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Abstract

This paper studies the ergodic capacity of wideband muhiphannels with partiglimited channel state
feedback. Our work builds on recent results that show a fsignit capacity gain in the widebafidw-
SNR regime when there is perfect channel state information Y@6the transmitter and the receiver,
relative to the case of perfect CSI at the receiver only.Harmore, this benchmark capacity gain can be
achieved with just one bit of feedback per channel coefficidowever, the input signals used in these
works are peaky; that is, they have large peak-to-averagemp@tios. Signal peakiness requirement is
related to channel coherence and many recent measuremepgigas show that, in contrast to previous
assumptions, wideband channels exhibit a sparse multipatbture that naturally leads to coherence in
time and frequency. In this work, we show that multipath sparsignificantly relaxes the requirement
of peaky signaling in attaining the capacity gains with afelrstate feedback. First, we show that the
benchmark capacity gain, with perfect CSI at the transmétel the receiver, is achievable even under
an instantaneous power constraint. In the more realisticauherent setting, we study the performance
of a training-based signaling scheme with one bit of feellzer channel coefficient. We show that
multipath sparsity can be leveraged to achieve the bendhoagnacity gain under both average as well
as instantaneous power constraints as long as the charerkecme scales at a sufficiently fast rate with
the signal space dimension (time-bandwidth product). \We ptesent guidelines for choosing signaling
parameters as a function of the channel sparsity paranteteraximally exploit channel state feedback

for capacity gains.
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. INTRODUCTION

Recent research on the fundamental limits of widelglowd-SNR communications has focused
on the non-coherent regime where the impact of channelisfatenation (CSI) on the achievable
rates is critical. From a capacity perspective, spreadiggass has been shown to be sub-
optimal [1] and peaky or flash signaling schemes are nege$2hr[3] to achieve the non-
coherent wideband capacity. Recent work by Zheh@l. [4] has emphasized the crucial role
of channel coherence in the Ic®8NR regime and the importance of impli¢éxplicit channel
learning schemes that can bridge the gap between the colar@nhe non-coherent extremes.
However, these results have been derived based on an inggszimption of rich multipath where
the independent degrees of freedom (DoF) in the delay doswle linearly with bandwidth.

Recent measurement campaigns in the case of ultrawidelyatehss show that the number
of independent DoF in the delay domain do not scale lineaitii Wandwidth [5]-[11]. In fact,
the physical layer channel model proposed by the IEEE 80&drking group for ultrawideband
communication systems exhibits sparsity in the delay dor(see for example, the measurement
data in [12, p. 15]). Motivated by these works, we introdutee notion ofmultipath sparsity
in [13] as a source of channel coherence and proposed a dhaodeling framework to capture
the impact of sparsity in delay and Doppler on achievablestaBpecifically, the channel DoF
scalesub-linearlywith the signal space dimension (time-bandwidth produot the analysis
in [13] shows that multipath sparsity can help reduce or ielate the need for peaky signaling
in achieving wideband capacity.

Building on the results in [13], we study the impactaifannel state feedbaadn achievable
rates in sparse wideband channels. Although earlier wdoksekample [14]-[16] and references
therein) have explored capacity with transmitter CSlI, ibidy recently [2], [17], [18] that the
impact of feedback in the IoBNR, non-coherent regime has received attention. In particula
the lowSNR regime, it is shown in [2], [17] that with an average power stoaint, the capacity
gain with perfect transmitter and receiver CSI (over theecsken there is only receiver CSl) is
log (s )- More interestingly, it is shown thatgartial /limited feedbaclscheme where only one
bit per independent DoF is available at the transmitter dao achieve the benchmark gain of
log (SNLR) [2], [17]. However, for both the optimal waterfilling scherfigl], [19] as well as the
one bit limited feedback scheme, the input signal tends tpdaky (or bursty) in time, leading
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to a high peak-to-average power ratio, and difficulties framimplementation standpoint. The
need to reliably estimate the channel at the receiver laatiset use of peaky training followed
by communication in [17]. Similar results have also beeroregul in [18] where the authors
study the optimization of the training length, averagenirag power and spreading bandwidth
in a wideband setting.

The focus of this work is on leveraging multipath sparsitypt@rcome or reduce the need for
peaky signaling schemes. We work towards this goal by pmogid concise description of the
sparse channel model [13] in Sec. Il. We consider a systetmuties short-time-Fourier (STF)
signaling waveforms [20] that serve as approximate eigestfans for underspread channels and
naturally relate channel sparsity in delay-Doppler to cigrtoherence in time and frequency.
In particular, channel coherence is now shared between d@ntkfrequency and the role of
channel coherence tinig,,;, in existing works is taken over by tlehannel coherence dimension
N. = T..,.W.on, WhereW,,,, denotes the coherence bandwidth.

We study the performance in the case where the receiver meecp€SI| and the transmitter
has one bit (per independent DoF) in Sec. Ill. In contrast2h [17], [18] which study
the performance only under average(or long-term) power constraint, we also consider an
instantaneougor short-term) power constraint. We restrict our attemtio causal signaling
schemes that can be realized in practice. We show that amalpthreshold of the form
he = Mog (%) for any A € (0,1) provides a measure of achievable tatehich behaves
as (14 hy) SNR in the wideband limit. Thus when approachesl, we achieve the perfect
transmitter CSI capacity which is the benchmark for all tedi feedback schemes. We derive a
sufficient condition under which this benchmark can be apgiied even with an instantaneous
power constraint. A key parameter that determines thisitionds E [D.¢| — the average number
of activechannel DoF (the average number of independent channdlaieefs that exceed the
threshold in the power allocation scheme). In particulathan instantaneous power constraint,
the benchmark capacity gain is achieved whfD] — h, — oo asSNR — 0. We discuss the
feasibility of this condition when the channel is rich as mad sparse.

In Sec. IV, the focus is on the case where the receiver has nca@®iori and a training-

based signaling scheme is employed. Along the same linas @Y}, [18], we study the rates

LAl logarithms will be assumed to be baseand we will use nats per channel use for all rate quantitiehigiwork.
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achievable with this scheme, albeit for sparse channelth ¥h average power constraint, it
is shown that as long as the channel coherence dimensiascales withSNR as N, = ﬁ

for someyu > 1, the rate achievable with the training-based scheme cgeseio the capacity
with perfect receiver CSI, the performance benchmark, ewtideband limit. Furthermore, this
condition is achievable only when the channel is sparse ang@navide guidelines on choosing
the signal space parameters (signglpacket duration, bandwidth and transmit power) such
that,, > 1 is realized. The critical role of channel sparsity is furthevealed when we impose
an instantaneous power constraint. In contrast to peakyabigy that violates the finiteness
constraint on the peak-to-average power, channel spassitgcessary to realize the conditions
required to approach the performance gain with an instaoias power constrainft > 1 and

E [Der] — hy — 0o. We summarize the paper in Sec. V by highlighting our contidns and

placing them in the context of [2], [17], [18].

II. SYSTEM MODEL

In this section, we elucidate the model developed in [13]dparse multipath channels. Our
results are based on an orthogonal short-time Fourier lsigrfaamework [20], [21] that naturally

relates multipath sparsity in delay-Doppler to coheremcgéme and frequency.

