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Abstract— The focus of this paper is on spatial precoding in is modeled by a general channel decomposition, based on
correlated multi-antenna channels where the number of inde physical principles, that has been verified by many recent

pendent data-streams can be adapted to trade-off the dataate \a55,rement campaigns, and includes as special cases many
with the transmitter complexity. A structured precoding scheme .
well-studied channel models.

is proposed, where the precoder structure evolves fairly siwly at . .
a rate comparable with the statistical evolution of the chamel, We propose the notion adtructured precoding where the
and in addition, enjoys low-complexity. A particular case d the power allocation across thed modes is either fixed and known
proposed scheme, semiunitary precoding, is shown to be near at both the ends or computable with low-complexity, possibl
optimal in matched channels where the dominant eigenvalues 4 5 fynction of the signal-to-noise rati®\R) and the statis-
of the transmit covariance matrix are well-conditioned and . . e
their number equals the number of independent data-streams tlcs._ln _partlcular, vye study the performanc_e of a_ stat_id;tlc
and the receive covariance matrix is also well-conditionedin ~ S€miunitary precoding scheme where the eigen-directiéns o
mismatched channels where the above conditions do not hold, the input correspond to the dominaht-dimensional eigen-

it is shown that the loss in performance with semiunitary gpace of the transmit covariance matrix and the power al-
precoding when compared with a perfect channel information |5.5ti0n across the modes is equal. Our focus is on two

benchmark is substantial. This loss can be mitigated via linted fi - 1) Wh is th iunit h timal
feedback techniques that provide partial channel informaton to ~ duéstions: 1) When is the semiunitary scheme near-optima

the transmitter. We also develop matching metrics that captre  With respect to a perfect CSI benchmark?, and 2) If it is not
the degree of matching of a channel to the precoder structure near-optimal, what is the gap in performance that can plyssib

continuously, and allow ordering two matrix channels in terms  pe bridged with dimited feedback scheme [8] that provides
of their mutual information or error probability performan ce. partial channel information to the transmitter?

The answers to the above questions lie in the notion of
matched and mismatched channels, which are introduced in

Multiple antenna communication has received significagtiis work. A matched channel is one where the channel
attention over the last decade as a mechanism to incregsesffectively matched to the precoding scheme with the
reliability, or data rates, or a combination of the two. Thépllowing two conditioning properties being true: 1) Thg-
focus of this work is on point-to-point spatial precodinglominant eigenvalues of the transmit covariance matrix are
systems where the number of independent data-streamsyéfi-conditioned?, whereas the remainingV; — M) eigen-
constrained to be a subseéi/, of the transmit dimension so values areill-conditioned away from the dominant ones, and
as to minimize the complexity and the cost associated wi) The receive covariance matrix is alseell-conditioned.
transmission. Initial works study optimal signaling sé@ies A mismatched channel is one where both the transmit and
when perfect channel state information (CSl) is availabté@ the receive covariance matrices are ill-conditioned, viftl
transmitter and the receiver. These studies show ticatianel  additional condition thatank(H) > M.
diagonalizing input that excites the dominafif-dimensional  We show that matched and mismatched channels corre-
eigen-space of the channel, with a power allocation that 4pond to the cases where the relative performance of the
computed via waterfilling, is robust under different desigsemiunitary precoder are closest and farthest to the gerfec
metrics (see [1]-[4] and references therein). CSiI precoder, respectively. The degree of channel-toguiec

