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Abstract—Transmit beamforming with receive combining is a with pure statistical feedback to that of perfect feedback. In
low-complexity solution that achieves the full diversity afforded the non-asymptotic case of few transmit and receive antennas,
by a multi-antenna channel. Building on our recent result which we propose a codebook design methodology that exploits the

shows that even channel statistics are sufficient to achieve perfect h f i tor hardeni f th
feedback performance (in the limit of antenna dimensions) with phenomenon of eigenvector hardening (convergence of the

beamforming and combining, we propose near-optimal codebook dominant right singular vector of the channel to the statistical
designs for correlated channels with a focus on few antennas at direction) in correlated MIMO channels. Numerical studies

the transmitter and the receiver. In the process, we refine the show that the proposed codebook constructions are near-
answer to the question: When are channel statistics sufficient optimal even at low error probabilities for a variety of corre-

to achieve near perfect feedback performance? We show that L
the condition number of the transmit and receive covariance lated channel statistics. Furthermore, the number of feedback

matrices hold the key to this question. We partition the transmit  bits required for a certain level of diversity performance is
and receive covariance spaces intd regions based on well and determined by the level of ill and well-conditioning of the

ill-conditioning of the covariance matrices and show that the transmit and receive covariance matrix respectively, and we
number of bits required for near perfect feedback performance sq this criterion to partition the covariance spaces ifito
is dependent on the condition numbers of these matrices. . .
regions where limited feedback performance can be clustered.
In this context, our work is closely related to [5]. However,
our work differs from [5] in two fundamental aspects: 1) In
Multiple antennas at the transmitter and the receiver providentrast to a rotation-based Grassmannian design that exploits
a mechanism to increase the reliability of signal reception, fife separable nature of channel statistics, we propose a system-
rate of information transfer, or a combination of both thesgtic codebook design strategy which is explicitly tailored to the
aspects. In this paper we focus on achieving the highest legehditioning of the transmit and receive covariance matrices,
of reliability (full diversity) by employing multiple antennasand 2) Our codebook design igturally extendable to more
at both the ends. A simple low-complexity solution towardgealistic channel models like the canonical statistical model
this goal is transmit beamforming and receive combining. Thisat do not have a separable correlation structure.
technique however requires perfect channel state information
(CSI) at both the transmitter and the receiver. While perfect Il. SYSTEM MODEL
CSl at the receiver maybe a reasonable assumption, suckVe consider a single user communication system employing
knowledge at the transmitter is infeasible in most practicdlansmit beamforming and receive combining, and assume that
situations. Recent works have therefore focused attentisignalling is done usingVr transmit andVy receive antennas.
on enhancing the performance of multi-input multi-outpuThe input-output relationship of this system is
(MIMO) systems by exploiting the limited channel knowledge H "
that is usually available at the transmitter [1], [2], [3], [4], y=z Hwz+z"n @)

[5] Towards_ this goal, various sol_utions have been Stu_di‘?\ﬂhereH is the Nr x Ny channel matrix connecting the
These solutions range from pure first/second-order statistigal,smitter and the receiver,is the receive combining vector,
feedback to feedback of quantized instantaneous channel §p+s the transmit beamforming vectar, is the transmitted
formation. . o symbol from a chosen constellation (QPSK, 16-QAM etc.),
In particular, it had been assumed that significant benefigq ,, is the independent noise added at the receiver.

at the transmitter than with pure statistical feedback. A recegfle independent and identically distributed (i.i.d.) Gaussian
evensecond-order channel statistics are sufficient to achieygyplem studied mathematically tractable, but is unrealistic
the same performance gains as perfect feedback. Buildingjgnapplications where either large antenna spacings or a rich
[6], in this work, we focus on two inter-related problems: 1jcattering environment are not possible. A more realistic chan-