A. Sparse Multipath Channel Modeling

A discrete, physical multipath channel can be modeled as

y(t) = /o m/;d h(t,v)x(t — 7)e?*™ dv dT + w(t) 1)
hrv) = > Bud(r—7)0(v —va),  y(t) =Y Bux(t — m)e”™ +w(t)  (2)

where h(7,v) is the delay-Doppler spreading function of the chanmgl, =, € [0,7,,] and
v, € [-Wy/2,W,/2] denote the complex path gain, delay and Doppler shift astatiwith the
n-th path.T,, and W, denote the delay and the Doppler spreads, respectively.qubatities
x(t),y(t) andw(t) denote the transmitted, received and additive white Ganssyise waveforms,
respectively. Throughout this paper, we assumeiaerspreacchannel wherd,, W, < 1.

We use avirtual representation[22], [23] of the physical model in (2) that captures the

channel characteristics in termsrekolvable pathaind greatly facilitates system analysis from a
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communication-theoretic perspective. The virtual repnégtion uniformly samples the multipath
in delay and Doppler at a resolution commensurate with sigmédandwidth1? and signaling

durationT, respectively. Thus, we have

L M

y(t) = 3 D hema(t — (/W) 4ow(t) 3

=0 m=—M

> b 4)

TLEST_[ n Su,m

<
3
Q

where L = [T,,W] and M = [TW,/2]. The sampled representation (3) is linear and is
characterized by the virtual delay-Doppler channel caefiits { .., } in (4). Eachh,,, consists

of the sum of gains of all paths whose delay and Doppler shétsithin the (¢, m)-th delay-
Doppler resolution binS., N S,,,, of size AT x Av, At = &,Av = 7 as illustrated in
Fig. 1(a). Distincth,,,’s correspond to approximatelyisjoint subsets of paths and are hence
approximately statistically independent. In this work, ag&sume that the channel coefficients
{he¢.m} are perfectly independent. We also asstiRayleigh fading in which{,,,} are zero-
mean Gaussian random variables.

Let D denote the number of non-zero channel coefficients thatcteftbe (dominant) statis-
tically independent DoF in the channel and also signifiesddlay-Doppler diversity afforded
by the channel [22]. We decompoge as D = Dy Dy, where Dy denotes the Dopplétime
diversity and Dy, denotes the frequenggtelay diversity. The channel DoF or delay-Doppler

diversity is bounded as
D = DrDw < Diax 2 Drmax D max (5)
Drimax = [TWal , Dwimax = [T W] (6)
where Dy 1, denotes the maximum Doppler diversity abgl ... denotes the maximum delay
diversity. Note thatDr 1, and Dy, max inCrease linearly witli” and W, respectively, and thus

represent aich multipathenvironment in which each resolution bin in Fig. 1(a) copasls to

a dominant channel coefficient.
2Note that the Rayleigh fading assumption is used only fohemattical tractability. The general theme of results wolhinue

to hold as long as the fading distributions have an expoakt#il. See [17] for details and [13] for a discussion on miode

issues.
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However, there is growing experimental evidence [5]-[X#ttthe dominant channel coeffi-
cients get sparser in delay as the bandwidth increaseshdfortre, we are also interested in
modeling scenarios with Doppler effects, due to motion. chscases, as we consider large
bandwidths angbr long signaling durations, the resolution of paths in bag¢hay and Doppler
domains gets finer, leading to the scenario in Fig. 1(a) wheradelay-Doppler resolution bins
are sparsely populated with paths, i[@.< D, .

In this work, we model multipath sparsity bysab-linear scalingpf D and Dy, with 7" and
W, respectively:

Dw ~ gi(W), Dr ~ go(T) (7)
whereg; and g, arearbitrary sub-linear functions. As a concrete example, we will focasao

power-law scaling for the rest of this paper:
Dr = (TW,)", Dy = (WT,,)> (8)

for somedy, 62 € (0,1). But the results derived here hold true for any general swat scaling
law. Note that (6) and (7) imply that in sparse multipath, tb&al number of delay-Doppler
DoF, D = Dy Dy, scalessub-linearlywith the signal space dimensiaw = T'WV.

Remark 1. With perfect CSI at the receiver, the parameferdenotes the delay-Doppler
diversity afforded by the channel, whereas with no CSl fleats the level of channel uncertainty;

the number of channel parameters that need to be learned egd&iver for coherent processing.
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Fig. 1. (a) Delay-doppler sampling commensurate with signalingdbadth and duration. (b) Time-frequency coherence

subspaces in STF signaling.
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B. Orthogonal Short-Time Fourier Signaling

We consider signaling using an orthonormal short-time oUWSTF) basis [20], [21] that
is a natural generalizatidrof orthogonal frequency-division multiplexing (OFDM) fdime-
varying channels. An orthogonal STF basis,,.(t)} for the signal space is generated from
a fixed prototype waveforng(¢) via time and frequency shiftsb,,(t) = g(t — (T,)e?? ™!,
whereT,W, =1,¢{ =0,--- ,Np— 1, m =0,--- ,Nyw — 1 and N = NyNy = TW with
Nr =T/T,, Ny = W/W,. The transmitted signal can be represented as

Npr—1 Ny —1

wt) =Y Y Tmbm(t) 0<t<T 9)

(=0 m=0
where{x,,, } denote theV transmitted symbols that are modulated onto the STF basisfamns.

The received signal is projected onto the STF basis wavefaayield
yém - <y7 ¢Zm> - Z h[m7£’m/ xé’m/ + w€m~ (10)
Jm

We can represent the system using/érdimensional matrix equation [20], [21]
y= Hx+w (12)

wherew is the additive noise vector whose entries are i€4(0,1). The N x N matrix H
consists of the channel coefficients,,, ,,/} in (10). We assume that the input symbols that
form the transmit codewors satisfy an average power constraint

= B[x? <P (12)

Since there aréV = T'W symbols per codeword, we define the param8i¢R (transmit energy
per modulated symbol) for a given average transmit pofV@sSNR = % = %. In this work,
the focus is on the wideband regime whé&iR — 0 asWW — oo for a fixed P.

For sufficiently underspread channels, the paramé&{easdV, can be matched t6,, andV,
so that the STF basis waveforms serve as approximate eiggitfus of the channel [20], [21];

that is, (10) simplifies tbye, ~ humTim + Wem. Thus the channel matrik is approximately

3STF signaling can be treated as OFDM signaling over a bloR®M symbol periods with an appropriately chosen symbol
duration.

4The STF channel coefficients are different from the delapiider coefficients, even though we are reusing the same dgmbo
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diagonal. In this work, we assume thHtis exactly diagonal; that is,

H:diag[ﬁll'”thg’ ﬁzl...thg lel"'hDch]- (13)

-~ -~

Subspace 1 Subspace 2 Subspace D

The diagonal entries oH in (13) admit an intuitive block fading interpretation inres of
time-frequency coherence subspaf&y illustrated in Fig. 1(b). The signal space is partigdn
asN =TW = N.D whereD represents the number of statistically independent tiragtiency
coherence subspaces, reflecting the DoF in the channelyargpresents the dimension of each
coherence subspace, which we refer to ascibigerence dimensiorin the block fading model
in (13), the channel coefficients over tih coherence subspaég,, - - - , h;y, are assumed to
be identical (denoted b¥;), whereas the coefficients across different coherencepaobs are
independent and identically distributed. Thus, the chhisneharacterized by th® distinct STF
channel coefficients,h; }, that are i.i.d. zero-mean Gaussian random variables ¢Rpyfading)
with (normalized) variance equal #]|;|?] = >, E[|3.|*] = 1 [20].