In practical systems, where the channels are spatially cetheme matching can be abstractly measured witthing
related, it is reasonable to assume statistical knowletitfgea metrics, that are also introduced in this work. As a by-product
transmitter. Optimal precoding with the statistical inf@tion of our study, we also show that the statistical precoder &-ne
alone has also been studied extensively (see [5]-[7] dtt.).optimal in therelative antenna asymptotic setting® for any
this case, the eigen-directions of the optimal input carae channel. This conclusion generalizes our previous workén t
matrix correspond to a set @ -dominant eigenvectors of thebeamforming caseM = 1), where we studied the reliability
transmit covariance matrix and are hence, easily adaptablgerformance of the statistical beamforming scheme [9]ofro
changes in statistics. However, computing the power diloca of all statements in this paper can be found in [10].
across theM modes requires Monte Carlo averaging or
gradient descent approaches, the complexities of which are Il. SYSTEM SETUP
guestionable under certain situations (e.g., at the melpitks). We consider a communication system with transmit and
More importantly, it is not clear as to how far the performanch, receive antennas whe® (1 < M < N;) independent
of the statistical scheme is with respect to the perfect C8ata-streams are used in signaling. The baseband model is
benchmark.

It should be noted that the above works study precoder y = \/EHFern (1)
design with an emphasis on obtaining information-theoreti M
limits on. performance. In contrast, our goa! here is on low- Lf A¢(1) > -+ > A (M) denote the firstV/ eigenvalues of the transmit
complexity schemes that can be ?a_s”y |mplement§d a&g/ariance matrix andif‘(kl} is (or is not) significantly larger tham, we
adapted to changes in channel statistics. Towards this g@&Jsely say that these eti(ger)walues are ill-(or well-)ctodéd.
we consider a narrowband setup where spatial correlatiofiThat is, wheng! — 0 or oo as{M, N¢, Ny} — oo
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where p is the transmit power constraint, the x 1 input error in the CSI at the transmitter can lead to a dramatic
vectors has i.i.d. zero mean unit variance componehtds degradation in performance with a scheme that is designed
the N; x M precoder withTr(F#F) < M andn is the N,- for the mismatched CSI [8], [9]. Furthermore, even if petfec
dimensional standard additive white Gaussian noise. WithdCSlI is available, the complexity in computing the optimal
loss in generality, it can be assumed that Vg A;/Q where input at the mobile ends may not be low enough to render
Vr is an N, x M semiunitary matrix andAg is anM x M it implementable [13], [14]. This is because Third Genenati
positive-definite power-shaping matrix witfr(Ag) < M. wireless systems and beyond are expected to be multi-carrie
We assume a block fading, narrowband model for the corrie- nature and the burden of computing the optimal input
lation of the channel in time and frequency. The main emphas magnified by the number of sub-carriers and the rate of
in this work is on the impact of correlation in the spatiaévolution of the channel realizations. Besides this, thecsiire
domain. We assume a Rayleigh fading model for the chanmélthe input could change, often dramatically, at the rate of
coefficients. The second order statistics are describedavigvolution of the channel realizations, which also makes it
general, mathematically tractabtanonical decomposition of  difficult to implement.
the channel along the transmit and the receive covariancélhe above reasons suggest that a slower rate of adapta-
bases [11], [12]. In this model, we assume that the auto- atioh of the input signals, that is of low complexity and is
the cross-covariance matrices of all the rows and columnsmbre robust to CSI uncertainty, is preferred. In particular
H share the same eigen-bases. THiss decomposed as  imperfect channel knowledge arises due to constraints on
I channel estimation and the quality and feedback of channel
H=U, Hina Uy @ and/or statistical feedback. Thus it may not be possibl¢tfer
where Hi,¢ has independent, but not necessarily identicalfgmily of precoder matrices to have arbitrary structureltmva
distributed entries, an#l; and U, are unitary matrices. The quantization with arbitrarily fine precision. The additan

transmit and the receive covariance matrices are given by structure imposed on precoders serves the following pepos
1) Isolating the impact of inaccuracy in the eigenvectord an

S =E[H"H] = UE[HHn U =UAU; e eigenvalues of the precoder on performance with respect
s, =E[HH"] = U, E[HH] UY=U,A, U toa genie-aided design, 2) Given that there are resource

H H ) constraints on the reverse link quantization, identifyihgse
whereA; = B [Hj iHina] and A, = E [HinqH] are diag- foqrres of the channdl that require an appropriate resource
onal. Under certain special cases, the model in (2) redutes,fjscation so as to maximize the system performance, and
the well-studied i) i.i.d. model, ii) separable correlatimodel, 3y gpiaining more realistic ‘intermediate’ benchmarks for
and iii) virtual representation framework. In particuldine g qtoms in practice. Much of the focus here is on a specific

B 1/2 1/2 11|
separable model correspondskb= U, A.""Hiq A;"" Ui"  (ass ofsemiunitary precoder where A is fixed to bel,;.
whereH;qy is an i.i.d. matrix (see [10] for details).

