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can be incorporated into a real-time system, the other two schemes
may restrict their applications within those admitting unbounded
coding/decoding delays. We have analyzed the schemes on the as-
sumption that they produce multisets of integers, but actually they
produce ordered linear lists of integers. Thus, there still remains much
work for future exploration in considering orders of their elements.
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Abstract—Recent works on the distribution function of the capacity of
independent and identically distributed (i.i.d.) and semicorrelated narrow-
band channels show that the outage capacity computed using a Gaussian
approximation is close to the true outage capacity even for few antennas.
Motivated by physical scattering considerations, we study a multi-antenna
channel model with independent entries that are not necessarily identi-
cally distributed and show the weak convergence of capacity to a Gaussian
random variable. The channel model considered in this paper subsumes
well-studied cases like the i.i.d. and separable correlation models and thus
we generalize previous results on weak convergence of multi-antenna ca-
pacity. Using recent results from random matrix theory, we also study the
rate of convergence of ergodic capacity of i.i.d. channels to its limit value.
Employing a well-known conjecture from random matrix theory, we estab-
lish tight results for the rate of convergence and show a dependence of this
rate on signal-to-noise ratio.

Index Terms—Canonical statistical model, empirical eigenvalue distribu-
tion, ergodic capacity, multiple-input-multiple-output (MIMO) capacity,
outage capacity, random matrix theory, scattering, virtual representation.

I. INTRODUCTION

The seminal works of Telatar [1] and Foschini and Gans [2] unveiled
the benefits of using multiple antennas to push high data rates through
the bandlimited fading channel. Recent results [3]-[6] generalize the
linear scaling of ergodic (or average) capacity of multiple-input-mul-
tiple-output (MIMO) systems under different correlation assumptions.
These results are limited by two constraints. First, these results are re-
stricted to the ergodic capacity and do not provide insights on the distri-
bution of the capacity random variable. Second, these results are true in
the asymptotic sense, that is, when the ratio of transmitters to receivers
is fixed and antenna dimensions tend to infinity.

Gaussian approximations to the outage capacity, which depends on
the distribution of the capacity random variable, are shown to be close
to the true values in the context of independent and identically dis-
tributed (i.i.d.) narrowband channels [7], semicorrelated! narrowband
channels [8]-[10], and spatially uncorrelated, but temporally correlated
frequency selective channels [11]. The capacity random variable of a
channel with i.i.d. Rayleigh fading between antenna pairs is shown to
converge in distribution to a Gaussian random variable in [12] and [13].
Guess et al. [14] compute in closed form the outage capacity of i.i.d.
channels employing the BLAST architecture. On the other hand, many
papers [1], [11], [12], [15], [16] have also reported fast convergence
of the ergodic capacity to its limit value. However very little is known
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about the rate of convergence of finite antenna results to the asymp-
totic capacity theorems reported in [1], [4], etc. and this problem has
not been addressed rigorously to our knowledge so far.

The main purpose of this correspondence is twofold: 1) to prove the
weak convergence of the capacity random variable for a correlated nar-
rowband channel under very general assumptions on channel modeling
and transmitter channel knowledge, and 2) to obtain lower bounds on
the rate of convergence of the ergodic capacity for the i.i.d. channel.
Thus our result generalizes the weak convergence of capacity random
variable, reported for i.i.d. [12], [13] and semi-correlated [8]-[10] nar-
rowband channels, to a very general channel modeling framework. We
also show that the ergodic capacity of i.i.d. channels converges to its
limit at a rate inversely proportional to the antenna dimensions. Em-
ploying a well-known conjecture in the random matrix theory (RMT)
literature, we are able to show that even though convergence is assured
for all signal-to-noise ratios (SNRs) to RMT-based asymptotics, this
rate behaves differently at low and high SNRs.

The workhorse of our analysis is a recently proposed canonical de-
composition of multi-antenna channels along the transmit and receive
eigenspaces where the decomposition is characterized by independent
complex Gaussian entries that are not necessarily identically dis-
tributed [17]-[19]. When uniform linear arrays (ULAs) are used at the
transmitter and the receiver end, the transmit and receive eigenspaces
reduce to the Fourier bases, and the resultant decomposition has been
previously reported as the virtual representation of multi-antenna
channels [20]. Recent measurement campaigns studying the accuracy
and fitness of statistical channel models have shown that the canonical
statistical model is quite accurate in capturing the scattering features of
the underlying physical environment [18], [21]. Moreover, the canon-
ical statistical model incorporates as special cases many well-known
channel models like the i.i.d. model, the separable correlation model
and the virtual representation.

Our results are based on spectral characterization of large dimen-
sional random matrices with independent entries. We use this asymp-
totic spectral characterization to show that the capacity random vari-
able centered about its mean and normalized by the square-root of its
variance converges in distribution to a standard Gaussian random vari-
able. The canonical statistical decomposition is the bridge connecting
the results we prove for random matrices with independent entries and
realistic physical channels. We also provide a short summary of the
random matrix theory results over which we build our main conclu-
sions. This is done for two reasons: 1) self-containment of the paper
and 2) to expose in more detail some elements of the proof technique
and machinery that are necessary in further developments in this paper.