What are the factors that influence the rate of convergencenl@ model is the often-used normalized Kronecker correlation
the asymptotics?, and 2) What insights can be acquired frogygel. Here the channel is given by

the asymptotics in the context of a practical system deploying

I. INTRODUCTION

few transmit and receive antennas? H - 1 SrY? Hyg =pY/?
To answer the first question, we refine our results in [6] and Vv E[Tr (HHH)]
e . . . .- a 1
show that the conditioning of the transmit and receive covari (@) Un A}%/Q H.y AlT/z U2 (2)

ance matrices control the rate of convergence of performance VE [Tr (HHY)]



whereXy = E [HHY] = UzAzU¥, 37 = E [HH] = The fact that the dominant right singular vector of an i.i.d.
UrArUX correspond to receive and transmit covarianaghannel is isotropically distributed can be exploited to show
matrices respectively (alongwith their respective eigen decothat packing lines in theNr-dimensional complex sphere
positions),H;;q is an i.i.d. random matrix as defined abovealso known as Grassmannian line packing) leads to the
and (a) follows from the isotropicity of an i.i.d. channel undeoptimal codebook design [1]. In the case of correlated channels
a unitary transformation. Note thdir (X7) = Tr(Xg) = with only receiver side correlation (that i&; = I), the
E [Tr (HHH)} The above normalization will be useful inGrassmannian line packing solution can be leveraged to obtain
obtaining insights into the perturbation theory of dominargfficient codebook constructions [5]. These initial results are
singular vector of channel matrices. crucially dependent on the fact that a right singular vector of a
Recent channel measurement campaigns have shown thatrix of the formH = X}/ Hy, is isotropically distributed,
the Kronecker model is a good fit to model the measured datet is, it is equally likely to point in any direction in th§,-
only under certain constrained assumptions on the scatteriiphensional sphere.
environment [7]. In such situations, a canonical decomposition|f ¥ + I, a rotated and normalized Grassmannian code-
of the channel along the transmit and receive covariance basesk design is proposed in [5]. Perturbation theoretic analysis
[8] has been shown to be a better fit than the Kronecker modglthe Y.~ # I channel in [6] shows that the isotropicity
in predicting system metrics like capacity, probability of errgsroperty (present inc; = I) is destroyed and there are
etc. The canonical model is given Bl = Uy Hi,q U¥  dominant peaks in the eigen-domain corresponding to the
where H;,q has independent, but not necessarily identicatatistical eigen-directions. This result can be summarized as
entries, andUx and Ur are unitary matrices. Under the [emma 1:Let the channeH be modeled via the Kronecker
assumption of separable channel statistics, the canonical magigttelation form as in (2) wittEr # I. Let AL = Apax (27)

reduces to the Kronecker model. have an algebraic multiplicity. Then
The crux of our results in [6] and this paper hinges on .
the fact that the entries of the canonical channel matrix has 1}{}2 En HWstle =1 (3

; . , above lemma says that as long as there is a dominant
spatial constraints, we assume that the channel is mode y 9

) . smit eigen-directiorjust increasingNg hardens the dom-
L e e ot i ot gl ector o 1o hl of e sl
model. Insights on design strategies for the canonical mo elecm.)n' that is, with a very high probz_;\bnny the dom_mgnt
wil be‘ drawn wherever appropriate. We further assume th |9ht singular vector points in the direction of the statistical

) ' ' . 1%ngular vector. As a consequence, we have
the receiver has a perfect estimate of the channel, while the
transmitter knows the channel statistics (thatis, and $7). Proposition 1: Let H be as in Lemma 1. Then the average
Th|s assumption iS quite common in existing mu'ti_antenrfaactional loss in receiveSNR in the case of pure statistical
system designs. The receiver and the transmitter have tBgdback is at leasp %
knowledge of a channel statistics dependent codebdk, NR
of transmit beamforming vectors and for every independehbus asN increases, the gain obtained via a knowledge of
channel realization, the receiver feeds back the label of tAerfect CSI cannot better that obtained via a knowledge of