Using the DoF scaling for sparse channels in (7), the scébelgavior for the coherence

dimension can be computed as

%4 T
Wcoh = D—W ~ fl (W), Tcoh = D_T ~ f2<T) (14)
Nc = Wcothoh ~ fl(W)fQ (T) (15)

where T,,;, is the coherence timeand W, is the coherence bandwidtlof the channel, as
illustrated in Fig. 1(b). As a consequence of the sub-limgaf ¢, and g, in (7), fi and f, are
also sub-linear. In particular, corresponding to the pelaer scaling in (8), we obtain

Tlﬂsl Wl*(SQ
) coh — 5y
W T2

Remark 2. Note that when the channel is sparse, bdthand D increase sub-linearly with

Tcoh =

(16)

N, whereas when the channel is ridh, scales linearly withV, while N, is fixed.

In this work, the focus is on computing achievable rates i ion-coherent setting with
feedback and as we will see in Sec. Illl and IV, the rates turntoue a function only of
the parametersgV, andSNR. Thus, in order to analyze the lI08NR asymptotics, the following

relation betweenV, andSNR (= P/WV) plays a key role:

1
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where the parameter reflects the level of channel coherence. We will revisit (&iyl discuss

its achievability and implications in Sec. IV.

[1l. ACHIEVABLE RATES WITH PERFECTRECEIVER CSIAND LIMITED CHANNEL STATE

FEEDBACK

In this section, we study the scenario when there is perf&itat the receiver. We assume
throughout this paper that both the transmitter and theveccbave statistical CSI - knowledge
of T,,, Wy, 91, g2, f1 and f, so that the scaling i and N, are known. On one extreme, with
perfect receiver CSI and no transmitter CSI (no feedbadie),cbherent capacity per dimension

(in nats/s/Hz) equals

Cono(SNR) = sup E [logdet (In,p + HQH")] | (18)
’ Q:Tr(Q) < TP N.D

The optimal inputx is zero-mean Gaussian and the optimization is over the seV.éi-
dimensional positive definite input covariance matri@s= E [xx”] satisfying the average
power constraint in (12). Due to the diagonal naturéoi (13), the optimak) is also diagonal.
Furthermore, with no transmitter CSI, the uniform poweoeditionQ = %INCD =SNR-In.p
achieves the optimum; that is, the elements aire i.i.d. zero-mean Gaussian with variaS&&R.
Using this optimumQ and the block-fading structure &1, the expression for coherent capacity

in (18) reduces to
D

1 PT
Ceon0(SNR) = 5 ;E {log (1 + NCD|hZ| )} (19)
which in the limit of lowSNR is [2], [4]
Ceono(SNR) = SNR — SNR?. (20)

On the other extreme is the case of perfect receiver andnigtes CSI, where the receiver
instantaneously feeds back all the channel coefficigitg,” ;, corresponding to th® indepen-
dent coherence subspaces to the transmitter. The optimamantitter power allocation in this
case is waterfilling [14], [19] over the different cohererméspaces. In the l0&NR extreme,
it is shown in [2], [17] that the capacity with perfect traritter CSI scales a®g (zz) SNR.

That is, the capacity gain (compared with the receiver C$} oase) is directly proportional to

the waterfilling thresholdp,, ~ log( , and this gain serves as a benchmark for all limited

)
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feedback schemes. More interestingly, it is shown in [2]] [that this benchmark (maximum)
capacity gain can be achieved with just one bit of feedbackchannel coefficient.
In the case of limited feedback, both the transmitter and¢keiver have priori knowledge

of a common threshold denoted hy. The receiver compares the channel strength*( i =

1,2,---, D) in each coherence subspace withand feeds back
by = x(hi]” = he) = (21)

At the transmitter, conditioned on the limited feedback wthibe CSI, the input symbols are
still zero-mean independent Gaussian and the power albocet uniform across the coherence
subspaces for whichy = 1 and no power is allocated to those subspaces for whieh0. Thus,

conditioned on{b;}” ,, the input covariance matrix is given by

Q<{bl}) = dlag(g17 7Q1j7g27'“ 7Q2j7'“ 4D, " 7QD) (22)
—_———

-~

N, N¢ N¢

¢ = Pobi=PF,-x(|hi|* > hy) (23)

wheregq; denotes the power of the Gaussian input in #tle coherence subspace. The choice of
P, depends on the type of power constraint and also on the clobiteesholdh,. To explore
this further, letD.s denote the number dactive subspaces, those which exceed the threshold
h.. We have

D D
Defr = sz‘ = ZX(VL@\Q > h) (24)
i—1 i—1
EID (a) 2 () —ht
[Deir] = DE [x(|h|*> > hy)] = De (25)

where (a) is due to the fact that,;}2 , are i.i.d. and (b) is due to the fact that for a standard
GaussianE [x(|h]? > hy)] = Pr (|hi|? > hy) = e,

If we assume knowledge ofb;}2 , at the transmitter at thbeginningof each codeword,
albeit non-causally, then we can uniformly divide power agi¢he active subspaces. That is

TP
NcDefF

and the maximum rate achievable with this power allocatitemoted byC,, 1 .7(SNR), is

Po,nc = (26)

D
1 TP 9
Ceoh,1,LtT(SNR) = H}%XE ;:1 E {log (1 + N.Dug |l ) X (‘hi‘Q = ht)} : (27)
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The power allocation in (26) satisfies the power constraistantaneously as well as on average.

To see this, note that
D

1o Noxn TP )
PinStan = f”XH T qu - T N Def (|hl| = ht) =P (28)

and clearlyE [Py ] = P as well. The non- causallty of the scheme is more relevanhén t
scenario when the receiver estimates the channel coeffic{én}?, and feeds bacKb,}2,
based on these estimates. This motivates us to insteadleoastausal power allocation scheme,
with an average power constraint, in whié€}j in (23) depends on thaveragenumber of active
coherence subspacds|D.g], rather than the instantaneous valueDgf as in (26). From (23),

we have
D D

E[[x?] = N> Ela] = NS Py -E (bl = h)] = N.REDe].  (29)

i=1 i=1
Thus to satisfyE [||x||?] < TP, the power allocation for the causal scheme is given by
TP TP

P = =
"= NE[Du] ~ NoDe P (30)
and the corresponding maximum achievable ré?lg,, 1.T(SNR), is given by
C (SNR)—max—ZE log (14 —1L =1l ) x (il > he) (31)
coh,1,LT g N De— XU =2 Ng)y .

Note that the causal average power allocation policy in §3fisfies the average power constraint

but can have a large instantaneous power. This is because

D
N, TP Defr
T 2 pewt (i 2h) = ()7 @2

ThusE [P« < P, but unlike (28) Postc € [0,00) depending on the choice of. We will
address this issue in Sec. llI-B, but first we consider thesabscheme, that satisfies the average

Pinst,c =

power constraint, more carefully.