This correspondence is organized as follows. Section II introduces
the system model and the notations that are used henceforth in this
work. Section III discusses the weak convergence of the capacity
random variable of correlated channels. We study the rate of con-
vergence of the ergodic capacity of an i.i.d. channel in Section IV.
Conclusions are drawn in Section V. We use the following standard
notations in this paper: bold-faced fonts for random quantities, &7
and 7 to denote Hermitian and regular transpose of « respectively,
Tr(-) to denote the trace of a matrix, and Pr(A) and xa(:) to
represent the probability and the indicator function of an event A.
Weak and almost sure convergence are denoted by —~ and 2=,
respectively. We use the bold-face E to denote the expectation op-
erator, A for eigenvalues in general, No, Nr and N for antenna
dimensions, and In to denote the NV X N identity matrix. We remind
the readers that: 1) f(N) = O(g(N)) as N — oc implies that

limy oo |253| < K < o0, and 2) f(N) = o(g(N)) as N — oo

(N

a| =0

implies that lim x—
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II. SYSTEM MODEL

A. Channel Model

We consider a single user narrowband communication system and
assume that signaling is done using N7 transmit and Nr receive an-
tennas. The Ng-dimensional received signal y and the Ny -dimen-
sional transmitted signal x are related by

y=Hx+4+n D
where n is the noise and H is the channel matrix coupling the transmit
and the receive antennas. The statistics of H depend on antenna ge-
ometry and separation, physical scattering environment, frequency of
operation etc. Ideal channel modeling assumes that the entries of H are
i.i.d. Gaussian random variables [1], [2]. Analysis of an i.i.d. channel
is tractable, but the i.i.d. channel assumption, however, maybe unreal-
istic for wireless applications where large antenna spacings or a rich
scattering environment are not possible.

Physical channel modeling, on the other hand, adopts a ray-tracing
approach and explicitly models multipath signal copies from different
directions [22]. The channel matrix is represented as a superposition
of rank-one matrices where each rank-one matrix corresponds to a
propagation path and is determined by the array steering and response
vectors pointing in the direction from the transmitter to the scatterer
and the receiver to the scatterer, and the random path gains. Despite
being highly accurate in capturing the scattering features, most of
these models are not analytically tractable due to the nonlinear de-
pendence of the channel matrix on propagation parameters. They
do not offer insights into designing effective signaling strategies or
space-time code construction in the general case. The need for channel
modeling schemes that capture most of the statistical information of
the underlying physical environment, and yet stay within the realms of
analytical tractability is therefore paramount.

The separable correlation model which represents the correlation
of channel entries in the form of a Kronecker product of the transmit
and receive covariance matrices has been one of the first models pro-
posed to meet this goal [4]. The separable correlation model, despite
its mathematical tractability in terms of simplification of performance
analysis of MIMO systems, suffers from deficiencies acquired by the
separability property of channel correlation [23], [24]. Measurement
campaigns have shown that the separable correlation model is accurate
in capturing the underlying channel statistics under certain conditions
[25], but in general, the model results in misleading estimates of the
measured channel capacity [23], [17] and other system parameters.

Various statistical models have been proposed to overcome the struc-
tural deficiency associated with the separable correlation model. When
the transmitter and receiver antennas form a ULA, the virtual represen-
tation [20] has been shown to capture the channel characteristics quite
accurately. The virtual representation essentially samples the physical
scattering environment at fixed, virtual angles and is a unitarily equiv-
alent transformation of H. Moreover, an uniform antenna spacing im-
plies that the Fourier spatial bases functions approximately decorre-
late the entries of the matrix decomposed on these basis functions. The
readers are referred to [20], [26], [5], [21] for a detailed treatment of
the virtual representation and measurement campaigns that support this
mathematical model.

The generalization of the virtual representation to the non-ULA case,
the canonical statistical model [17], [18], has also been studied exten-
sively? of late, both mathematically and via measurement campaigns
[21]. This model assumes that the auto and cross-correlation matrices

2This model has also been studied in [19] from an ergodic capacity view-
point.
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on both transmitter and receiver sides have the same eigen-basis, and
exploits this redundancy to decompose the channel as

H = UpHi, U} ()
where Ur and Uz correspond to receive and transmit eigen-matrices
respectively, and Hi,q is arandom matrix with independent entries that
are zero mean, proper complex Gaussian and variance 0';;2]', which are
not necessarily equal.

It is not difficult to see that the separable correlation model and
the virtual representation are special cases of the canonical statistical
model. The canonical statistical model has also been shown to be quite
accurate in predicting performance metrics of measured channels. Ac-
curacy in fitting the canonical statistical model to observed measure-
ment data and its impact on predicting measured channel capacity and
other performance metrics is reported in [21], [18].

B. Ergodic and Outage Capacity

Through the rest of the sequel we assume that the receiver has per-
fect channel state information (CSI). We now assume that no CSI is
available at the transmitter with extensions to statistical knowledge at
the transmitter provided in Section III. It is shown in [2] that the mu-
tual information random variable (in bps/Hz) of a narrowband MIMO
channel with transmit SNR p, and power-constrained3 transmit covari-
ance matrix Q to be

I(H) = log, det [1 n HQHH]
= log, det [T+ UnHina U/ QUrHLL, U/

= 10g2 det |:I + Hind QHllidiI (3)

where Q = UH QUr. Due to the similarity in structure of the average
mutual information expression as a function of H and H;,,q (which is
a consequence of the unitary equivalence of H and Hj,,q in (2)), when
no confusion can arise, we will use H and Q to represent the under-
lying H;,,q and Q respectively. When the transmitter has no CSI, it is
shown in [27] that Q = ﬁ[ is a robust choice that maximizes the
average mutual information. The mutual information random variable
with this optimizing Q is denoted by C'(H) and referred to as the ca-
pacity random variable.