optimal beamforming vector fromV via a low-rate feedback only the channel statistics. An important point to note is that
channel. the above results are asymptotic in the antenna dimensions.
We note that the convergence rate in Proposition 1 is the best
that has been obtained with current bounding techniques in
Initial works on limited feedback studied the COCIGbOOtSrobability theory. But this does not imply that the rate shown
design problem for the i.i.d. channel [1], [2], [3]. A naturajp proposition 1 is the tightest that can be obtained.
codebook design criterion in the i.i.d. case was shown in [2] towth this comment in mind, we address the following
be the maximization of minimum distance between beamforminportant questions in this paper: Is the convergence rate in
ing vectors. Love et al. [1] showed that this criterion coinCidgSroposition 1 too slow so that in the realm of practical interest
with the objective of maximizing the average receiéR. If (feyw transmit and receive antennas), the performance gap
the transmitter has perfect CS, itis easy to see that the optirggtween pure statistical beamforming and perfect feedback is
beamforming vector is the dominant right singular vector Qfpstantially large? If so, do these asymptotic results offer any

H corresponding to the largest singular valwe,. Given the gyidance in the design of codebooks for the non-asymptotic
transmit beamforming directiony, it is also easy to see thatcase? This is the subject of our next section.

the optimal receive combining vectat;, is i

1
[Hwy ]2 "

The main focus of this paper is the design of an optimal V. IMPACT OF ¥ AND X ON CONVERGENCE
statistics-dependent codebodk/, so that a suitably defined 1o address these questions, we first provide a refinement
distortion metric between perfect and limited feedback st proposition 1 that shows the precise influetite and $p
minimized. In our prior work [6], we had showed that gave on the rate of convergence of performance with pure
suitable distortion metric i% [1 - |W§W1|2} wherew,; and statistical beamforming to that of perfect feedback.

w; denote the dominant eigenvector % and the dominant Theorem 1:Arrange the eigenvalues dir and ¥ i such
right singular vector ofl, respectively. that A\l > A2 > ... > A and AL > A% > -0 > ARE.

independent entries. However, for ease of illustration anﬂ
e

I11. DIMINISHING RETURNS OFFEEDBACK



Defineyy, 7. and+3 as follows:

where in (b) we have used the fact that# j, and the
entries of H;;q are i.i.d. Now, note that sincé_, Ag, =

1 2
yo= P/\%, Y2 =1- /\7{, E [Tr (HH')], the variances of the off-diagonal entries is
Y Ar - E[Tr(HH")] .
Nr minimized by Ag = TINR, or in other words,
1 M . \k well-conditioning of ¥ ensures that the perturbations on
e = Z i S, T = (4) the dominant right singular vector dfl (from the statistical
N —1 = (1 — k) Ar direction) due to the off-diagonal entries are minimized in the
Then the fractional loss of receivéNR, AL, is given by mean-squared sense.
log(N. log(N. ' L L L ‘ ‘
AL < (K7pnp) - 22 o sV ) I R T —
Ny 72 Ng
where K > 0 is independent oE7, £, Ny and Nx. T Vtes

Proof: The proof proceeds along analogous lines as the = ossf
proof of Proposition 1, the main statement of [6]. A more

careful analysis of the constants is needed to show (5

Note that a large value of, implies that the largest eigenvalue
of ¥ is well separated from the average eigenvalue:gf
that is, Xy is ill-conditioned. Similarly, a large value of) is
equivalent to a large value off. with respect toAL for all

k, that is, well-conditioning§ of X7. Thus Theorem 1 shows
that ill-conditioning of> z and well-conditioning ot slows
down the rate of eigenvector hardening.