A. Achievable Rates under Average Power Constraint

The following theorem establishes that a threshold of thhenfb, ~ \log (SNLR) for some

A € (0,1) provides the solution to (31).
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Theorem 1: Given any\ € (0, 1), a causal on-off signaling scheme under an average power
constraint achieve@LB < écoh717LT(SNR) < CA‘UB with an optimal threshold that satisfies
he

SR X Iog (o)

—1 (33)

where

Cus = SNR*. {log(1+)\SNR1_Alog(S,\+R))+log (1+1+ASN§'¥§]:%(SN1R))} (34)

~ 1 1-2
A -
Cle = SNRM. [log (14 ASNR'*log (o)) + 5108 (1 + ooy logMR))] . (35)

Proof: Starting from (31), we have

~

D
1 TP 2 2
Ccoh,l,LT(SNR) = th%X 5 Zzl E |:10g <1 + NcDe—ht |hz| ) X(|hz| Z ht>:| (36)

W g [log (1 +SNReM|h|?) x(|h|* > ho)] (37)

where (a) follows from the fact thgth;} are i.i.d.CA(0,1) andh is a generic i.i.dCN (0, 1)
random variable. The expectation in (37) can be computeagu&4, 4.337(1), p. 574]. With

A 14SNRhg eht

a = SRR a—, we have

~

Ceon117(SNR) = 7M. [1og (1 + SNRh; eht) + exp () f;o %dt} (38)
= e M. [log (1 + SNRh; eht) + I/Q} (39)

where v, £ exp (o) [° etidt. It can be checked that the choice lof maximizing (39) is
obtained by setting its derivative with respecthtoto zero and satisfies
1

A ht _
A 21 —1log (1+ SNRhee™) — SNRo Ve = 0. (40)
Now, if h; is such that lim h —~ =1 for some\ € (0,1), then asSNR — 0, we have
SNR—0 Mog( sz )

SNRh;e™ — 0 anda — oo. Note that asy — oo, the following bounds hold for,, [25, 5.1.20,
p. 229]:

1 2 1
—log <1+—) < v, <log <1+—). (41)
2 o o

Thus we can approximate, asv, ~ +. With this approximation in (40), we havgz— - v, ~

m — 1. Using the choice oh; as in (33), it follows that aSNR — 0, A — 0.
Substituting this choice of, in (39) and using the upper and lower bounds:gnin (41), we
obtain the bounds in (34) and (35). [ |
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It can also be shown that the rate achievable with this casdame is asymptotically (in
low-SNR) the same as the non-causal capacity in (27). Thaﬁjgﬁ,,LLT(SNR) is a tight bound
to Ceon1.07(SNR) and for all X € (0,1), we have

Ceon1.07(SNR) — Coon1 17(SNR
lim } hoa L ( ) ha L ( )} _ 0 (42)
SNR—0 Ccoh,l,LT(SNR>

The proof of the above statement can be found in Appendix A.

Corollary 1: The capacity gain for thé-bit channel state feedback, causal power allocation

scheme over the capacity with only receiver CSI in (20) is

~

. Ceon11T(SNR) _ 1
SWEL, o o(NR) (LT he) =1 Alos { o - (43)

Proof: A Taylor series expansion of the upper and lower bounds in &l (35) shows

that they are equal up to first-order. This common term is shah

~ 1

Coonrim(SNR) = SNR (1 + A log (SN—R)) — (1 + ho)SNR. (44)
On the other hand, with CSI at the receiver alone, we have (@) “=>N® — (1 4 o(1)).
Thus the desired result follows. [ |

Remark 3. The capacity gain due to feedback is directly proportionah.tand the highest
gain is obtained by choosing— 1, and equals the benchmark where perfect CSl is available at
both the ends [17]. Statements analogous to those in Thebi@md Corollary 1 are well-known
from prior work; see [2], [17], [18] for detalils.

We now revert our attention back to the instantaneous trammwer described in (32). Note
that asD — oo, Pnsc — P as a consequence of the law of large numbers. However, for any
finite D, Pn¢. may be much larger tha®. This is an important issue in practical systems
that typically operate with peak power limitations. Thussiimportant to analyze the impact of

constraints on the instantaneous power in (32), as disdussd.

B. Achievable Rates under Instantaneous Power Constraint

In addition to the average power constraint in (29) and (B@)us impose a constraint on the

instantaneous transmit power of the form

a.s.

Pinst,c S AP (45)
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where A > 1 is finite. With this short-term constraint, we now compute thte,@cothST(SNR),
achievable with the causal signaling scheme. We are phatigunterested in exploring condi-
tions under whicrﬁcohyl,ST(SNR) ~ @coh,l,LT(SNR). To this end, we employ the same power
allocation as in (22) but the; in (23) are now given by

6i = Poc X(hil* = he) x (Z X(1h;1* = he) < ADeht) : (46)

j=1
The second indicator function in (46) checks for the comstria (45) causally in each time-

frequency coherence subspace and allocates power onlysittimstraint is met. For a given
thresholdh,, the achievable rate with this power allocation schemevsrgby

é\coh,l,ST (SNR)

D 7
TP ox([hi* > he) 2 by
3t (1 R0 (S 2w < e

j=1

1
- _E
D

@ |

log (1 + SNR- e i x(Jhil* > hy) ) X (Z x(|h)? > hy) < ADeht>]

J=1

i

IIM

<ZX |hj|? > hy) < ADe” ) E [log (14 SNR-e" - |h;|*x(|hi|* > hy))]

j=1

S22 Pr (5o X(hyl? = he) < ADe ™)
D

@

" E [log (14 SNR - " - |h2x(|h]? > hy))] -

Zi:1 Di
D

where@coh,l,LT(SNR) is the rate achievable with only an average power constiaak (a) follows
from the fact that{h;} are i.i.d. and

pi = Pr <Z X([hs]7 > hy) < ADe"“) : (47)

J=1

- Acoh,l,LT(SNR) :

Thus, characterizingﬁcothST(SNR) IS equivalent to computing;. In particular, under what
condition does@ — 1? This is discussed in the following proposition.
Proposition 1: With h, ~ Alog (sz) as in (33), we have@ > L where

L~1- : — Da-4A) 48
SNRM(14SNRY /4) 1 (145NRA4) P (48)
if 1<A<2, andifA > 2, we have
4
L~1-— . (49)

SNR* (1 4 SNR*/4)”4Y
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In particular, if
E [Degr] — hy = De™ — hy ~ DSNR* 4 A log(SNR) — oo as SNR — 0, (50)
thenL — 1 for all A > 1 and Ceon1.57(SNR) — Ceon1.17(SNR) .

Proof: See Appendix B. [ |

C. Discussion: Rich vs. Sparse Multipath

Theorem 1 states that the rate achievable with fthdit channel state feedback scheme
approaches the benchmark, the perfect transmitter CSicitgpavhen A — 1. Furthermore,
this benchmark can be attained in the wideband liriten when there is an instantaneous
power constraint. As described in Prop.B[D.¢] — h, — oo provides a sufficient condition.
We now discuss the feasibility of satisfying these condsieovhen the channel is rich and when
it is sparse. The behavior @& [D.| provides key insights in this regard.

A1) Rich multipath: For a rich channel, from (6) we note th&tscales linearly witi" and V.
For afixedT’, D ~ SNR™" (sinceSNR = L. That is,E [Defr] —h; = DSNR*+ A log(SNR) — oo
for 0 < A < 1. We can thus conclude that for rich multipath the perfect kSichmark is attained
trivially with both average and instantaneous power camsts.

A2) Sparse multipath: From the power-law scaling in (8), ignoring the constardtdes, we
have D ~ T%1¥/% and therefore

E [Der] — hy ~ T°"SNR* ™ + A log(SNR). (51)
For a fixed7T, asSNR — 0, we have
o0 fOo< A<y

E [Dur] — he — (52)
—oo if 52f§ A< 1.

While we can approach the benchmark capacity with an aveyagrer constraint, (52) suggests

a cap on)\, the highest achievable gain with an instantaneous powsstiant.

