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Abstract

Existing results on multi-input multi-output (MIMO) chaalcapacity implicitly assume a rich scattering envi-
ronment in which the channel power scales quadraticalllg thie number of antennas, resulting in linear capacity
scaling with the number of antennas. While this assumptiay be justified in systems with few antennas, it leads
to violation of fundamental power conservation princigleshe limit of large number of antennas. Furthermore,
recent measurement results have shown that physical MIM@ratls exhibit a sparse multipath structure, even for
relatively few antenna dimensions. Motivated by these oladions, we propose a framework for modeling sparse
channels and study the coherent capacity of sparse MIMOnghsifrom two perspectives: 1) capacity scaling with
the number of antennas, and 2) capacity as a function ofrtiaS8IR for a fixed number of antennas. The statisti-
cally independent degrees of freedom (DoF) in sparse cleaareless than the number of signal-space dimensions
and, as a result, sparse channels afford a fundamental rgeedef freedom over which channel capacity can be
optimized: the distribution of the DoF’s in the availablgrsil-space dimensions. Our investigation is based on a
family of sparse channel configurations whose capacity sdansimple and intuitive closed-form approximation
and reveals a new tradeoff between the multiplexing gainthadeceivecdENR. We identify anideal channel
configuration that yields the fastest capacity scaling gtsR. For fixed number of antennas, we show that the
capacity maximizing configuration depends on the operd&B and optimizes the multiplexing gain-received
SNR tradeoff. Surprisingly, only three such configurationdfisaffor near-optimal performance over the entire
SNR range. Different channel configurations can be realizedactre by appropriately adjusting the antennas’

spacings at the transmitter and the receiver.
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. INTRODUCTION

Multiple-input multiple-output (MIMO) systems that empglantenna arrays at the transmitter
and the receiver have emerged as one of the most promisingdiegies to increase the spec-
tral efficiency of high speed wireless communication systeiihe intense research on MIMO
systems was inspired by seminal works by Telatar [1] andiosand Gans [2] that showed a
dramatic linear increase in channel capacity with the nurabantennas. However, these initial
results were based on an idealized channel model repregemtich scattering environment —
the channel matrix entries, representing coupling betwe#s of transmit and receive antennas,
were assumed to be independent and identically distrilfiiiesl) Gaussian random variables
(Rayleigh fading). Since then researchers have studieacggscaling for more realistic spa-

tially correlated channel models. For example, using a Kcker (separable in transmit and
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3

receive statistics) channel model, it was shown in [3] tlvatelated channels would also exhibit
linear capacity scaling, albeit with a smaller slope coreddo i.i.d. channels. In [4], [5], capac-
ity scaling was studied for non-separable channels, usiagittual channel representation for
uniform linear arrays (ULAS), and it was shown that the niembf resolvable scattering paths
must scale quadratically with the number of antennas fealircapacity scaling. Furthermore,
for slower path growth, the capacity may exhibit a sub-lirgrawth or may saturate. In all these
works, linear capacity scaling is associated with the ioipéissumption that the channel power
p. £ E [Tr(HH")] scales quadratically with the number of antendésthat is,p. ~ O (N?).
MIMO capacity gains in i.i.d. channels relative to singldeama systems rest on two key
effects: i) higher coupling between the transmitted anéixetl signal energy due to the larger
array apertures, and ii) statistical independence betweeohannel coefficients. The first ef-
fect primarily impacts capacity scaling and is directly eefed in the quadratic channel power
scaling assumption in existing results. While this assumnptay be justified for smallV,
such scaling irp. is not sustainable indefinitely from an energy conservation vi@wmpsince
it implies that the received signal power increases lirye@hd indefinitely) with the number
of antennas for a given fixed transmit power (see also Setioithe second effect primarily
governs channel capacity as a functiorbdiR for a fixed number of antennas. The capacity of
a correlated MIMO channel depends on the statisticallypedeent degrees of freedom (D&F)
in the channel matrix, which in turn depend on the number sbIk@ble paths in the scattering
environment [6], [4]. The notion of?(N?) channel power scaling implies that the dominant,
independent DoF also scale with antenna dimensiorf3(a&®). However, many recent mea-
surement campaigns [7], [8] and channel modeling efforteudiverse sets of assumptions [9],
[10], [11], [12], [13] indicate that such a possibility is axception rather than the norm and
most realistic propagation environments are accuratedyacterized by fewer dominant DoF.
Thatis, realistic physical channels exhifjitarseDoF reflecting a sparse multipath environment.
Overview of Contributions: Motivated by the above considerations, we propose a framewo
for modeling sparse multipath channels and study the irafitins of sparsity for coherent

1The notion of independent DoF is loosely defined as thoséesritr the matrix channel that are sufficiently large enough t

significantly impact information transfer. A more formalffidéion is provided in Section II.
2By coherent capacity, we mean that the receiver has petfectinel state information, whereas the transmitter onlyvsno

channel statistics.