Without loss of generality, we also assume throughout this corre-
spondence that# < 1 where ¢ 2 k? (see [1], [28] etc. for more details

on this assumption). The empirical eigenvalue distribution (EED) of
HHY
Nr

is defined as

“

Ng
FN'I',NR(’\) 2 ﬁ Z X |:>\1'(HHH) %) ()
l:l N'l' ’
where \;(HH") denote the eigenvalues of HH®. Note that
Fng g (\) is a random variable determined by the realizations of H.
If the entries of H are i.i.d. with zero mean and unit variance, then
Fng ng(X) converges pointwise in probability as {Nv, N} — oo
to the Marcenko—Pastur law, F'()), given by [29]

i tmax — & r — tmin
(—oo,a] 27t x x

X X[tmin tmax] (w)dx

where ti, = (1— \/?)2 and toa, = (1+ \/?)2
The ergodic capacity of the channel, C'n , is the mean of the random
variable C'(H) where the expectation operation is over the realizations

F()\) =

&)

3Power-constrained means Tr(Q) < p.
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of H. The normalized ergodic capacity, Cn , which is defined as ca-
pacity per receive antenna dimension, can then be shown to be [1]

E [log2 det (1 + & HH" )}

_"\rR
Xi (HH')
Lrr—x,

Ng
/ 10g2(1 + P"L’)dFNT,NR (‘1):|
[0,00)

1
Nr Zlog2
S =1
A
S & /
[

tmin;bmax]

~ A Cn,
C Np = — =
Ngr

=E

=E

logo (1 + px)dF(z).
The quantity 1, ; can be computed in closed form [28] and is given by

h
tot =logy (L4 p+ pt — ph) — log‘z(ﬁ);7

+ <1 — %) log, (L—10) (6)

where

2
h=1t 1+t+1—\/<1+t+1) — 4t )
2 P p

The insufficiency of the ergodic capacity as the sole measure of the
information rate that a MIMO channel can support has been well doc-
umented [2], for if the path-gains of the channel were to remain static,
there is an irreducible outage probability associated with every possible
information transfer rate. To characterize without any ambiguity the in-
formation rate a time-varying MIMO channel can support, the need for
a quantity like outage capacity is of prime importance. The outage ca-
pacity at an outage level of ¢% is defined as

Cy=supR

R>0

s.t.

Pr (10!—’;2 det {I + LHHH} < R) <-L (9

Ny = 100°
The outage capacity is the maximum rate of communication that is
guaranteed for at least (100 — ¢)% of the channel realizations. The
outage capacity of a channel is significantly more difficult to com-
pute than the ergodic capacity and closed form results/approximations
for outage capacity are known only for a few special cases [7], [8],
[11]-[13]. The difficulty in computing the outage capacity is due to the
lack of knowledge of the distribution of capacity random variable of a
correlated channel.

In this correspondence, we assume that the random channel ma-
trix H = (H;;) is an Ng X N7 matrix with independent, proper
complex Gaussian entries that have zero Inean and variance o7}, i.e.,
E [(R(H;))?] = E [(3(H;;))?] = ZiL. We also assume that the
variances of H are uniformly bounded, i.e., sup y , n.. Sup; ; ol < 1.
Further, we assume that the number of trivial entries, corresponding to
a zero variance, in each column is O(1). In this setting, we show that
the capacity random variable converges weakly to a Gaussian random
variable as antenna dimensions tend to infinity. We then assume that H
isi.i.d. and study the rate of convergence of ergodic capacity to Nr i, ¢
as given by (6). We show that this rate is inversely proportional to the
antenna dimensions.




3802
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—— Standard Gaussian density
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@

Fig. 1. The probability density of the normalized capacity random variable at an SNR of

(b) canonical statistical model for N = Ni = 6 are plotted here.

III. WEAK CONVERGENCE OF CAPACITY RANDOM VARIABLE

In this section we study the weak convergence of the capacity
random variable of a correlated narrowband MIMO channel. The
MIMO channel matrix H is characterized by its canonical decompo-
sition and we assume that H is a complex random matrix as described
in the previous section. The main statement of this section stems from
the following theorem.

Theorem 1: Let (H;;) be arandom N X N7 matrix with indepen-
dent complex Gaussian entries that are mean zero and variance J?j and
let

lim sup
Nr—oc ij

VN:)

Np 2
PP
T < o0,

Also let En, ngp and Vn, n, be defined by En, np £
E[10g2 det(I + 2 HHH)] and Vi, n, 2 Var[log2 det(I +

N

L HH" )] respectively. Then,

(C)]

sup sup
Npg i

Nrp

log, det[I + l\fT HHH] — Eng,ng

Vg Ng

where V' (0, 1) denotes the real normal random variable with mean zero
and variance one.
Proof: See Appendix I. O
Fig. 1(a) and (b) illustrate the weak convergence of the capacity
random variable centered about its mean and normalized by the square-
root of its variance. In Fig. 1(a), an i.i.d. channel with No» = Np = 4
is considered. An SNR of 10 dB is assumed and 20000 independent
realizations of the channel are used to obtain the probability density of
the normalized capacity random variable. Also plotted is the density of
the standard Gaussian random variable. On the other hand, Fig. 1(b)
plots the probability density of capacity in the case of a channel with
independent entries and Ny = Nx = 6. At the start of simulation, the
variances of the entries of Hinq are chosen as particular realizations
from an ensemble with uniform density on [0, 1]. They then remain
fixed through the simulation. The two figures described above illus-
trate Theorem 1.