The above conclusion is intuitive. To understand this, we

osf
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expand the matriH”H as
1 1/2 1/2 T
H'H = Upr —————— A HI AgHyg A° UF
T E[Mr(HAT) T T RRSdAT BT
_ G 0757
G. = ; CAL/2Z L2 ZAR H,y H: O:
1/‘7 E [Tr (HHH)] T7 T7 k k 1 k‘] lldki 0650 0‘1 0‘2 0‘3 0‘4 0‘5 0‘6 0‘7 D‘B 0‘9 1

Yz

Note thatG is a stochastic diagonally dominant matrix, that (b) 7 vs. 2

is, with a high probability the diagonal entries dominate the

off-diagonal entries. This can also be seen from the fact thag. 1. (a) The plot showsy = E w!w,; as a function ofy, for

E[G] = Ar. If X7 is ill-conditioned, the probability that Nz = Nr = 2. (b) Heren is plotted as a function of.

this stochastic diagonal dominance leads to a dominant eigen-

direction along the statistical peak is enhanced. On the other his fact is illustrated in Fig. 1 wherg = Ex [|wiw ]

hand, well-conditioning ofS; implies that more than one iS plotted as a function of; and~, for Ny = Ng = 2. The

statistical direction is dominant and thus beamforming alorgure shows that asi,y, — 1, corresponding to well and

any fixed direction cannot lead to optimal performance unlelisconditioning of X and Sy respectively,Ex [|w(jw|]

we consider the limit of antenna dimensions with the algebrafNnVverges to its maximum value. Thpare statistical feed-

multiplicity of the dominant direction being, the precise back is sufficient under two cases: 1)Ny is large, or

conditions of Proposition 1 (See [6] for a detailed discussiorﬁ) N_Rj is small Wi_th Y and ET_ being well and ill-
Furthermore if i j, it is easy to see thav? = cond!t!on_ed regpectlvely.When Npg is small an_d when such

(E [,H (HHH)DQE ﬁGi’ﬂ is given by conditioning fails, codgbooks have. to be designed to achieve

J better performance gains. From Fig. 1, we can also see that
the conditioning of¥r has a far more significant impact on

2 _ .
o = An A Z Ary, A, eigenvector hardening than that Bf;.

k1, k2

* *
E {Hiidkl,i Hiiq,, ; Hiq,, ; Hiidkl.j}

b
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k

Heuristic Behind Codebook Construction

In this section, our focus is on cases not addressed in the
previous section: eithey; is sufficiently large, ory, is suffi-
ciently small with N, and Ni being small. For other cases,
even statistical beamforming is sufficient for near-optimal
_ The constant/§ is dependent on all tha7. and hence precludes insights performance. Theorem 1 and Fig. 1 offer us some insights into
into limited feedback beamforming. To counter this, we propose asmphﬂ%}l desi f oot | codebooks for t it b f . .
constantl /2 which is a measure of the well-conditioning Bfr with a hold e €sign or optimal Co0ebooks for transmit beamiorming in

this case. In these cases, even tholgfjwiiw,|] may not

(6)

1 2
on A\ and A7, alone.



be close tol, this quantity is usually sufficiently large. WhatA random vectorr;,; is chosen to define candidatxggr1 as
this means is that with a high probability, the dominant righI;‘.H - H::t)i:fw This random vector; 1 has to be such
i 0 rj+ill2 p

singular vector ofHH points in the direction corresponding tothat
that given by the channel statistics.

. . . H_ i
The discrepancy of this average fromis the occurrence lci'vig| = cos(6o) (7)
of two “rare” events: 1) there are channel realizations where min |[x"vi | < e (8)
wy points locally aroundw,, but not in the precise direction, x€5i

and 2) there are some channel realizations, albeit relaﬁv‘aﬁndition (7) leads to localizing’, within the cone as

. J+1
rare;), \t/)\{lr_lerehthe ﬁngle betwean, and Wst 1S Iarg”e. Tge hin Fig. 2 while Condition (8) leads to a prescribed separa-
probability that these two events occur is small and thig, (of at leastcos~!(€)) between the local vectors already

proba_bility converges o in the asymptotics ofNr, N as designed. Alternately, Condition (8) can be implemented as
described in [6]. It is also important to note that rehablci}nin . Vi, —x|} > e for a suitabler;. The algorithm
data reception at higBNR is governed by these rare events, . <51 I it 2 = -1 b a9