In this work, we study the coherent case with perfect sta- IV. PERFECTCSI| STRUCTURED PRECODING
tistical knowledge at the transmitter. We also assume alsimp i :
linear receiver architecture like the linear minimum mean- Towards stuc_iylng the perfqrmance of a structured preco_dmg
squared errorNIMSE) receiver. The symbol corresponding tocheme, we first characterize the structure of the optimal

the k-th data-stream is recovered by projecting the receivéfnaling scheme when perfect CSl is available at both the
signaly on to the N, x 1 vector transmitter and the receiver. In the unconstrained pracode

case, it is well-known that the optimal precoder turns out
_ p ( 14 HyrH )*1 to be achannel diagonalizing structure. That is, the optimal
= — |—HFF"H I Hf 3 . .

&k M\M N, b (3) choice of Vg and Ar is such that:Vg corresponds to the
where £, is the k-th column of F. That is, the recovered -dominant eigenvectors in an eigen-decompositioH6fH
symbol iss(k) = g/y. The signal-to-interference-noise ratioa”d the dlggoqal entries dr are obtained via waterfilling.
(SINR) at the output of the linear filteg, is ~ The optimality of the above structure has been proved

in [1], [2] with the design metric being the averad4SE

SINRy, = 1 - — 1. (4) of the data-streams. Other design metrics where the channel

(In + LFYHIHF), diagonalizing structure is optimal include weights5E of

’ the data-streams [3], determinant of tM&E matrix and with
Also, note that_the_mean—squareti}_erﬂgrsng of th?f'th data- 5 peak-power constraint. In [4], a unified convex prograngmin
stream,MSEy, is given by (I, + {;F7HHF), . framework for precoder optimization is proposed by stugyin

IIl. A CASE FORSTRUCTURED PRECODING two broad c!asses of functions: Schur-concave and Schur-

Al I th K der desian d convex functions. In [4], the authors show that most of the
most all the current works on precoder design do ngf, ., q design criteria can be formulated as either a Schur-

?‘Séume anyhspeu_flcfstruct_ure onhthe pre.cherhm?'ﬁ;; concave or Schur-convex function of tMSE and the channel
IS fecauset E;. m_’;un ?cus IS g_n ¢ "’Xl"’:ﬁter'zr']ngt fe ltm h erExfiagonalizing structure is optimal for either case.
performance limits of precoding. ough periect channel \ypan the precoder is structured, it is intuitive (but not

information provides a benchmark on the performance, it (ij% : : s
o o . X ’ vious) to expect a channel diagonalizing structure to be
difficult to obtain in practice. More importantly, the syste ) P g g

. , Oﬁ)timal. The main result of this section is the following
performance is not robust under CSI uncertainty. Even alsmﬁeorem

3An N; x M matrix X with M < N; is said to be semiunitary if it Theorem 1: .Let .an SVD of H be g'V_en by H =
satisfiesX X = I;. U A VE with singular values arranged in non-increasing




order andv; denoting the-th column of V. Let the structure in the case of mutual information, and
of the precoder b& = Vg A}/2, where Agyeq is Some fixed Parr stat. semi (9) — Perr. pet, unconst (9)
matrix of rank M, albeit chosererbitrarily. That is, in the = AFsemi — Parr. pert. amconst ()

(8)
ensuing optimizatiod .4 is fixed and we only optimize over . . .

Ve The optimal choice oMy depends on the nature of the" the case of error probability. The gbove metrics corradpo
objective functions to a worst-case measure of relative performance and are
Schur-concave objective functions (and in particular,ualt more meaningiul than a difference metrlc. n ;tudymg the
information with Gaussian inputs) are optimized by relatlve gap (or closeness) between two signaling schemes,

independent of the SNR.