L A(0,1) (10)
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Fig.2. This plot shows the limit of the normalized ergodic capacity of a D-con-
nected channel, ¢~ :, as a function of - and at different SNRs. Here t = 1 is
assumed.

1) Discussion 1: We now provide a straightforward extension of
Theorem 1 to the case when channel statistics are known at the trans-
mitter. In this setting, a diagonal Q achieves capacity [17]. Moreover,
under the assumptions made in Section II, it is not difficult to see that
the capacity-achieving Q is of the form Q = diag(Q:), Q: = O( NlT
for all ;. The optimal Q being similar in form to ﬁ[ , the proof of The-
orem 1 can be easily adapted to this setting. While we have assumed
a certain richness condition on H in proving Theorem 1, numerical
studies show that the theorem maybe true under very general sparsity
assumptions on H.

The theorem that we have proved subsumes the central limit theorem
of the capacity random variable of an i.i.d. channel shown in [12], [13].
Besides, Kamath er al. show the asymptotic tightness of the outage ca-
pacity of an i.i.d. channel as a consequence of the central limit theorem.
The key to their result is to compute in closed form the limits of the
mean and the variance of the capacity random variable. It is shown in
[12] that the outage capacity, Cy, is given by

Cq = Nrppt — teqgo, + o(1) an
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Fig. 3. Here the standard variation of capacity for the D-connected channels, o, -, is plotted for different Nz and Nr. An SNR of 20 dB and Ny = Ny = N

is assumed.

where 1, is the limit of the normalized ergodic capacity as defined in
(6), o, is the variance of the capacity random variable, and x is the
unique solution of

erfc (xq/\/z> =2q (12)

where erfc(-) is the complementary error function.

Such a closed form expression for the mean and the variance of ca-
pacity of a correlated channel is, however, not possible without im-
posing some structure on the variances, {J?j}. In this context, we an-
alyze the D-connected model which was introduced in [5] to study
capacity scaling in correlated channels. The D-connected model is a
simple channel model that provides fundamental insights into the ca-
pacity scaling phenomenon. A D-connected channel is the Hadamard
product of an i.i.d. channel matrix and a zero-one mask matrix M. The
nonzero entries of the mask matrix occur along the D principal diag-
onals and the antidiagonal extremities such that the total number of
ones in each row and column is equal to D. Essentially, a D-con-
nected matrix M has D nonvanishing diagonals. For example, with
Ny = N =5and D = 3, M is given by

11 0 0 1
11100
M=|(0 1 1 1 0 (13)
0 0111
1 0 0 1 1

The readers are referred to [5] for a more detailed treatment of the
D-connected model and its consequences on capacity scaling.

We consider a D-connected channel with the ratio NU—T =v>0.
It is shown in [5] that the limit of the normalized ergodic capacity of
a D-connected channel at a transmitted SNR of p is ji, ¢, that is, the
impact of connectivity on ergodic capacity is equivalent to reducing the
transmitted SNR by the connectivity ratio, . Fig. 2 shows that jt,+,¢ is
an increasing function of +. An intuitive explanation for this behavior

is that the eigenvalue spread of HH increases with increasing con-
nectivity [5].

Computation of the variance of capacity of a D-connected channel in
closed-form, however, is rather difficult. But numerical evidence (see
Fig. 3) points out that similar to the mean of the capacity random vari-
able, the variance is a function only of v and p. To make this depen-
dence explicit, we will henceforth use the notation aim, to denote the
variance of the capacity random variable. As Fig. 3 shows, o, 4 in-
creases as v decreases. This trend of o, - corresponds to increasing
uncertainty of the capacity random variable as v decreases. Note that
a small value of  corresponds to a sparse physical environment with
fewer scatterers. Equation (11) indicates then that the gap between er-
godic capacity and outage capacity at any level ¢ would increase as \%
decreases. This conclusion is consistent with the fact that for correlated
channels (channels with fewer scatterers), outage capacity is a much
more important information-theoretic measure than it is for near-i.i.d.
channels.

Based on the preceding discussion, we use a Gaussian approxima-
tion for the outage capacity of a4 x 4 MIMO channel with independent
zero mean Gaussian entries that have unequal variances. The variances
are chosen randomly from a uniform distribution on [0, 1] at the start
of simulations and remain fixed thereafter. Fig. 4 illustrates the close-
ness of outage capacity computed using this Gaussian approximation
to the actual outage capacity. This plot suggests that the weak conver-
gence which we proved earlier has a very fast rate of convergence. This
serves as a motivation prior to the discussion on convergence, albeit in
a different setting, in the ensuing section.