D. Capacity Optimal Packet Configurations

From (52), we see that the perfect CSI gain is not always waahle when there is an

instantaneous power constraint. However, we note thati€agrived assuming fixed choice

DRAFT



16

of T, while we know that sparsity in Doppler facilitates any degiscaling in the DoF with
increasingl’. Leveraging both delay and Doppler sparsities, we proposddllowing solution
to get around the restriction iA2. Instead of signaling with a fixed duratidn, let us suppose
that we maintain a scaling relationship foras a function ofit’. For example, lef’ ~ W7 for

somep > 0. ConsequentlyD ~ Tt W% ~ W2+t and we have
E [Degr] — hy ~ SNRY 771 1 X1og(SNR). (53)
Thus in the limit asSNR — 0, the asymptotic behavior dt [D.¢| — h; is given by

o0 1f0<)\<52+p(51
E Def] — hy — (54)

Note that in (54), we have
1 — 69

1

which leads to the desired result tHa{D.] —h; — oo for all A € (0, 1) and thus the benchmark
capacity is achievable even under an instantaneous pov@n@sasy satisfies (55) and’ ~ W*.
To further illustrate this idea, we present an example whemnoel sparsity follows the power-
law scaling in (8). For simplicity, let us assume that= 5, = 6. From (55), we requirgd” ~ W7
with p > 1%5 to achieve the benchmark performance. With= T'WW, the capacity optimal

(T, W) packet configuration is then given by
T~NT, W~ N, (56)

Fig. 2 illustrates the optimal packet configuration for ahrimultipath channelo — 1), for
a medium sparse channg@l = 0.5), and for a very sparse chann@ — 0). As evident, for
rich channels, the optimal packet configuration is narrownre relative to bandwidth, whereas
in extremely sparse channels the optimal packet configuras narrow in bandwidth relative
to time. For medium sparse channels, b@thand W scale at the same rate witN. These

guidelines can be easily extended to generic sub-linedingdaws.

IV. ACHIEVABLE RATES WITH CHANNEL ESTIMATION AT THE RECEIVER

We now consider the more realistic case where no CSlI is dlaigapriori at the receiver. We
first consider only an average power constraint and showttieafirst-order term of the bench-

mark capacity can be achieved if the channel is sparse andhdm@nel coherence dimension,
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Rich

51 Medium Sparse
0=05
Very Sparse
6—0
w W I’VI
- »
T
T
-
T

Fig. 2. Optimal packet configurations with perfect receiver CSI mited feedback as a function of richness of the channel.
Three cases are illustrated here: Rich multidath~ 1), medium sparsityé = 0.5) and very high sparsit§6 — 0).

N,, scales withSNR at an appropriate rate, allowing the receiver to learn trennohbl reliably.
We also show that this is infeasible when the channel is dcie, to poor channel estimation.
More specifically, we consider a training-based signalcigesne where the transmitted signals
include training symbols to enable channel estimation arfebent detection at the receiver. The
restriction to training schemes is motivated by their e@sfizability. The total energy available
for training and communication BT, of which a fractior is used for training and the remaining
fraction(1—n) is used in communication. With the block fading model, thisams that one signal
space dimension in each coherence subspace is used fangdraind the remainingN, — 1)
are used in communication. This is pictorially illustraied~ig. 3. In each coherence subspace,
the receiver estimates the channel coefficient using theingasymbol which is then used to
coherently detect th&/.— 1 communication symbols. We consider minimum mean-squaired e
(MMSE) channel estimation and the reader is referred to $E2, 11(c)] for more details on the

training scheme.
A. Achievable Rates under Average Power Constraint

Let @rain,l,LT(SNR) denote the average mutual information (per dimension)exahie with
the causal training scheme under the average power carisifée note that the power constraint
in this case is a slight modification of (30) to account for fin@ction of energy used in

training. We proceed along the same lines as the no-feedtzeek[13, Lemma 1] to characterize
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f A
Tcoh
|44
| l
Training Symbol
Weon ——
h[ T t

t="1y To+T.on

Fig. 3. Training-based signaling scheme in the STF domain. Dtestimated channel coefficients determinelEhéeedback bits

for the communication scheme with limited feedback.

@train,LLT(SNR). Let H be the actual channeﬁ be the estimated channel asxl = H — H

denote the estimation error matrix. We begin with the follagvwell-known lower-bound [26]

to @train,LLT(SNR) corresponding to the no-feedback case

E [log det (Iin.—1)p + HQH” (14 2a,)"~" )]
N.D

where the input is taken to be zero-mean Gaussian with @wegimatrixQ and the supremum

(57)

Crrain.1.17(SNR) > sup
Q

is over{Q : Tr(Q) < (1 —n)TP}. For the limited-feedback scheme, conditioned on fthe

feedback bits{b,;}, the optimalQ is again diagonal and, analogous to (23), is given by

Q({ti}) = diag(qr, -+ ,q1, 92+ 42, 4D, " ,4D) (58)
—_——

-~

chl chl chl

- (Q=npTP X (|/Z{Z|2 > hzrain)
% = (Nc — 1)D ’ E [X (‘/h\|2 > h%rain)]

(59)
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where hi™" is the threshold in this setting. The following theorem dliss conditions under
which the achievable rate with the training scheme congetgehat with perfect receiver CSI.
In particular, the choice of the threshold is discussed enpfoof.
Theorem 2: If N, = for someu > 1, then
li C1tra|n 1 LT(SNR)
11m
SNR—0 coh,1,.T (SNR)
Proof: Using the choice ofQ from (59) in (57) and proceeding along the lines of (47),

SNR“

(60)

we obtain

1 —7)(1 + nN,SNR)h*"SNR
Conaar (%", N, SNR) = - log (14 ¢ :
t 1LT( 7777 ) K1 |: 08 ( + (1—77)SNR+/€1/£2

+ I/(ln)(1+nNCSNR)hE'3i”SNR+(1n)SNR+n1n2:| > (61)
n(1—n) NcSNR2

(L NeSR) 1
Kl = e TNZSNR , Ko = 77( — 1)SNR + (1 - ﬁ) (62)

C

wherer, is as defined following (39). The tightest lower bound to (8l9btained by maximizing
@rain,lﬂ (h;fai", 1, Ne, SNR) overn, the fraction of energy spent on training, and okt", and

is given as

t*rain,l,LT = nax {max Ctrain,1 (htramﬂ% Ne, SNR)} (63)

htraln

Performing the optimization in (63) seems difficult. Motied by our study in Sec. Ill, we now

assume a specific form for the threshold:

hi@i" — ¢log <SIiIR) e € (0,1). (64)
It is shown in Appendix C that with this choice &f", the optimal choice for; and N, can
be obtained in closed form and the desired result in (60) tsbéshed.
Alternatively, we now demonstrate a sub-optimal, but senplpproach that suffices to obtain
(60). This approach uses the choicerpthat optimizes the average mutual information in the

no feedback case [13, Lemma 2]. This choice, denoted*bys given as

- B 1 g -1, ©

Let hirin* & %ht whereh; ~ Alog (gg). K} = K1 e andr} = ko, If we define,
A, = (1—n* )((1+n ;\gﬁgﬁ;ﬁl *SNR’ (66)

Ay = e S, (67)
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it is straightforward, but cumbersome, to show that

. . 1
SllllRH—{O A1 =0 and s&llRH—lm Ay 0 (68)

for any . > 0. From (61), we then have

max C(tram 1 LT(htramu 7, Ncu SNR) 2 6train,1,LT<hErain7*7 77*7 N07 SNR) (69)
htraln n
= k- [log(1+ Ay) + va,] (70)
(a) 1 2
> Kp- |log(1+A;)+ -log |1+ — (72)
2 A,
(b) 1
N A 72
o At (72

where (a) follows from (41) and (b) is the I08NR approximation to (71). Substituting for
hi™™* and simplifying we can reduce the lower bound in (72) to
~ N, n*N.SNR
. > —n*
Crrain, 117 (SNR) = (1 =77) (N — 1) (1 +*N, SNR) [

Now, substituting fom* from (65) andN,. =

he SNR. (73)

SNR#, it can be checked that when> 1 the leading
term is[1 + h;] SNR which equals the first-order term of the coherent capacitgezxribed by
Corollary 1. On the other hand when< 1, the leading term takes the fort (SNRB%“) and
hence,u > 1 is necessary. [ |
Having established the result with an average power cansttat us consider the instantaneous

power constraint case.

