transmit diversity and rate of P/L symbols/channel use. A
prominent feature of our algebraic construction is the circular
structure of the codewords. In particular, when L = P , the
codewords are circular square matrices. The spectral representation of circular matrices greatly facilitates performance
analysis and encoding/decoding of our proposed codes. We
give closed-form expressions for codeword eigenvalues and
bound the diversity and coding gain of the codes. Moreover,
the proposed codes facilitate the use of (sub-optimal) linear
receivers that exploit the circular structure of codewords to
reduce the decoding complexity when L = P .
The organization of the rest of this paper is as follows.
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The channel model, along with the space-time code design
criteria, are briefly discussed in Section II. We present the
proposed coding framework based on precoding matrices
in Section III. The algebraic construction approach for the
precoding matrices is studied in Section IV, followed by
discussions and numerical examples of the algebraic codes
in Section V. Finally, the concluding remarks are provided in
Section VI.
II. C HANNEL M ODEL FOR S PACE -T IME B LOCK C ODES
Consider a discrete-time MIMO channel with P transmit
antennas and Q receive antennas. An STBC codeword can
been seen as a P × L matrix [xnt ] (n = 0, · · · , P − 1 and
t = 0, · · · , L − 1), where the symbol xnt , drawn from a
complex alphabet D, is transmitted from the n-th transmit
antenna during the t-th discrete time instance. We assume
the quasi-static fading scenario where the channel remains
constant within the duration of one codeword transmission.
The Q × L received signal in the presence of noise can be
written in a matrix form as
√
Y = ρHX + N
(1)
where the Q × P channel matrix H, perfectly known at
the receiver but not at the transmitter, has i.i.d. complex
Gaussian entries of zero mean and unit variance. Without
loss of generality, the spatially and temporally white additive
complex Gaussian noise is assumed to be of unit variance. The
transmit power ρ is normalized, ρ = ρt /P , such that the total
transmit power is ρt regardless of P .
Denote by E = X − X̂ the error codeword matrix between
two codewords X and X̂. The associated error covariance
matrix is defined as RE = EE† where † denotes the Hermitian
transpose. The pairwise error probability (PEP) between X
and X̂ is well characterized in [1] for quasi-static fading
ρ
P (X → X̂) ≤ |I + EE† |−Q
4
ν−1
−Q
Y
≈
λl (RE )
(ρ/4)−νQ

(2)

l=0

where λl (RE ), l = 0, · · · , ν − 1, are the nonzero eigenvalues
of RE , and the approximation is fairly accurate for medium
to high SNR.
It thus follows the well-known rank and determinant criteria
[1] for space-time codes. The diversity advantage of the code
is defined as
ν = min rank(RE ) = min rank(E)
E∈E

E∈E

(3)

where E is the set of all possible codeword error matrices.
(The total diversity gain achieved by such code is νQ due
to multiple receive antennas.) Moreover, the coding gain is
quantified as
η = min
E∈E

ν−1
Y
l=0

1/ν
λl (RE )
.

(4)

III. C YCLIC E XTENSION

FOR

S PATIAL M ULTIPLEXING

Throughout this paper the block length L is limited by the
number of transmit antennas (L ≤ P ). We start with a straightforward extension of spatial multiplexing. The codeword is
constructed as


X = W0 x W1 x · · · WL−1 x
(5)

where x = [x0 , · · · , xP −1 ]T is a vector of P independent
information symbols and Wl ’s are the unitary precoding
matrices. Since the same symbol vector x is spread over L
transmissions, the multiplexing rate is R = P/L (symbols
per channel use). The above design offers a trade-off between
rate and diversity via different choices of L. When L = 1 it
becomes the conventional spatial multiplexing which achieves
the highest multiplexing rate but with no (transmit) diversity
advantage. By increasing L it is possible to have higher
diversity, albeit lowering multiplexing rate.
Our aim is to design precoding matrices Wl ’s that guarantee
full diversity L while at the same time allow analytical study
of the code properties. We consider precoding matrices of the
following form1
Wl = Pl diag(θ0 , θ1 , · · · , θP −1 ) = Pl D

(6)

where 0 ≤ l ≤ L − 1, and

0
1

P = .
 ..