IV. CONVERGENCE TO ASYMPTOTIC RESULTS

Telatar showed that the normalized ergodic capacity of i.i.d. channels
with Q? = t converges to i+ as N7 — oo [1]. Subsequent studies of
the ergodic capacity of MIMO channels use results from RMT exten-
sively [4]-[6], [12]. The attribute that is common to all of these works
is that they assume that the antenna dimensions tend to infinity with the
ratio of transmitters to receivers fixed. This constrains the applicability
of RMT results to a very theoretical realm since rarely is the number

of antennas greater than 4 or 5 in a practical setting.
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—— p =0 dB, True Outage Capacity Plot
— — p=0dB, Gaussian Approximation
— p =10 dB, True Outage Capacity Plot
=10 dB, Gaussian Approximation
= 15 dB, True Outage Capacity Plot
p = 15 dB, Gaussian Approximation

Prob (C(H) > R)

Rate

Fig. 4. A Gaussian approximation to the capacity random variable of a4 X 4

R (bps/Hz)

MIMO channel is used to plot outage capacities at different outage probability

levels. Here three SNRs, 0 dB, 10 dB, and 15 dB, are assumed and the Gaussian approximations are seen to be very close to the true outage plots.

We address the following question in this section. Given that we have
Ny transmit and Ny receive antennas with i.i.d. Rayleigh fading be-
tween antenna pairs, how close is the ergodic capacity to Ny, ¢ for
finite N7 and N ? There have been many results in the literature which
suggest that the ergodic capacity is close to Nz, even for a few an-
tennas [1], [12], [15], [16]. But this problem has not been addressed
rigorously to our knowledge so far. We address this question from a
theoretical perspective by studying the rate of convergence of RMT
asymptotics. Our main conclusion is stated as

Theorem 2: Let (H,;) be a random Nr X N7 matrix with i.i.d.
random variables of mean zero and variance one. Also let t = ff be
less than 1. The ergodic capacity of the channel at a transmitted SNR p
is within % of Nypup,¢ if

:| 2

where % and ¢ are constants. The constant k is lower bounded? by tmax.
The constant ¢ is such that

100

xr

clog, (1 4 pk)

Hp,t

Ng > (14)

1

BEv - PO < 5 (¥22)  as)
in Lemma 2.

Proof: See Appendix II for Lemmas 1 and 2 and a proof of the
theorem. g

Remark: Our assumption of ¥ < 1 means that the support of
the limiting empirical eigenvalue density function is a subset of the
compact interval [0, 4] [29], [40]. But for finite N and N, the EED
function which is a random variable, dependent on the realization of
H, could have a support region which is very different from the support
of the limit function. Moreover, the fact that the distribution functions
converge at a particular rate does not imply that the density functions
converge at the same rate. The density functions at finite N7 and Nr
are sums of Dirac mass functions and in particular the fact that the

4This is a consequence of Lemma 1 (see Appendix II).

empirical eigenvalue density functions even converge to the density
function associated with the Marcenko-Pastur law is not an obvious
one. Our proof of the above theorem heavily hinges on rewriting the
ergodic capacity in terms of the EED which is possible by a recourse
to Lemma 3, the Lebesgue-Stieltjes integral formula. A proof without
invoking the Lebesgue—Stieltjes integral formula would proceed along
the lines of [41], but it looks like such a line of attack may involve
additional moment constraints on the entries of H. 0

1) Discussion 2: We note that the exponent in (14) comes from
Lemma 2. It is to be noted that this estimate is on the very high side
as the convergence rate in Lemma 2 is slow. It has been conjectured in
the RMT literature that ||E [Fn, ~,(A)] = F(A)| <
and theoretical evidence abounds to suggest that this conjecture is true.
These include but are not limited to: the rate of convergence of the EED
of a related family of random matrices, the Wigner rnatrixzfamily, has
been conjectureds to be O(N; ") and shown to be O(N,, ) [43], the
rate of convergence of the Stlelt]es transform of the EED of matrices of
Ny N7 1) [44] and indirect weak
convergence results (see [34, Comments by J. W. Silverstein, p. 670],
[37] and references therein).

We use the conjectured value of convergence rate

X ﬁ, to obtain
tighter results corresponding to (14), which is Ng > N(p) 2
190, M . We note that N(p) tends to a limit at both the high

,t

SN R and the low SNR regimes, which is, lim,—o N(p) = 2% and
lim, oo N(p) = 12 Since & > tmax > 1, the low SNR 11m1t is
larger than the high SNR limit.6 Also in the vicinity of the low SNR
approximately between 10 and 15 at an S&F?
margin.

Fig. 5 plots the variation of N (p), the number of antennas needed to
be within 2 = 1%, as a function of SNR. We consider a 1% difference
between asymptotics-based estimates and the true ergodic capacities.
N(p) is normalized by No = lim,—.o N (p). We note that convergence

-type behavior. N (p) is
of 10 dB for a 10% error

regime, N (p) shows an approximate O

SRecent work in [42] has proved this conjectured convergence rate.
x

lim, .o N(p)

6
Ast — 1, tmax converges to 4 and so does Timp oo N(9)"
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N/N,

Power (p)

Fig. 5. The number of antennas needed for simulation results to be within « = 1% of asymptotic based predictions is plotted as a function of SNR. N( p) is

normalized by Ny = lim,_o N(p).

results of RMT asymptotics predict two entirely different kinds of be-
havior depending on the transmitted SNR even though convergence is
assured as Ny — oo for all SNR.