P '9 159 Oyt mplemented in this paper uses this alternative approach.
Any codebook design optimized to minimize the probabll% optimizing over the three parameters, ¢; and 6, an
of error should account for these distortion-inducing channégi ! b

lizati Wi debook desian f | mal local set of codevectors can be obtained. The local
rt;a e ||0an. Z nOV\t/hproposg a clo € Oc(j) esrllgn (t))r correlatefiebook selection process can also be viewed as a localized
channels based on these principles and we show by numerjeal (-0 jine packing solution.
studies that the codebook design thus proposed achieves near-
optimal performance.

V. CODEBOOKDESIGN FORCORRELATED CHANNELS
A. Codebook Construction

The construction elucidated here leads to a codebook of
Mp+ M+ Mg code-words. The indiceB, L andG stand for
dominant, local and global respectively and will be explained
; ; ; ig. 2. Local code-word selection algorithm. Given a6y ande;, the
n the. fO||OVYIngl three Stﬁrs of COde,boSk construction. To ke(gg%evectors;} are chosen such that the angle between the various vegors,
notations simple, we wi represemf y Ci. (only a sample of which is represented here) are suchdihat cos—! (7).

Step 1 -Dominant Statistical Directions: In the initial step, ] .

the codebook is populated with the dominant eigenvectors 3feP 3 -Global Perturbations: We now define a set al/¢

Y. One simple method of implementing this is to choosgPdevectors that account for those channel realizations that
the eigenvectors corresponding to those eigenvalues whigfid to @ large perturbation of the dominant right singular vec-

satisfy:\\—lT > x (71,78) wherey(-) is a thresholding function tor from the_statlstlca_l (_jlrectlon. These vectors are chosen so
det T d by the ch | ditioni -0 as to maximize the minimum distance between themselves and
Se ezlmmti y elc alnne CC_JQM' |on|r(1jg paramei;era; 72 that of the previously designed code-words. In particular, these
>mafler ex(") va ue, 1arger 1SV p and vice versa. For €.9., 1015 could be chosen via the well-developed Grassmannian
if ¥ is well-conditioned, for any fixed¢(-) value, a large

; . . " _line packing construction [1] or via random vector quantization
fraction of the eigenvalues would satisfy the above conditio b g [1] d

. . ) . In the f t , [ king | t
In this case, the optimay(-) to be used will depend on the[h] n the few antennas case, Grassmannian packing leads to

trade-off between a larger codebook and the gain in probabillttr)]/e optimal choice for the global codevectors.

of error performance. B. Numerical Studies
Step 2 -Local Perturbations: In this step, we pickM;, We illustrate the performance of our codebook construction
vectors(i =1 --- Mp) around each dominant statistical diwith a representative case. We considera2 channel given

rection,c;, to account for those channel realizations that steby the Kronecker model in (2) with conditionihgarameters
the dominant singular vector in a local neighborhoodcpf 71 = 1.92 and~2 = 0.15. The codebook design parameters
We will identify these local codevectors withf --- v%, . used areey = 0.1,cos(fp) = 0.92 ande; = 0.2. Signalling
Note that), are non-increasing in(since the less dominantis done by using a QPSK constellation. A codebook with
an eigenvector, the smaller the level of local perturbatiod codevectors X{p = 2, My, = My, = 3,Mg = 2) is
around it that is relevant). We defing; = Zif‘ifi Mrp,. designed via the procedure explained in the previous section.