B. Achievable Rates under Instantaneous Power Constraint

We impose an instantaneous power constraint similar tof@t3he (N.—1) D communication
dimensions of the training scheme. ILéctain,LST(SNR) denote the achievable rate of this scheme
with the short-term constraint. With the power allocatieheme similar to that in (46) (Sec. llI-

B), we obtain

6train,1,ST(SNR) = (1 — —) Z E

rain ADe
leh # > hyt) <

1+Qz+Etr

120.(1 + E
IOg <1+|hz| qz( + tr)

 hirin (149 NeSNR)
T NGSNR

(1—mn)

(74)

train

— Canaar(SNR) - 2 (75)
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h{r2in (141 NeSNR)

where E,, = nN,SNR andp{™" = Pr (Z X (|2 > htrainy < ADe 1N ) Understand-
j=1

(1-n)

Ei,;l pgrain
D

ing when — 1 is similar to the case studied in Sec. IlI-B. Taking recoutsethe

analysis of Prop. 1 by using a threshold of the fdrfd™* = X348 h, wheren” is as in (65)
andh, ~ Alog (sz), it can be shown that thM is lower bounded by the same expression
as in (48) and (49) with4 replaced byﬁ. After some simplifications, we can conclude that
if El[_L;;fj] — hy — 00, then Cipain.1.57(SNR) — Cirain1..7(SNR). Note that this condition is almost
equivalent to the condition in the perfect CSI singes (0,1) and we know from our earlier

results on the no-feedback capacity [13] that— 0 in the wideband limit.

C. Discussion

The analysis in Sec. IV-A and IV-B reveals that the followiognditions are critical:
C1) The channel coherence dimensiov, scales withSNR according toN, ~ sg=r, 1t > 1,
and
C2) The independent degrees of freedom (DaP),in the channel scales witNR such that
BlBerl = D™ . — 00 asSNR — 0.
With only an average power constraifit] is necessary and sufficient so tr@tain,l,g(SNR) —
@oh,l,LT(SNR). In particular, withA — 1, we approach the perfect CSI benchmark. When there
iS an instantaneous power constraint, we need to sdimtyC1 andC2 so that the benchmark
can be attained.

We now study the implications of these conditions. Note @predicates a certain minimum
channel coherence level to ensure the fidelity of the trgipi@rformance. That is, the larger the
value of 1 and hence)V,, the more easier it is to meet the benchmark. On the other, l@d
describes the required growth rate in the DBE-so thatE [D.s] —h, — oo and the instantaneous
power constraint is satisfied without any rate loss. Thathis,larger the value oD, the more
easier it is to meet the benchmark. It is clear that the twaditmms are somewhat conflicting
in nature since for a richer channel, it is easier to increRsbut more difficult to increase
N., while for a sparser channel, it is the reverse. Thereforataral question is if they can be
satisfied simultaneously.

To understand this, we first study the achievability@f. What are the conditions on the

channel parameterg(,, W, 6; andd,) and how do they interact with the signal space parameters
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(T, W and P) so thati, > 1 is feasible? As we discuss next, by leveraging delay and [Bopp

sparsities and using peaky signaling (when necessary),l is achievable.

B1) Rich multipath: When the channel is rich in both delay and Doppl€r,=
and does not scale wittNR. Thus we can never maintain the scaling relationshigvinas in
Theorem 2 andC1 can never be satisfied. Therefore, we cannot attain the bear&heven under

the average power constraint.

B2) Doppler sparsity only: In this caseW,,, = % is fixed and the scaling inV, is only

throughT,., ~ fo(T) (see (15)). Therefore, by scaliffg with W according toT’ ~ f,* (W*)

and choosing: > 1, we haveN, ~ T, ~ fo (f5'(WH)) ~ For the power-law scaling

SNR“
in (16), we obtain

T~ W, (76)

Note that as); increases and the channel gets more riclheincreases monotonically in (76).
B3) Delay sparsity only: In this case,T.,, = W% and N, = W,.,T.,, Scales withSNR
only throughW.,, ~ fi (giz)- Therefore, for any sub-linear functiofi(-), we cannot satisfy
i1 > 1. A possible solution to overcome this difficulty is to use lpeaignaling where training
and communication are performed only on a subset of/theoherence subspaces. Modeling
peakiness as in [4], [13] and definigg= SNR”, ~ > 0 as the fraction ofD over which signaling

is performed, it can be shown that [13, Lemma 3] the conditmnasymptotic coherence gets
relaxed toN, =

from the original N, = where pipeay = 1+ 7. We require

1
SNR#peaky SNR“

Ipeaky > 1 Which is the same ag > 1 — v. For the power-law scaling in (16), we have
Ne~ (W) ~ W0~ o
satisfy the desired condition.

B4) Delay and Doppler sparsity: Using (15), we havéV,,, ~ fi(W) and T.,, ~ foT).

Thus, if the peakiness coefficientsatisfiesy > d,, we can

Therefore, if we scal@” with 1/ according to

T W) with fie) = 15 (575 (77)

we haveN, = WeopToon ~ (W) fa(f3(W)) = (W) fa (f2 (fl(w )) ~ sygr- Thus with
w>11in (77), we attain the desired scaling 8f with SNR. For the power-law scaling in (16),

the desired scaling iV, can be obtained by choosirig W and P according to the following
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canonical relationship that is obtained using (16) in (77)

p—14359

(T W) T Wi
PR '
From the above discussion, it is clear that channel spassitgcessary and in addition, we also

T= (78)

require a specific scaling relationship betw@éand WV as defined in (78). But this is necessary
for achieving the benchmark capacity with an average powestcaint (satisfyingc1). We now
study how this scaling law impacts the scaling ofwith SNR, as in the instantaneous power
case. This is critical in determining the achievability @2, which we discuss next. We recall

from the definition that
T™W

Ne
Using (78) in (79) and simplifying, we obtain the inducedIsgabehavior onD with SNR as

= TW SNR¥. (79)

01(1—p) =39

D~SNR T (80)

1—p)—6g

51(
Therefore, we hav&® [D.¢] — h.SNR* = SNR* ™ =5 + Alog(SNR) and consequently

. 0o if 0 < )< f2Hela
E [Deg] — i — 1-5, (81)

if 1o« y 9

—0 1-01

It is easily seen that

52-}-(#-1)51 ]_—(52
1
s >1 < pu> 5,

which yieldsE [Des] — hy — oo for all A € (0,1), andC2 is satisfied as desired. The special

(82)

cases of delay sparsity only and Doppler sparsity only (éB2rmnd B3) are simple extensions
and follow naturally.

To summarize,

u>1 = C1lisachievable (83)
1-6 -
n>— 2 — C2isachievable (84)
1
Therefore,
-6 |
{1 > max <1, - 2) — C1 and C2 are achievable. (85)
1

We now elucidate the optimal packet configurations for déffee levels of channel sparsity.