Vopt = exp(jf) [v1 --- vu], 0 €R. (5) Assumptions: The analytical characterization of the two aver-

Schur-convex objective functions (and in particular, thera 29€ relative difference metrics in this work critically éeyis
age uncoded error probability as well as the error protighili® iNvoking the assumption of antenna asymptotics. Recent

[1>

En

of the weakest data-stream) are optimized by results have shown thgt the convergence of finite antenna
‘ 12 results to asymptotic estimates is usually fast. Thus, @sults
Fopt = exp(jf) [vi -+ vm]| Agreq T', 0 €R (6) are meaningful even in the practically relevant small améen
for an appropriate|y chosen unitary matilix regime. We find it useful to Separate our Study into two
Proof: The results follow by using standard argumentgases: 1) An easily tractable casereffative receive antenna
in weak-majorization theory. See [10] for details. m asymptotics, where 4= — 0, and 2) A more difficult case

Note that the matrixI" in the definition of F, in (6) ©f proportional growth of antenna dimensions, where both
can be ignored since is i.i.d. and thereforeTs is. Thus, {M,N,} — oo with 2£ — v andy € (0,00) is a constant.
we see that in the structured precoding case, the channdh the error probability case, since exact closed-form esgpr
diagonalizing structure is still OptimaL Towards appgqthe sions are known for th8INR of the data-streams independent
above result, note that a large class of useful functiorisfgat Of the signaling constellation (see (4)), there is no need to
the Schur-concavity property. For example, from [4], we sé@nstrain the inputs to be of any particular type. On the
that any weighted arithmetic or geometric mean{MSE,,} other hand, in the case of mutual information, closed-form
(with weights chosen appropriately) is Schur-concavepides €xpressions are not known except for the Gaussian input case
this generality, not all functions are either Schur-comcav Therefore, we study mutual information with the Gaussian
Schur-convex. In particular, the mutual information fiost assumption. We also assume that #MR is reasonably high
cannot (in general) be expressed as a Schur-concave (ofmaore preciselyp > a% for some suitablex > 1) so as
Schur_con\/ex) function ofMSE. Besides mutual information, to obtain closed-form characterizations of the above m®tri
uncoded error probability is another important metric th&tor the sake of simplicity, most of the results will be presein
describes the performance of a communication system. OVifh the separable correlation model. The results can bigyeas
study addresses this metric also. All the above results ean@xtended to the non-separable case, see [10].

specialized to the case of semiunitary precoders. A. Mutual Information Loss
V. ASYMPTOTIC PERFORMANCE OFSEMIUNITARY In this section, we focus on the (average) relative loss
PRECODING in mutual information with semiunitary precoding, assugnin

We assume that instantaneous channel information is rﬁ)‘@ussian in_puts. _
available at the transmitter, but channel statistics ammkrn Relative receive antenna asymptotics:
and focus on semiunitary precoding. Here, we communicateTheorem 2: In the separable case,
by pr_ecoding alon® semi, a set ofM dominant eigenyectors of — B Toerf, semi(p) — Istat, semi(p)
33; with equal power on the spatial modes. For a given chanrfel! semi H Lstat, semi(p)
realization, letls .t semi(p) aNd Per stat, semi(p) denote the mu- ~ " v
tual information and error probability achievable wihepy;. _ 2k1\/ i (A (4))? 1
Similarly, denote the corresponding quantities with thefqus = VN M ' Z log (1 + £ At(k:)) ’

CSI unconstrained and semiunitary precoders described in ) . k=1 o
Sec. IV and Theorem 1 b¥pert. unconst(0): Ipert. semi(p), @nd wherek; is a constant independent of channel statistics

Parr. et unconst(9): Perr. perf. semi(p), respectively. Proportional growth of antenna dimensions:

It is important to note the distinction between these quarMTheorem 3: In the separable case, g1/, N".‘} > \.N.ith
— v and~y € (0,00). Also, let the following conditions

tities. While Igiat, o (0) @nd Perr, stat, o (p) are functions of the .
channel realizatiorH, the precoder structure itself is inde-hold: 1) £k = 0(1), 2) £4% = 0(1), 3) {247 = O(1),
pendent ofH, but only dependent on the channel statisticg, EQQ;At(k) — b, = O(1), and 5)EQL;AT(k) — by = O(1).
On_ the other handl,ef, o (p) @nd Pey, perf, ._(p) in addition to f o> "M o somoe o1 AL e ounded as
being dependent on the channel realization also corresfgond Ad(M)

precoders whose structure is dependentband are chosen A log(e/M) + K2

1>

. Isemi § (9)
optimally. 1 LM (At(k)AT(k))
Average Relative Difference Metrics: The main goal of this og(p/€) + 37 21 108 pe
paper is to quantify, as a function of the statistics andrarde R Amax (Hiy A Hiq)

. ) Ko = Ko+ min | Ey |log ,
dimensions, G, A

Ey [I rf, uncon t(p) — Istat, semi(p)] |: ()\max(HiidAtH'H)
Al A perf, uncons , 7 e o e
* Ex [Istat, semi (P)] ( ) H & GIVI, Ay



wherex!, depends only on the constants in the statement of tRelative Receive Antenna Asymptotics:
theorem, and+y;, A, are the geometric means of eigenvalues, Theorem 4: In the separable case,4f> aA i) for some

defined as a > 1, AP.mi can be bounded as
M M M M
1 L BM B Ak
(@ é” ), (@ M2 TT Adr). APy < —— - k=1 ,
M, A, 11 M, A,) (k) < 3, E A + " + i
u 1 VN +V 12
It is of interest to understand the structure of the preapdin o + 7_7 /N, (12)

scheme that is optimal from a mutual information viewpoint
for a given channel. While many advances have been matfeus the dominant term oA P, in the relative antenna
along this direction [5], [6], a complete understandingea-r asymptotics and large is of the form: ;- D T
dered difficult by the lack of a comprehensive random matrgzzﬁ%)(k) -
theory for correlated channels. The above study provides anp the non-separable case, we can provide a straightforward
alternative approach, where we characterize the struofuh®  extension toA Py
channel that is ‘best’ or ‘worst’ for a given precoder sturet Theorem5: Let p > a2 = a<™,—. The dominant

Let us freezeA, to be a fixed matrix so as to develop a o nded A Xioin

us freezea., X IX SO as 10 0evelop aerm of A P,y is bounded as

understanding of the structure &; that minimizes perfor-

mance loss. Given that a constrajn}\', A:(i) = p. has to APy B Zz DY ko 1

be met, it can be checked that performance loss is minimized ™2 SN o2y B*aM

by the following choice:A;(1) = --- = A(M) = £ and M

Aiy(M +1) = --- = Ay(N;) = 0. On the other extreme, the PRAEDD . (13)

worst choice ofA; that maximizes the performance loss is of i k=1 2%k

the form:A+(1) =~ p. andA.(i) ~ 0,i > 2, but with the added u

constraint thatank(A;) > M. Motivated by Theorem 3, we  As in the mutual information case, we are interested in

define amatching metric for the transmitter side: channels that minimize and maximize the performance loss,
APsm;i. From the above study, it is observed that the choice

M, 2 HAt@’ (10) of A; that minimizes performance loss is such that: 1) It

m|n|m|zesA ((1’;}), 1 <k < M, and 2) It also minimizes

that captures the closeness of a given channel from the bE3L, A (k) Both these constraints are met by a channel that
and worst channels (characterized above).Ms increases, maX|m|zeth (as defined in the mutual information case).
the channel becomes more matched on the transmitter side &hét is, a channel that is matched on the transmitter side wit
the performance loss decreases sité versa (see Fig. 1).  respect to a mutual information viewpoint is also matched
For the impact ofA.,., the above study isolatesraatching on the transmitter side with respect to an error probability