V. CONCLUSION

In this correspondence, we studied the capacity random variable
(both with no CSI at the transmitter and with statistical knowledge) of
a correlated MIMO channel described by its canonical decomposition.
We showed that the capacity random variable centered about its
mean and normalized by the square-root of its variance converges
in distribution to a standard Gaussian random variable. Thus our
results generalize the weak convergence of capacity random variable
proved for i.i.d. narrowband channels in [12], [13] and semi-correlated
narrowband channels in [8].

We also studied the D-connected model, introduced in [5] to inves-
tigate capacity scaling, and provided numerical evidence for the fact
that the variance of the capacity random variable depends only on the
connectivity ratio of the model, . We modeled the outage capacity of
a correlated channel using a Gaussian distribution and showed that this
Gaussian approximation is very close to the true outage capacity even
with as few as four antennas.

We studied the rate of convergence of the ergodic capacity of an
i.i.d. channel using RMT results on convergence of spectral statistics
and showed that the error margin between RMT predicted ergodic ca-
pacity and true ergodic capacity is inversely proportional to the antenna
dimensions. Employing a widely-believed conjecture in the RMT liter-
ature, we established tight rates of convergence and showed that there
is a small difference in this rate in the high and low SNR regimes. Gen-
eralization of this result to correlated narrowband channels is not very
obvious as this would require a better mathematical understanding of
empirical eigenvalue distributions of correlated channels in their im-
plicit Stieltjes transform form.

APPENDIX I
PROOF OF THEOREM 1

Summary of Girko’s Proof: We refer the reader to [30], [31, pp.
174-183] for an analogous theorem with H = (Hj; ), where the H,;

are independent (but not necessarily Gaussian) real random variables
with mean zero and variance a?j. The foundation on which this result
is built is

a) Key Result [31, Theorem 5.4.3]: Let H be a random matrix
defined as above and By, be a positive definite matrix. Define 2 and

the random variables . as follows:

E21In, + By, + —HH"
Nr
w2AE [log det(E) /9;3’}*} —E [log det(E) /9;}}1]

k=1,...,Np

where 6’,‘?TR is the smallest o-algebra with respect to which H;;,i =

1,...,Nr,j = k+1,..., Nr are measurable. Then {~} forms a

sequence of martingale differences with Z;LT] v = logdet(E) —
B 5

E [log det(Z)] and -‘/—l\/;\’yﬁ/R £ T Ea7 = Var [log det(Z)]. Fur-

ther, if

N
Zk:Tl E

% —E (75/9};%)‘

VENg
Np ,Ng

=0 (16)

lim
Np Ng

and forall 7 > 0

Nop
lim / 2 dPr <~,k < I{ﬁfjﬁ,}{) =0 17
Nr.Nr k=1 " |z|>T

then

Nrp
1
w, A
T Z'yk—>,/\ (0,1). (18)
Ny Ng F
o
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Under the assumption that H;; are real random variables with uni-
formly bounded variance, the Dominated Convergence Theorem [32]
yields the following:

sup/ VM”‘ VY gpr <H,-j <x,/M) =0 (19
Nr,Nr [%] 14

lim

and

lim lim sup sup E
RIO Npg J

N

Nr |2,
log” <1 + hpz”>} =0. (20)

Note that the conditions (19) and (20) are forms of the Lindeberg con-
dition, particular to central limit theorem-type arguments. In addition
to (19) and (20), assuming that

BNR
_Np,Nr
liminf = > 0, en

Girko shows in Theorem 6.2.1 that (16) and (17) hold. Thus the weak
convergence follows from “Key Result” and by using By, = eln,
and letting e — 0. ThlS limit process also implies that V NR
Var{log det(In,, + NT HHT)].

The condition (21) is used in [31, equation (6.2.2)] to prove (16) by
showing that

—

lim qup ’E’;k (')/Z/H;:VR) =0. (22)
Ny NRr k=1,...,]
Given that (21) holds, (16) follows immediately as
W E | - (W’%/ 92-\7’{)‘
N g%’\lf R ‘/,B Nr
Ny, Ng
N r
< lim — L supE ‘E'y;z —E(2/6Nn =0 23
Nr,Nr 7 NR k
Np,Ng

In the MIMO setting however, (21) does not hold and in fact V; N i
is finite. We first work on relaxing (21) assumed in [31] explomng the
fact that the {H,;} are Gaussian for all ¢ and j. Under the relaxed
assumption, we also need to check that (17) sti// holds.

Proof: The original proof of (17) follows from a Lyapunov con-
dition on the 2 + 4-th moment of the martingale differences, s . It is
not obvious that the original Lyapunov condition holds in our setting.
Equation (17) can however shown to be true with the assumption that
the number of trivial entries in each column is O(1). This assumption
constrains the variance of v for all k& to grow at a sub-linear rate. A
simple application of the Dominated Convergence Theorem then im-
plies that (17) follows immediately.

We now proceed to the proof of (16). A careful checking of the proofs
of Lemmas (6.2.1), (6.2.2), (6.2.3), and (6.2.4) in [31] (which lead to
proving (22)) do not use the condition (21), and hence it is still true that
(p. 183)

lim sup ‘E’H% - E(W”I%/eiyﬂ) =0

NR—00 k=1,...,Np

(24)

We now use the assumption that H;; are Gaussian to show that
E |Evi —E(v}/ H;‘YR)J goes to 0 exponentially fast in Nr for all k.