Analogous to the discussion in Section 1lI-D, we focus on ploger-law scaling and illustrate
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rules of thumb for choosin@ andWW for a givenN = T'W by assuming a symmetrically sparse

channel(é; = §, = 0). We note the following two cases:

1—-96 1—-0
Casel:T>1<:>5<0.5, T~W”,p>T (86)

1—-96 )

The corresponding packet configurations are shown in Figard f— 0, 6 = 0.5 andd — 1.

It is observed that the slowest scaling Thwith 1/ is obtained foré = 0.5 when the DoF
follow a square-rootscaling law with signal space dimension. On either extrefrt@ie square-
root law, the required scaling if" with W only gets worse. This conclusion is expected and
is consistent with the contradictory requirements presegmly C1 and C2. Whend < 0.5, the
channel conditions are more favorable towards scalipcas a function ofSNR (specified by
C1). However, the required scaling &f with SNR (specified byC2) is non-trivial and ultimately
dominates the required scaling Bfwith 1. On the other hand, when> 0.5, the relatively less
sparse channel conditions are favorably disposed towhedsdaling ofD as a function o6NR,

but this is at the cost of scaling iN.. For the case of asymmetrically sparse channels, it can be

shown that this desirable condition (slowest scaling’ofvith 1) generalizes t@; + d, = 1.

Rich Medisum Sparse
i -0 Very Sparse

§—0

v W
WI i I

Fig. 4. Optimal packet configurations in the training-based séenaith limited feedback. Three cases illustrated here ate r
multipath(é — 1), medium sparsitys = 0.5) and very high sparsit{y — 0).

V. CONCLUDING REMARKS

In this paper, we studied the achievable rates of short-fioerier signaling over sparse

multipath channels with limited channel state feedbacke Tdcus of our analysis is on the
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widebandlow-SNR regime. Our investigation includes constraining both tkerage and the
instantaneous transmit powers. We first analyzed the casm e receiver has perfect CSI
and when one bit (per channel coefficient) of this CSI is knpa&rfectly at the transmitter. We
established conditions under which the rates achievalile twis scheme approach the capacity
of the benchmark scheme with perfect receiver and transn@8l. For sparse channels, these
conditions translate to certain optimal packet configoratifor signaling. When the receiver has
no CSla priori, we studied the performance of a training scheme with licdhfeedback. It is
shown that with only an average power constraint, channaisty is necessary to attain the
benchmark performance. With an instantaneous power @nstwe established conditions on
optimal packet configurations in order to approach the beack capacity gain asymptotically
asSNR — 0.

TABLE |

CONDITIONS NECESSARY TO ACHIEVE THE PERFECESIBENCHMARK OF log (< ) SNR.

CsSl CSI | Power Necessary Signaling
RXx. Tx. | Const. Conditions Parameters
Perf. | Perf. - hw ~ log (sir) Waterfilling; see [2], [17]

Perf. | 1 bit | Avg. | h: =Xlog(ziz), A — 1| No constraints on richness @, W;
see [2], [17], [18]

Perf. | 1 bit | Inst. he = Mog (=) Rich channel: no constraint dfi or W,
for A < 1, and Sparse T fixed): A\ < J2 limits rates,
E [Der] — he — 00 Sparse (generall’ ~ W*, p> 5%

Train. | 1 bit | Avg. Ne ~ s, 1> 1 Rich channel: Impossible,

Sparsity (Doppler): Non-peaky
scheme withl" ~ Wﬁ,
Sparsity (delay): Peaky scheme with
peakiness coefficient > 02,
Sparsity (both): Non-peaky scheme;
see (77) and (78)

Train. | 1 bit | Inst. Ne ~ s> 1> 1 Rich channel: Impossible,
and 38l — h — oo Sparse (both)p > 522 for no rate

loss, elsex < SHlo
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We contrast the results of this work with recent observation[17], [18]. The focus in [17],
[18] is on training schemes and on scenarios whigggincreases aSNR decreases, although no
physical justification is provided for the existence of sacécaling law. In particular, the authors
show that capacity scales &s (T..,) SNR if log(T..n) = log (sz) and equals the coherent
capacity,log (iz) SNR whenlog(T..;) = log (). On the other hand, we have shown that
when the channel is sparse, channel coherence scalesliyatitta 7" and 1/ and the benchmark
gain,log (SNLR) can always be achieved by appropriately choo&irand V. Furthermore, while
[17], [18] considered only an average power constraint, esehestablished achievability under
both average and instantaneous power constraints. Fiveltiye peaky training schemes are
necessary in the framework of [17], our findings here show thannel sparsity is a resource
that can be exploited to obtain near-coherent performante nmon-peaky training schemes.
Table | provides a short summary of our contributions andgsathem in the context of [2],
[17], [18].

Lastly, we note that the results obtained here closely lghrmalir earlier work [13] where we
studied the achievable rates with training and no feedbBaekshowed that whery, = SN% with
1 > 1, the (necessarily sparse) channehsymptotically coherentonsistent channel estimation
is possible with at a vanishing energy cost of training invwhéeband limit. Analogous to [13],
we have shown here that under the assumption of an errorBrbé feedback link, the rate
achievable with a training-based scheme converges to thfecpeCSI scheme. Furthermore,
the cost of feedback, measured in terms of the number of &sédbits per dimensiofD /N )

converges asymptotically to zero in a sparse channel.
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APPENDIX

A. Tightness 06c0h717|_T(SNR) to Ccoh,l,LT(SNR> asSNR — 0

_ - Ceo SNR)—Cico s
Let x; denote the random variabig|h;|> > h,). Definingy £ | h’m(c Ti)u(snT’Rl)’LT( NR)', we

have

TPlhi|*>xi(De~ " =3, x4)

D
1 > xiNeDe—ht
1 =5 > E |log [ 1+ TR (88)
=1 N.De—ht
12D TPlhi|2Xi(D€_ht*hEiXi)
> i xilNeDe=ht
< =S Ellog [ 1+ ixiNeDe (89)
D= 14 T
@ 12 TP\hz'X\ixz'(De_ht*hEi Xi)
< 5B (90)
= TP Pxi
D =1 1 + Nc‘l)e‘_ai
D _
TP hz 2 i De he _ - X
= N.DZe—h Z i ‘ TPhZQ:;X ‘ (91)
c i=1 > i Xi <1 + W)
(b) TP |ha]*x1 | De ™ =3, xi
g | 2, (92)

—ht 112x1
NP (e )
where (a) follows from the log-inequality and (b) from thetféhat{h;} are i.i.d. Conditioning

on xi;, we now have

TP BB [l [? [ De ™ — (1+ 32,0, X)) (©3)
/YO = 4,“ Xl hlv{vaj>1} 2
NcDe (T+ 01 X5) <1 + nglzljht)
SNR E ‘h1|2 De_ht — (1 + Zj>1 X_]) (94)
= : hlv{Xj7j>1} 112
(14 Sy ) (1 250
Deh — (14 5,0, )
() | ]? ) >
@ SNR-Ep, |— | - By, o (95)
g PR | e (142501 X))
)Deiht —(1+ Z'>1 X;)
< SNR-E[|h]’] - Eqy, o1} ’ 2 4 (96)

(1+ Zj>1 X;)

where (a) follows from the fact that, and {x;,j > 1} are independent.
To show the closeness 610,171,LT(SNR) to Ceon1,.T(SNR), we now produce an upper bound

for 4, that tends to0 as SNR — 0. Our goal is to show that given any choice bf 5z is
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bounded. Consider