P is the P × P permutation matrix

0 ··· 0 1
0 · · · 0 0

(7)
.. . .
.. ..  .
. . .
.
0 0 ··· 1 0

The design parameters θk (|θk | = 1, ∀k) represent phase
rotation for input symbol vector x. Without loss of generality,
we can always set θ0 = 1.
The design in (6) induces a circular structure on codewords.
In particular, for L = P , the codeword matrix can be written
as


x0
θP −1 xP −1 · · · θ1 x1
 θ1 x1
x0
· · · θ2 x2 


(8)
X=
..
..
..  .
..

.
.
.
. 
θP −1 xP −1

θP −2 xP −2

···

x0

One can view the above as a cyclic extension of spatial
multiplexing: The transmit symbols first go through phase
rotation and then are cyclically shifted across antennas during
the successive transmission. This significantly simplifies the
encoder at the transmitter. As we shall see later, the cyclic
structure also allows efficient decoding at the receiver for the
maximum diversity case.
The circular codeword admits special eigenvalue decomposition
X = AT SA†T
(9)
1 Our reviewers have brought to our attention a later work [11] that achieves
full-rate full-diversity using Wl = (PD)l . This is a noted improvement over
our design proposed in this paper. Here we use Wl = Pl D to ensure the
DFT structure of our code which is further exploited to reduce encoding and
decoding complexity.
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i
h
where AT = ej2πkn/P is the P × P unitary DFT matrix
and S is a diagonal matrix whose diagonal elements are given
by
P
−1
X
sk =
θn xn e−j2πkn/P .
(10)
n=0

or as a matrix form,

s = A†T Dx

(11)

T

where s = (s0 , . . . , sP −1 ) is the vector of eigenvalues sk of
the codeword, D = diag(θ0 , . . . , θP −1 ) is the diagonal phase
matrix used in linear precoding, and x = (x0 , . . . , xP −1 )T is
the spatial multiplexing symbols. Correspondingly, the error
codeword matrix becomes


e0
θP −1 eP −1 · · · θ1 e1
 θ1 e 1
e0
· · · θ2 e 2 


†
E=
..
..
..  = AT ΛAT
..


.
.
.
.
θP −1 eP −1 θP −2 eP −2 · · ·
e0
(12)
where Λ is again a diagonal matrix whose diagonal elements
are the eigenvalues of E. Due to the circular structure, the
eigenvalues can be written explicitly in close form
λk (E) =

P
−1
X

θn en e−j2πkn/P

Given s ∈ S where R ⊆ S is a unitary overring of R,
the (canonical) evaluation homomorphism ρs : R[X] → S is
defined as ρs (p) = p(s). Its image is denoted by R[s], which
can be viewed as extension of R by adjoining s.
Definition 3: Let F ⊆ E be a field extension. The field E
can be viewed as a vector space over F . The dimension of this
vector space is call the degree of the field extension, denoted
by |E : F |.
Definition 4: An element e ∈ E ⊇ F is said to be algebraic
over F if it satisfies a nonzero polynomial in F [X]. There is a
monic one with minimal degree among all such polynomials,
called the minimal polynomial over F of e, denoted by
minF (e). The degree of minF (e), deg minF (e), is called the
degree of e over F . A field extension F ⊆ E is called an
algebraic extension over F if every element of E is algebraic
over F .
Definition 5: A complex number ǫ is an n-th root of unity
if ǫn = 1 for some n ∈ N, and it is a primitive n-th root of
unit if ǫm 6= 1 for 1 ≤ m < n.
A. Algebraic Integer Constellations