Therefore (16) still holds thus completing the first part of our program.
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For completion sake, we reproduce (6.2.12) which bounds
E ‘E’Y% - E(vﬁ/ﬁfﬁ)‘ as

E[E+] - E(:7/6)")|

<L+L+1Is (25)
where
I =2E|E[51] — E[51/pk, Prl|
b1 = / / dmcLu/ / ha(y1, y2)dy1dys
VR . p - .
b (g1 9) = exp iz':1 (Vyrm + @7}, )\/PHM
VN7
— Y1 — Ya2
I, =2E|E[3:] — E[32/pk, Prl|
/ / dxldx)/ / ha(y1,y2)dy1dys:
NR( AN
ha(yi,y2) = exp iz:’:1 (o @m Jy7Hn
’ Ny
— Y11 — Y22
Nr |2,
Is =4E log? 1+;)7Z41V ”] (26)
1

where A is arbitrary.

It is a straightforward fact that I3 can be made to converge exponen-
tially in Vg to O for all & by an appropriate choice of A since (20) is
true. The first two terms in (25) are similar and we therefore illustrate
the exponential convergence of /5. In the original proof, I; — 0 fol-
lows from equation (6.2.22) in Lemma (6.2.4), which is

2

Nr
E Z(E{fl/Rk-,Rk} —Efz)
=1
<Li+1Is
Np
L=43E i |rly = ol + e |7 = 717
s#k =1
2
x E i (72—I—1)
L+ ugy

I (1+1)/ S g <H < ,/NT) @7)
5= — ———dPr({Hy <axy/ — |.
T el 14 P

Both the terms I, and Is go exponentially fast in N to O precisely
because the entries of H are Gaussian with varlances satisfying (9).

The term E [Z’\ R (E{fl/Rk./ Ry} — Efl)] is the main contributor

to I; and hence we are done.
The necessary conditions for the central limit theorem to hold are
equations (6.2.2) and (6.2.3), which are

Y B [Bat B (510"
lim =0
Npr—oo ‘rBVR
Np.Ng

lim

NRr
R k=1 "

) —1/2
2>dPr <’y’k(‘ Nb)lN’,fﬂ) < T> =0.

|z|>7
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The above conditions are also necessary for the extension to the com-
plex case [33, p. 43], [30]. This is so because a positive definite map-
ping from the vector space C to R can be equivalently viewed as a map
from R? to R. It is easy to check that the above conditions hold with
real Gaussians replaced by complex Gaussians. The final step in the
theorem is to use By, = eln,, and lete — 0. O

APPENDIX II
PROOF OF THEOREM 2

Toward proving Theorem 2, we need a few technical results. We
begin our convergence analysis with the following lemma on the spec-
tral statistics of HH when H is an i.i.d. matrix.

Lemma 1 (Yin, Bai, and Krishnaiah, 1988): Let Hbe an Np x Np
random matrix with i.i.d. complex entries of mean 0 and variance 1
and t = :,—? < 1. Also let the fourth moments of H;; be uniformly
bounded. Then

H
lim sup M = tmax = (L + \/?)“) a.s. (28)
Np,Nr Nrp
and for any X > tmax
Amax (HH") 1

forall I > 1.
Proof: See Appendix III. O
The following lemma concerns the rate of convergence of expected
spectral statistics of i.i.d. sample covariance matrices.
Lemma 2 (Bai, Miao, and Tsay, and Gotze and Tikhomirov): Let
H be a Nr X N7 random matrix with i.i.d. complex entries of mean
0 and variance 1. Then

1
IE [Fnp e (AN)] = F)|| =O(Ng ?)
fO<t<ll<t<x
_5
IE [Fyy np(A)] = F(A)|| = O(Ng *)
if l-e<t<l+e0<e<].
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We also need the following lemma for the proof of Theorem 2.
Lemma 3 (Lebesgue, Stieltjes): If F and G are normalized func-
tions of bounded variation mapping R to R, and at least one of them is
continuous, then for —co < a < b < 0,

/ FdG + GdF = F(b)G(b) — F(a)G(a) (30)
(a.b] (a,0]

Proof: The readers are referred to [32, p. 107] for a proof of this

lemma. O
We are now prepared to prove Theorem 2.

Proof: Our proof follows from integration by parts using the
Lebesgue-Stieltjes integral formula. The relative difference in the
capacities that we seek can be written as in (31)—(33) at the bottom of
the page. We now bound (33) by quantities computed over a compact
interval [0, k] for some & > tmax and an error quantity. The interval
[0, k] contains the support of the limiting empirical eigenvalue density
and hence we have (34) in the bottom of the page.