Deh = (14325, %)

De™M
E. = Er .
{X.77]>1} (1 + § j>1 X]) {X]7j>1}

(1+ Zj>1 X;) !

|

Dehe : 19 Dehe
(1+Zj>1 X;) (1+Zj>1 X;)

N J/

=72

where (a) is a consequence of Cauchy-Schwarz inequalityE ldenotee . We then have

b)

( 1
Y2 < \|1+D2E2~Exj

(1422551 X5)°

where in (b) we have used the fact tHat| > ﬁ for a positive random variablX. We

~ 2DE
1+ (D—-1)E

(97)

now estimatey £ E,, [ . It is easy to check that

1
(1+E]‘>1 X])2:|

= (D —1\E(1-E)P1
o= . 98
(") e ©9
Noting that
D—1
L+t =) (D . 1) Y’ (99)
1=0

and integrating twice both sides of (99) with respecytave have

(1+ y)DJrl B D—-1 (D . 1) yit? (100)
DD+1) &\ i (i+ 1) +2)
Usingy = -5 in (100), we have
D—-1 .
1 D — 1\ Ei(1 —E)P-1-
oy (PohELET (101)
DD+1E i (1+1)(i+2)
Observe tha'f(l.jl)2 < (i+1)2(i+2) for all i > 0 and an upper bound foy, is
2D2E2 2DE D?E—-4DE+3D —-E+1
< 4/1 — = 102
72—\/ T DDOF)E 1+ (D-1E \/ (D+1)(DE—E+1) (102)

which is bounded for any choice db. (In fact, the upper bound convergesit@as D — o0).
Note that the bound in (102) is loose and one might expect ffat— 0 as D — oo as a
consequence of the law of large numbers. However, for oyoqaa, the proposed loose upper
bound in (102) is sufficient.
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B. Proof of Proposition 1
To computep;, £ Pr <Z§-:1 x(|hj)* > he) < ADe**“), we need the following result [27,
Theorem 2.8, p. 57] on the tail probability of a sum of indegiemt random variables.
Lemma 1:Let X;,7 = 1,---,n be independent random variables wiiX;] = 0 and

E[X?] = 07. Define B, = """, o7. If there exists a positive constaft such that
1
E[X"] < 5mlafﬂm—2 (103)

for all i andz > £z, then we havePr( Y7 X; > z) <exp (— %). If 2 < £z, then we have
Pr(Y3", X; > x) geXp(—%). |

To apply Lemma 1, we set =i andX; = x(|h;|* > h) — E [x(|h,> > h)] = x(|h;]* > he) —

e " =y;—Eforj=1,--- i Then, a simple computation of the higher momentXgfimplies
that E[X?] = o? = E(1 — E), B; = iE(1 — E), E[X7] = E(1 = E) - (1 = E)™ ' + (=1)"E™!).

It can be checked tha = (1 — E) is sufficient to satisfy the conditions of Lemma 1. With this

setting, we have

: exp (—(Z‘(ll):é))E) if i < |42 J,
Pr | Y x(|h]* > he) —iE > (AD —)E | < M (104)
j=1 exp( Li(1-E) ) if i >[4 5]+
If 1 < A<2, with k= 4(1 5 using (104), the following lower bound;, holds for = m:
L o= 1— [P 3 vy Y o (105)
i<|4P) 2| 4P +1
@ [ e n(AD-1) . (erl%2) 1) AD .
= 1- + <D — {—D e~ (A= Dr (106)
ed —1 2
[ 1 2
> 1-— o e () 4 (14 D(1— A/2))e 4D D”} (107)
elﬁ) —

where (a) follows by first usinégADZ.—*i)2 > (A —1)%D for all 1 <i < D and then upon further
simplification using the sum of a geometric series.

If A > 2, we have the following lower bound tg%:

1
er —1°

L =1—exp(—ADk) Z " 1l — e RPA-D-D) (108)

1<i<D

With h, = )\log( L) as in (33), the dominant term & is SNR* and hence ins is %.

)
With this choice ofh, in (107) and (108) and simplifying, we obtain the desiredrmsiin (48)
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and (49). It is also straightforward to check that whersatisfiesD SNR* + A log(SNR) — oo
asSNR — 0, L — 1 in both the cases. [ ]

C. Completing the Proof of Theorem 2

The choice ofh, we study ish; = elog( for somee > 0. First, with this fixed choice

SNR)
of h;, note that maximizingCi.in 117 (1, Ne, SNR) is equivalent to setting its derivative (with

respect top) to zero. Then, it is straightforward to check that the darne is

h h 1— 1 N.SNR)h:SNR
Vg t tloge(l—i-( n)(1+n )ht )

n n (1 —n)SNR + k1Ko
\_v./ N

e e

/

-~

Il
hSNREN,y  NeSNRP(L —7)? = k1ra(1 + nSNRN, ) ( + ht(laﬁrz)
T A= )SNR+ mims (1= 7)SNR+ rima + (1 —17)(1 + 7N.SNR)hSNR
Q ~- _
For simplicity, we will denote the four terms in (109) yil, Il andIV. We will further assume
thatn = SNR*,z > 0 and N, =

(109)

SNRy,y > 0. For a given choice of, our goal is to determine
the relationship betweenandy such that the derivative in (109) can be zero. We consideethr
cases: iy > 14z, i) y<l4+azandii)y=1+z.

Case i: First, note that)/N.SNR = SNR™* for somez > 0. The dominant terms gf can be seen

to be A= + €log (gyg) and thus, up to first ordes = Similarly, (1 — 7)SNR + k14

SNR1 B
up to first order equalSNR“*. Note from [25, 5.1.20, p. 229] that; = O (E) if 3 — o0
and hence is elog (s\g) syge=—- It can also be checked théitis (elog (SNLR))2 SNReF=T1
vg— =0 <ﬁ2> and hencdll is elog () syrer— as long agy < 1 + 2z. Under the same
assumptlony < 1+ 2z, IVis — (elog (SNLR))2 s+ Thus, by playing with constants the
derivative can be set to zero in this casey I 1 + 2z, | and 1l remain unchanged, bull is
SNR***7¥~< andIV is —¢log (gix) SNR***~¥~“. By comparing the coefficients, we see that the
only way the derivative can be zero isyf= 1 + 2x.

Caseii: In this case, the first order terms show the following behaWith w = 1+z—y > 0,

lis SNR* ™, Ilis elog (gyr) 10g 10g (syr) sures 11 is —SNR* ™" — () andlV is SNR*~2/+7,
It can be seen that the derivative can never be zero and hkisceasse is ruled out.
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Case iii: In this case, based on a similar analysis, we see that theatleei can again be set to

Zero.

Therefore, ife € (0,1), x > 0 and1 +z < y < 1+ 2z, we have

elog (sax) SNR'™“(1 — SNR)
1 — SNRY

Cirain1 17(SNR) > SNRC log [ 1+ +SNR. (110)

Thus,@tra;nvLLT(SNR) is up to first order the same e@cothLT(SNR) and Ceon 1,7(SNR). If

y =1+ 2z andnN.SNR = a for some choice ot (positive, finite and independent 6fR), we

needa > = and we have

e(l+a)
a

6train,1,LT(SNR) > SNR

1_5(1+G) 1 a )
log (1 + eSNR log (—SNR)) + T+ SNR.  (111)

If y <1+ z, the training scheme is strictly sub-optimal (in the limit$NR) from an ergodic

capacity point-of-view. Putting things together, we obtthe desired conditiory > 1. [ |
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