(13)

n=0

The matrix E has rank P when every λk 6= 0, 0 ≤ k ≤
P −1. In the following, we leverage algebraic number theory to
guarantee that all λk are nonzero, thus achieving full diversity.
IV. A LGEBRAIC N UMBER T HEORETIC C ONSTRUCTIONS
In the following, the symbols N, Z, Q, R, C denote positive
natural numbers, rational integers, rationals, reals and complex
numbers, respectively. Let R be a ring with identity, the
symbol R[X] denotes the polynomial ring with coefficients
in R. We begin with a few basic terminologies in algebraic
number theory. Readers are referred to [14], [15], [16] for a
detailed exposition of algebraic number theory and abstract
algebra.
Definition 1: A number a ∈ C is called an algebraic
number if it satisfies a nonzero polynomial p(X) in Q[X],
that is,
0 = p(a) = bn an + · · · + b1 a + b0 .
(14)
Definition 2: A number z ∈ C is called an algebraic integer
if it satisfies a monic polynomial in Z[X], i.e., a polynomial
with the highest order coefficient being 1.
It follows trivially from the definitions that algebraic integers are algebraic numbers. Examples of algebraic numbers
and algebraic integers abound. In fact, Q and Z consist of
algebraic numbers
and algebraic integers. Other examples
√
include j = −1 which is a root of X 2 + 1 and ej2π/n
which is a root of X n − 1.
Let A be the set of all algebraic numbers. It can be shown
that A ⊆ C is a field so that field operations such as sum
and division between two algebraic numbers yield algebraic
numbers. Similarly the set of all algebraic integers, O, is a
ring.

8−PSK

16−QAM

Fig. 1. Illustrations of signal constellations. The signal points in the complex
plane are generated by multiplications in the amplitude and rotations in the
phase. The base phase rotation is π4 for the 8-PSK and π2 for the 16-QAM
constellation, respectively.

Fig. 1 depicts the signal constellations of Phase Shift Keyings (PSK) and Quadrature Amplitude Modulation (QAM).
It demonstrates a certain regularity of the signal points in
commonly used constellations. More specifically, signal points
are discrete in the complex plane, and there exists multiplication in the amplitude as well as rotation in the phase angle.
Under scale normalization, the amplitude can be modeled as
multiplication by Z, whereas the phase rotation can be seen as
multiplication by ej2π/A where 2π/A is the minimal rotation
with A > 0 a natural number. Therefore, one can generally
assume that the signal constellation comes from the integer
ring Z[ej2π/A ]. For instance, the 8-PSK constellation can be
represented by Z[ej2π/8 ] with A = 8, and similarly, Z[j] with
A = 4 for the QAM constellation.
Note that Z[ej2π/A ] ⊂ Q[ej2π/A ], the A-th cyclotomic field
(often denoted as QA ). So the signal constellation can be
regarded as lying in the cyclotomic field as well. The following
essential result regarding cyclotomic fields can be found in
[14].
Theorem 1: Let hQA , QB i be the compositum of QA and
QB in C, that is, the minimal subfield of C that contains both
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QA and QB . The following hold.
|QA : Q| = deg minQ (e

j2π/A

) = ϕ(A)

hQA , QB i = Qlcm(A,B)
QA ∩ QB = Qgcd(A,B)

(15)

where lcm and gcd stand for the least common multiple and
the greatest common divisor, respectively. The Euler function
ϕ(n) is defined to be the number of integers 0 ≤ i ≤ n − 1
that are coprime to n, i.e., gcd(i, n) = 1.
B. Full Diversity Codes
The algebraic structure of a signal constellation can be
exploited to construct full diversity codes. We assume that
the signal constellation in question is Z[ej2π/A ] where A > 0
is a natural number determined by the signal constellation as
above. The full diversity criterion applied to the precoding
amounts to requiring that any nonzero P × L error codeword
matrix E has full rank. Since a P ×L codeword matrix consists
of the first L columns of the corresponding P × P codeword
matrix, it suffices to focus on the case when L = P . In this
case, the eigenvalues of error codeword matrix are given by
λk (E) =

P
−1
X

θn en e−j2πkn/P ,

n=0

0 ≤ k ≤ P − 1.