We first pick three parameters; andé, that determine the Fig. 3(a) shows the BER curves with increasing codebook size.
perturbation and locality of thg-th local codebook candidate!n particular, the performance enhancement due to addition
vi aboutc;, ande that ensures that the vectors thus define@f the following components (sequentially) in shown in the
are well-separated. The iterative process that leads to the |dégiire: 1) The dominant eigenvectab(), 2) The local code-
codebook is as follows: Pick a random vectgr such that Vvectors aroundD,, 3) the global codevectors, 4) the second
vi = citern |cfl’v§| > cos(fp), that is, v} is a unit- eigenvector D), and 5) the local codevectors aroung.

lciteo rafl2”

normed vector within the cone aroungdetermined by, as
; 2Note that the maximum and minimum values of and v2 are 2 and

i i i i [ A
IIIUStrated in Fig. 2. _leeml ) Vi J < ]WL“ We nO_W 0 respectively. The example considered for numerical study is a particularly
describe how to Obtaln}+1. Define the seb; ; = Ui:l v}. pathological example where the rate of eigenvector hardening is minimized.



As can be seen from the figure, optimal signalling witimatrices: 1)>y is well andX ¢ is ill-conditioned, 2) both g
only channel statistics (beamforming alofy) is at least 6 and X are ill-conditioned, 3) bothCr and X are well-
dB away from perfect feedback a0—2 probability of error. conditioned, and 4= is ill and T is well-conditioned.
Following the discussion in Section 1V, this is understandabMote that in Case 1), even statistical feedback is sufficient
since Ny = Np = 2 and l; ~ 13. However with3 bits of whereas in Cases 2) and 3), the amount of feedback necessary
feedback in the sequential design, we are able to approachachieve within a particular fraction of perfect feedback is
within a fraction of a dB of perfect feedback at the sameon-negligible. This feedback requirement is maximized in
probability of error. Case 4). We conjecture that the amount of feedback required
to achieve a particular distortion (for an appropriate distortion
metric) increases asr and X7 become more ill and well-
conditioned respectively. Also note that the numerical studies
performed in this paper are constrained to Case 4), which has
the worst-case feedback requirement.

Implications for the Canonical Statistical Model: The canon-
ical statistical model is a generalization of the Kronecker
model and a better fit for measured channel data [8], [7].
We can now leverage the insights obtained for the Kronecker
model as to when is statistical feedback sufficient for the case
of the canonical model.

—=«— Perfect Feedback

s o s i 15 20 25
SNR (dB)

. . Theorem 2:For hannelH model h nonical
(a) Performance with Codebook Construction eore or a channe odeled by the canonica

model, note that the eigenvalues of the transmit and receive
il S ‘ ‘ ‘ covariance matrices are given By;, = >, o, and Ay, =

S, 0%. Let Ap = diag (Ag,) and Ay — diag (Ar,). Then,
pure statistical feedback is sufficient to achieve perfect channel
information performance under two conditions:/I}; is large,

and 2) If Ny is small, and both aj)\r is ill conditioned and

b) A is well conditioned.

3 1 Proof: The proof is skipped due to spatial constraints.
ot Feedback N The intuition behind the proof is easy to describe. Condition 1)
(Sransnes) \ follows from [6] while Condition 2a) ensures that with a high

§ probability the matrixH,,qHY ; is diagonally dominant and

15 20 25

B _5 SNR (@) _ Condition 2b) implies that the variances of the off-diagonal
(b) Optimal Codebook Design entries of Hy,¢H/Z, are minimized, thus constraining the
Fig. 3. (a) The figure illustrates the performance of the proposed algoritl‘f?lgiarturba‘tlonS stochastically. u

in a2 x 2 channel with21 ~ 13. (b) This figure shows the BER with optimal When either of these two conditions 2a) and 2b) are not met,
codebook designs for a fixed feedback constraint on the reverse link.  and whenNg is small, codebooks have to be designed to near
the performance with perfect channel knowledge. Codebook
In multi-user communication systems, evérits of feed- design methodologies follow analogous to the discussion in
back may be prohibitively expensive. Motivated by this corBection V. Numerical studies are not reported here due to
cern, we studied the problem: What is the optimal codebogatial constraints.
design for B bits of feedback? The results are elucidated in REFERENCES
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