metric for the receiver side, defined as viewpoint. However, it is difficult to make similar conclosis
N about matching on the receiver side.
M. A Z (A .(i))2 (11) On the other hand, note that as the constellation size

increasesy decreases. Thus, for any fixgdthe first dominant

term of AP.m; in (12) increases as the constellation size
Again, with a constrainfy\\", A, (i) = p. to be met, it increases, whereas the second term decreases. The tension
can be seen thaM, is minimized by A, = £= Iy, and between the two dominant terms determines the optimal ehoic
maximized byA.(1) ~ p. and A, (i) ~ 0,i > 2 but with  of constellation to use at a fixé$NR over a given channel.
the added constraint thatnk(A,) > M. A channel that |n the extreme case of asymptotically hi§NR, the first term
is matched on both the transmitter and the receiver sidesyighishes and\ P..i is minimized with the largest constella-
denoted as amatched channel and is optimal for the given tion available in the signaling set. The optimality of a karg
precoder structure. The structure of the matched chanmel @anstellation at higtsNR from an error probability viewpoint
be summarized as: 1) The rank &f is M with the dominant s to be intuitively expected. Further, as in the mutual info

transmit eigenvalues well-conditioned, andA) is also well- mation case, channel hardening results in vanistN#@em,
conditioned. A channel that is ill-conditioned on both th@s N, increases. It should also be noted that whié.

semi

transmit and the receive sides such thatk(H) > M is vanishes linearly withy, Al.mi vanishes logarithmically ip.
said to be amismatched channel.

Another interesting consequence is that channel hardening
that occurs agV,. increases, results in the vanishing/®f.m;. We present numerical studies that focus on the gap in
That is, statistical information is as good as perfect CSl inthe performance between the perfect CSI and the statistical pre
receive antenna asymptotics. This behavior is peculiar of this coders, as a function of the degree of matching of the channel
asymptotic regime [9] and will also be identified in the erroio the precoder structure. We considex 4 channels with
probability case. M = 2, and freezeU,;, U, to an arbitrary choice in our
study. We also freezd,. to 41, so as to focus on the impact
of matching on the transmitter side. Note that the matching

We now study the (average) relative error probability emmetric, M; = 11:[:1 A:(k), takes values in the rand@, 64]
hancement with semiunitary precoding. in our setting. A family of~1700 channels (each characterized

VI. NUMERICAL STUDIES

B. Error Probability Enhancement



uniquely by A:(k), k = 1,---,4) is generated such thatwork. In studying the performance of structured precoding,
fo;l A:(k) = p. = 16 and M, takes values over its range.identified matched and mismatched channels, and matching
The channels become more matched (on the transmitter sidetrics that capture the degree of matching of a channel to
to the precoder structure ag!(; increases. the precoder structureontinuously. In the case of matched
While much of our study in the preceding sections ishannels, the performance of the low-complexity semiuypita
based on asymptotic random matrix theory, Fig. 1 illusgratscheme is near-optimal. Thus this regime does not warrant th
that the notion of matched channels developed in this wouse of any feedback mechanism to improve performance. On
is useful in characterizing performance, even in pradticalthe other hand, in mismatched channels the performance gap
relevant regimes likel x 4 channels. Fig 1 illustrates thatcould be significant; limited feedback schemes are atir@cti
AlL.m decreases as the channel becomes more matched orintibis regime (see [8] for the construction of low-comptgxi
transmitter side for three choices @fwhereas Fig 2 illustrates limited feedback schemes).
the same trend foA P..,;. Note that for a given channel as Thus our work suggests that in a correlated channel, the
p increasesAl.n; decreases wheredsPs.,,; increases. This optimal number of modes to be excited at a gi&R should
is because of the contrasting behaviorsIgf: emi(p) and be such that the precoder structure is matched to the channel
Perr, perf, unconst (p) @S p increases. at that SNR. While the notion of source-channel matching
is well-known in many contexts in information theory, it is
surprising that this natural framework could also captine t
performance of multi-antenna communication schemes.
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