(16)

The full diversity design is to seek θn with |θn | = 1, a total
of P points on the unit circle in the complex plane, such that
λk (E) 6= 0 for all 0 ≤ k ≤ P − 1 and all E 6= 0.
Note e−j2πn/P appearing in (16) are P -th roots of unity.
Hence, the eigenvalue λk can be seen as a linear combination
of θn ’s with coefficients in
Z[ej2π/A ][ej2π/P ] = Z[ej2π/ lcm(A,P ) ] ⊂ Qlcm(A,P ) .

(17)

Then the full diversity condition that λk 6= 0 unless all
coefficients vanish translates exactly to the notion of free basis,
or linearly independent basis. So we have just proved
Proposition 1: The full diversity is achieved when θn for
0 ≤ n ≤ P − 1 are free over the ring Z[ej2π/ lcm(A,P ) ].
A canonical choice of θn is to set θn = φn where |φ| = 1
is the design parameter. Then (16) becomes
λk (E) =

P
−1
X

φn en e−j2πkn/P ,

n=0

0≤k ≤P −1

(18)

which can be regarded as polynomials in the variable φ. The
highest order of these polynomials is P − 1, corresponding
to the case when eP −1 6= 0. This interpretation establishes a
natural connection with field extensions.
Theorem 2: The full diversity is achieved when φ is a
primitive m-th root of unity where m satisfies

ϕ(m) ≥ ϕ gcd(m, lcm(A, P )) P.
(19)

In particular, if m is coprime to both A and P , then (19)
simplifies to
ϕ(m) ≥ P,
(20)
which further simplifies to
m≥P +1

(21)

provided that m is prime. Note that all primitive m-th roots
of unity are given by ej2πk/m where gcd(k, m) = 1.
Proof: The polynomial coefficients in (18) belong to
Qlcm(A,P ) . The full diversity condition will force φ to satisfy
none of polynomials in Qlcm(A,P ) [X] with degree less than
P . This is equivalent to
deg minQlcm(A,P ) (φ) = |Qlcm(A,P ) [φ] : Qlcm(A,P ) | ≥ P.
Since φ is a primitive m-th root of unity, one has Q[φ] = Qm .
It follows from Theorem 1 that
Qlcm(A,P ) ∩ Qm = Qgcd(m,lcm(A,P )) .
Furthermore, it is obvious to see that
hQm , Qlcm(A,P ) i = Qlcm(A,P ) [φ].
Consider the following field extensions (read from bottom to
top):
Qlcm(A,P ) [φ]

Qlcm(A,P )

Qm

Qgcd(m,lcm(A,P ))

Q
Since Qm is Galois over Q, it follows from the theorem of
Natural irrationalities [14, Theorem 18.22] that
|Qlcm(A,P ) [φ] : Qlcm(A,P ) | = |Qm : Qgcd(m,lcm(A,P )) |
ϕ(m)
=
ϕ(gcd(m, lcm(A, P )))
≥P
which proves (19). If m is coprime to both A and P , then
gcd(m, lcm(A, P )) = 1 and hence (20) follows.
Table I lists the values of m for various combinations of
dimension P and signal constellations.
TABLE I
VALUES OF m THAT SATISFY T HEOREM 2
P
2
4