We claim that if & > tuyax, the second term in the numerator is

1

0 for all [ > 1 and thus vanishes to zero at a rate much faster

NI
than the first term. The proof of this claim is the content of Proposition
1. We thus have (35) as in the bottom of the page. It is straightforward
to see that the differences in distributions, Fi, n,(A) — F(A), and

h(X) defined as

0 forA <0
logo(1+pX) forO< A<k
logo(1+ pk) forA >k

h(X) = (36)

are normalized functions of bounded variation [32]. We can then use
Lemma 3 to recast (35) using only the difference in distribution func-
tions as follows:

[Cov = 10| < [P v () = PO o, 14 )|

k
E/ P
{0 1+ pA

Both the terms in (37) can then be bounded by Lemma 2. The second
term is to be bounded after using Fubini’s theorem [32]. We thus have

+log, e . (37

(F(X) = Fngong (X)) d)\]

Here |[|.|| refers to the supremum norm and F(X) is the
Marcenko—Pastur law. ‘ Cng T_ NRpipt < 2log, (1 + ph)||E [Fvg vg (V)] = FV)|
Proof: The readers are referred to [34], [36]-[38] for a proof of YRHEpt Heost
the above lemma. We note that the condition needed in [38] supersedes and if N is such that (14) holds, then the conclusion follows
that of [36]. 0  immediately. O
CNR T— IVR/I,,,J, _ éNR — Mp,t (31)
Nepp Hp,t
_E[f; logy (14 pA)dFN, vg (V)] = [ logy (14 pA)dF (V) (32)
B Hp,t
_E [fow logy (1 + pA)d (Fng ng(A) — F()\))] 33)
Hp,t
E [_fok log, (1 + pA)d (Fry np () — F(A))] +E [ log, (14 pA)dFng v (V)] “
= (34)
Hp,t
I‘»
Covn = Nappa | B [Jo 1021+ pN)d (Frp v (3) = FV) !
N —| < +o0 ~ ) 35)
Nrppt fhp,t N,
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Proposition 1: Under the assumptions of Theorem 2, the second
term in the numerator of (34), 71, defined as
1
— 38
() oo

T, 2E U:o o (14 pA)dFx,. N ()\)]

forall I > 1.
Proof: We can write 1 as

Tl :E

Zlog2(1 + ﬂ)\i)/‘([,\izk]:|

<NRE [log2(1 + PAmaX)X[AmaXZk]]
(a)
< logy(e)NppE [)\rnaXX[Amaxzk]]

(b) 1
L togal)Nip (B ) PO 2 10 39

where \; and Amax respectively refer to the i-th and the largest eigen-
value of HAHTH , (a) follows from the log-inequality, and (b) follows
from applying Cauchy—Schwarz inequality on Amax and X[x,,..>k-
The conclusion follows from Lemma 1 and the fact that E [/\?mx] =
O(1). To show this we use the fact [39, p. 50] that for a positive random

variable X, the following holds:

oo

E[X] <) Pr(X >j).

j=0

(40)

Amax(HH )2
B
Np

The above fact along with Lemma 1 yields E [ ] <C<

oc. This follows from

H\2
E |:A1nax(7£_1v2H ) :|

max (HH)?
< ZP <% >k>

max HHH
-5 e (Rl )

k=36

P ZQN Nr (1 i (s”Q)“m

k=6
. 3 m 4 m”
x (14 Cién, AL,) <Z) (2k+1)

5\ 2m m
<364+ 4N7 Nk (1 + 5}\,/;) (1+ CionnA%,)

oo d
T
X 47”
5 pm—1

=36+ 487 Ve (14 642) 7 (14 Crow, A%,)"
X 47]1
5m=2(m — 2)

(41)

where (c) follows from (43) of Lemma 1. It is easy to see that for the
choice of m as in Lemma 1, the second term in the above bound tends to
] <O <.

O

0as Ny — oo and that we have proved E w

APPENDIX III
PROOF OF LEMMA 1

Summary of Proof: The readers are referred to [34, Th. 2.16,
p. 635] for a proof of the first part of the lemma. The second part
of the lemma follows from [35, Th. 3.1]. The basic idea behind the
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proof of [35] is centralization and truncation of random variables.
Yin et al. show that if H is a random matrix with i.i.d. entries (zero
mean, unit variance and bounded fourth moment) and Amax and
Amax are the largest eigenvalues of HHY ond HHI respectively,

where I:I'J- =H, 1/2 ] then

ZRN;: <Enp NYT T ErH“X [H,; <55, N,

Amax 225 Aax. In the above proof, 6, can be chosen such that
dnp — 0as Ny — oo at any predetermined rate. The aim then is to
compute Pr (%}TIHU) > I() for a H with i.i.d. entries that are
zero mean and have higher moments bounded by powers of dx,. N%/ 2
The computation of E [Tr ((HH'')™)] is achieved by translating the
problem to a graph theoretic setting and counting the number of edges
that satisfy certain desired properties.
Proof: First note that for any i > tmax and for all integers m

H m H
py (Ao (HHT) 5 ) _py (Mnax(HHT) o o
Ny - _Z\Tlnl

T Hym
<Pr <—r((H,H ") 21{’”)
Ny

@ E [Tr (HH")™)]
= (KNo)™

(42)

where (a) follows from Markov’s inequality. The proof of “Truncation
Lemma” [35] shows that there exists a sequence of positive numbers
6ng and Anyp with 6y, — 0, Ay, — oo, m = Any log(Nr),
Snp Not/% — 0, and A, (6n,)""% — 0as Ny — oo such that
E[Tr((HHT)™)]

RN is bounded according to (43)—(44) as follows:

E [Tr (HH")™)]

(KN.)™
(43)

B INy Niexp (27"5V + Cimbn, Al ) {%} "
(44)

Here, C'; is a positive constant independent of N7 and we have used the
fact that lim, .o (1+ T) = = exp(k) in (b). The choice of m and 6.
from the Truncation Lemma also forces m6N 2 0, mén A%,
and N2 [tmax]™ — 0 for all I > 1. This completes the proof of
Lemma 1. g

— 0
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