A
8 (8-PSK)
4 (QAM)
8 (8-PSK)
4 (QAM)

m ≤ 10
3, 5, 6, 7, 9, 10
3, 5, 6, 7, 8, 9, 10
5, 7, 9, 10
5, 7, 9, 10

C. Coding Gain Analysis
We will focus on the P × P case where the eigenvalues
of the error codeword matrix are given in (18). The coding
parameter φ is chosen according to Theorem 2 so that full
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diversity is guaranteed. Hence, the coding gain associated with
the algebraic number precoding is given by
!2/P
PY
−1
η = min
|λk (E)|
(22)
E6=0

k=0

where the minimization is over all nonzero error codeword
matrices. Note that λk (EE† ) = |λk (E)|2 is used in the
derivation of (22).
In view of the code construction, one legitimate error pattern
is that e0 6= 0 but en = 0 for 1 ≤ n ≤ P − 1, in which case
(18) becomes λk (E) = e0 for 0 ≤ k ≤ P − 1. Therefore, the
coding gain η is upper bounded by
η ≤ d2min

(23)

where dmin is the minimum distance of the signal constellation.
Lower bounds for the coding gain are, in contrast with
upper bounds, elusive to obtain for general values of P due
to the presence of higher order terms in (18). But lower
bounds are arguably more important to code optimization
because they provide a measure for guaranteed performance—
error probability of the codes will be smaller than the one
corresponding to the lower bounds. Fortunately, exploiting the
algebraic structure of underlining signal constellation can lead
to such an analysis on lower bounds for P = 2, that is, 2
transmit antennas, as we next elaborate.
When P = 2, the eigenvalue expression (18) specializes to
λk (E) = e0 + φe1 (−1)k ,

0 ≤ k ≤ 1,

(24)

and hence the coding gain can be expressed as
η=

min

(e0 ,e1 )6=(0,0)

|e20 − φe21 |

= min{min |e20 − φe21 |, min |e20 − φe21 |}
=

e1 =0
min{d2min , η1 }

e1 6=0

(25)

η1 = min |e20 − φ2 e21 |
e1 6=0

e20
e1 6=0
e21
e2
≥ d2min min φ2 − 20
e1 6=0
e1

|θ − α| ≥ k −2 (k + 1)1−n q(θ)−kn (1 + |θ|)1−k

(28)
· (1 + H(θ))k(1−n) H(α)−n .
We now specialize the above theorem to the case of |φ2 − b|
where b ∈ B and φ is an m-th primitive root of unit. Since
φ2 is an algebraic integer, one has q(φ2 ) = 1. However, φ2
is now a primitive m/gcd(m, 2)-th root of unit. The degree
of elements in QA is at most ϕ(A). Therefore, a lower bound
for the coding gain is given as the following.
Theorem 4: Let D ⊂ QA be the signal constellation and
φ be a primitive m-th root of unity satisfying Theorem 2.
Denote by B the maximal height of elements in B, that is,
B = maxb∈B H(b). One has
η ≥ d2min min{1, C}

(29)

where
C = k −2 (k + 1)1−n 21−k (1 + H(φ2 ))k(1−n) B

(30)

where k = ϕ(A) and n = ϕ(m/gcd(m, 2)) is assumed to be
no less than 3.
Since φ2 is a root of unity, its minimal polynomial over Q
is related to the so-called cyclotomic polynomial.
Definition 6: The n-th cyclotomic polynomial, denoted by
Φn (X), is the monic polynomial in C[X] whose roots are
precisely the primitive n-th roots of unity. In other words,
Y
(X − e2πjk/n ).
(31)
Φn (X) =
0≤k<n, gcd(k,n)=1

where

= min |e21 | φ2 −

over Q where β is an algebraic number. Further, let q(β) be
the smallest positive integer such that q(β)β is an algebraic
integer.
Theorem 3 (Lemma 9.1 in [17]): If θ is an algebraic number of degree n ≥ 3, k ∈ N and α 6= θ is algebraic of degree
at most k, then

(26)

since |e1 |2 ≥ d2min for nonzero e1 .
Let D denote the signal constellation (with finite number of
signal points). Let A be the differences among signal points.
The algebraic structure of the signal constellation gives D ⊂
QA where A is determined by the minimal phase rotation in
e2
the constellation. Since e20 only involves field operations, the
1
finite set
n e2
o
0
B :=
: e0 ∈ A, e1 ∈ A, e1 6= 0
(27)
2
e1

is still contained in QA , that is, B ⊂ QA .
Our lower bound rests upon a result in [17] regarding
approximation by algebraic numbers. Following the notations
of [17], we will denote by H(β) (height of β) the maximum
modulus of the coefficients of the minimal polynomial of β

The fact that Φn (X) is the minimal polynomial of a
primitive n-th root of unity is established by the following
[14].
Theorem 5 (Gauss): The cyclotomic polynomial Φn (X) is
irreducible in Q[X] for all integers n ≥ 1.
The computation of H(φ2 ) can be greatly simplified by the
fact that all of the non-vanishing coefficients of Φn (X) are
m
±1 for n ≤ 104 [14]. Therefore, if gcd(m,2)
≤ 104, then
2
H(φ ) = 1, in which case, the constant C in Theorem 4
reduces to
C = k −2 (k + 1)1−n 21−kn B.
(32)
V. D ISCUSSIONS

AND

N UMERICAL R ESULTS

A. Efficient Linear Decoding Algorithm
For the maximum diversity case (L = P ) the DFT eigendecomposition (9) facilitates efficient decoding of the proposed
cyclic extension of spatial multiplexing. Right-multiplying the
received signal by AT , the DFT matrix, one can rewrite the
channel equation (1) as
Ỹ = YAT
√
= ρHAT SA†T AT + NAT
√
= ρH̃S + Ñ

(33)
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where H̃ = HAT and Ñ = NAT . Since S is a diagonal
matrix, the above equation can be further simplified as


 



ñ0
ỹ0
h̃0
s0
 √ 

  ..   .. 
..
ỹ =  ...  = ρ 
 . + . 
.
ỹP −1
√
= ρMs + ñ

h̃P −1

sP −1

ñP −1

TABLE II
C ODING GAINS FOR DIFFERENT CHOICES OF m, P = 2, 4, QPSK
CONSTELLATION

m
η(P = 2)
η(P = 4)

where x = (x0 , . . . , xP −1 )T is the multiplexing symbols.
Regarding xk ’s as user symbols, (35) can be viewed as a
multiple access channel, from which zero-forcing (ZF) and
minimum mean squares error (MMSE) linear receiver can be
derived. In other words, we design linear filter F so that Fỹ
approximates the transmit symbol vector x.
For the ZF solution, the filter F is essentially the channel
inverse
√
(36)
F = ( ρ)−1 D−1 AT (M† M)−1 M† .
Thanks to the block-diagonal matrix M one has
M† M = diag(kh̃0 k2 , · · · , kh̃P −1 k2 ).

(37)

Since D is also diagonal, the computation of the filter coefficient matrix F involves only scalar inversion, which can
significantly reduce system complexity. Moreover, inversion
is carried out with respect to the norm of random channel
vector kh̃k k2 , which provides high level of diversity to combat
channel fading.
The MMSE solution is given by
√
F = (ρD† AT M† MA†T D + I)−1 ρD† AT M† .
(38)
Since the unitary D is diagonal and M† M is diagonal by (37),
the MMSE filter is simplified as
√
F = D−1 AT diag(ρkh̃0 k2 + 1, · · · , ρkh̃P −1 k2 + 1)−1 ρM† .
(39)
Similar to the ZF receiver, the MMSE receiver eliminates the
matrix inversion and exploits channel diversity. Furthermore,
it accounts for both signal and noise strength and avoids the
problem of noise amplification in the ZF receiver in the lowSNR regime.
B. Rate Diversity Tradeoff
In Section IV, we focus on the case L = P to construct
full rank error codeword matrices to achieve the maximum
diversity (P ). However, the code has the smallest multiplexing
rate of 1 symbol per channel use due to its large block length.
Higher rates can be obtained by decreasing the code block
length L. This can be seen as truncation of the maximum
diversity code by taking the first L columns of the P × P
codewords constructed in Section IV. The truncated code
retains L level of transmit diversity because its pairwise error
matrix, as a submatrix of its corresponding error matrix of

5
2
1.4725

6
2
-

7
2
1.6167

8
2
-

9
2
1.1315

10
2
1.4725

TABLE III
C ODING GAIN COMPARISON FOR DIFFERENT P , QPSK

(34)
where ỹi , 0 ≤ i ≤ P − 1, is the i-th column of matrix Ỹ and
the similar notations for h̃i and ñi . Substituting (11) into the
above equation, one has
√
ỹ = ρMA†T Dx + ñ
(35)

3
2
-

1

P
O-STBC
DAST
Proposed Codes
√
2
2
2/ 5
2
p
4
21
2/5
1.6167
This orthogonal code only has rate 3/4 symbol/channel use.

the original full-rank, full-sized (P × P ) code, is also full
rank. The rate of this code is P/L symbol/channel use and the
diversity advantage is L. On the other hand, since the P × L
codewords are no longer square circular matrices, we cannot
directly apply the efficient decoding algorithms developed for
the L = P case in V-A.
C. Code Examples and Numerical Results
We focus on the case L = P and QPSK constellation
for systems with P = 2, 4 transmit antennas. As stated in
Theorem 2, that full diversity is achieved when we choose the
algebraic number φ to be an m-th primitive root of unitary. As
seen in Table I, there are many different values of m satisfying
Theorem 2. Furthermore, there are also several primitive m-th
roots of unity given by ej2πk/m for each value of m, where
gcd (k, m) = 1. However, we can simply pick m and k such
that the coding gain given in (22) is maximized. The coding
gains for different number of m are illustrated in Table II,
where the values of m are given in Table I.
In Table II, only the maximum coding gain for each value
of m is shown. For example, for P = 2, m = 3, ej2π/3 and
ej4π/3 are all primitive roots of unity. They yield the same
coding gains. Therefore, we can arbitrarily choose φ = ej2π/3 .
The precoding matrices for this example are




1
0
0 ej2π/3
.
(40)
W0 =
,
W
=
1
1
0
0 ej2π/3
In Table III, we list the coding gains of our codes with
comparison to orthogonal STBC and DAST. For P = 2, all
three codes have the same rate, our codes achieve the same
coding gain as orthogonal STBC. For P = 4, DAST and
the proposed codes achieve rate 1 symbol/channel use, while
orthogonal STBC only has rate 3/4 symbol/channel use. It is
easy to see that the proposed codes have coding gain advantage
over DAST in both cases. Note that the coding gain 1.6167
for P = 4 is the largest for m = {5, 7, 9, 10}, but it may be
further increased through a larger search space.
In Fig. 2-4, we plot the performance of the proposed codes
for systems with P = 4 antennas and different number of
receive antennas. We also plot the performance of DAST
with maximum likelihood (ML) decoding for comparison. In
all figures, the proposed codes outperform the DAST due to
the improvement in coding gains. As the number of receive
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antennas increases, the gap between the ML decoding and
suboptimal decodings decreases. For P = Q = 4, MMSE and
ZF decodings have comparable performance.

Proposed code: ML
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Proposed code: ZF
DAST: ML
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Fig. 4. Performance comparison between proposed code and DAST, P = 4,
Q = 4, R = 2 bps/Hz.
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Fig. 2. Performance comparison between proposed code and DAST, P = 4,
Q = 1, R = 2 bps/Hz.
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Proposed code: ML
Proposed code: MMSE
Proposed code: ZF
DAST: ML

simple to implement at the transmitter, whereas there exist low
complexity decoding algorithms for the L = P case.
Spatial multiplexing with precoding [12] designed for correlated fading can be considered as a special case of the proposed
codes in this paper. We believe that with the flexibility of our
code design, one can further match the codes to the correlated
channel to exploit the available diversity gain and maintain the
rate advantage over orthogonal STBCs.
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VI. C ONCLUSIONS
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