August 20, 2006 DRAFT



Fig. 1. A9 x 9 virtual channel matrix representing sparse multipath. Jld@minant, independent DoF in the

channel matrix are denoted by the occupied bins.

MIMO channel capacity — both ergodic and outage. Our devetoq is based on the virtual
channel representation [6] that provides an accurate aadgtazally tractable model for physical
MIMO channels induced by ULAS. A key property of the virtugilannel matrix is that it is a
unitarily equivalent representation of the actual chamnatrix and the virtual channel entries
are approximately independent since they reflect contabatfrom approximately disjoint sets
of propagation paths [6]. As a result, spatial correlatiothe antenna domain is captured by the
variationin the powers of the virtual coefficients. Furthermore, tbmthant DoF in the channel
are characterized by the dominant virtual channel coeffisie the non-vanishing coefficients
with sufficiently large power.

Our approach to modeling sparse channels is an alternatiggisting approaches for cap-
turing spatial correlation in the antenna domain. ConsaateN x N virtual channel matrix
corresponding taV transmit and receive antennas. For fixédour definition of sparsity implies
that the DoF in the channel) < N2, is as illustrated in Fig. 1; that is, not all &f* virtual chan-
nel coefficients are dominant. From a scaling perspectivedefinition of sparsity implies that
the DoF and the channel power scale at a sub-quadratic rété\yihat is,D ~ p. ~ O (N7),

v € (0,2]. In contrast to conventional rich scattering assumptisparsity affords a new degree
of freedom over which the capacity can be optimiztéae spatial distribution or configuration

of the D dominant DoF within the availabl&’? channel dimensionsee Fig. 1). From a capac-
ity scaling perspective, we address the following quest{diven a channel power (and DoF)

scaling lawp, ~ D ~ O (N7), v € (0, 2], what is the fastest achievable capacity scaling law,
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and what channel configuration achieveslitzhe context of fixed antenna systems, we address
the following question:Does channel capacity as a function ¥R depend on the channel
configuration, and if so, what channel configuration maxesizapacity at any give$iNR?

For the scaling question, we first show that no channel corgigun with channel power scal-
ing p.(V) can beat an ergodic capacity scaling(f,/p.(N)). We then address the question of
whether this fundamental limit is achievable. This goahisiitated by considering a structured
family of channels for any givefV corresponding to different canonical distributions in @i
the D non-vanishing virtual coefficients are factored/as= pq, wherep denotes the multi-
plexing gain (or the number of parallel channels) aratenotes the number of DoF per parallel
channel. We show that the capacity of all channels in thelfaimiaccurately approximated

by the following simple and intuitive formula reminiscerfttbe Shannon formula for AWGN

capacity:

C =~ plog(1+ pyp) =plog (1—|—p%) (1)
wherep,, denotes the receiveSNR per parallel channel for a uniform power inputhat is,
Pra 2 %"”Z] = pI% = p%. The above formula reveals a fundamental new tradeoff insgpa

channels between the multiplexing gaiand the receive@NR, p,.: increasingp comes at the
cost of decreasing,, andvice versa Optimization of this fundamental tradeoff governs the
optimal channel configuration from a capacity scaling vieimpas well as from the viewpoint
of maximizing capacity at any operating transi®NR for a fixed number of antennas. It is
worth noting that while existing works have obtained clefamin expressions for capacity only
in the low- or highSNR regimes, the above formula accurately approximates cgpawer the
entireSNR range.

We now present a simple example to illustrate our approadmaain results. Consider the
~ = 1 case such that. = D = N. Three canonical channel configurations from the strudture
family are illustrated in Fig. 2 for th&/ = 9 case. On one extreme is theamforming channel
for whichH,; is an/NV x 1 matrix with i.i.d. entriesp = 1, ¢ = N and the DoF are distributed to
maximizep,, = ,0% = pN. On the other extreme is tmaultiplexing channefor whichH,,,. is
anN x N diagonal matrix with i.i.d. diagonal entries:= N, ¢ = 1 and the DoF are distributed

to maximize the multiplexing gain with,, = p/N. In between the two extremes is tiieal

3As we will see, the uniform power input is optimal for the fayrof channels considered.
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Fig. 2. A schematic illustrating three canonical sparsenokeéconfigurations: (a) the beamforming, (b) the ideal,

and (c) the multiplexing channels.

channet for whichH,4 is av/N x /N matrix with i.i.d. entriesp = ¢ = v/N and the DoF are
distributed to sustain a stable rece8idR for all V; that is,p,, = p.

From a scaling perspective, the capacities of the threengtaiare given by
Cor ~ log(1+ pN) , Cia & VNlog(1 + p) and Ciuux = Nlog(1+p/N) = p. (2)

It is easy to check thaty; ~ o(Ciq) andCpux ~ 0(Ciq). In fact, as we show in this paper,
among all channels in the family, the ideal channel exhithits fastest capacity scaling and
also achieves the fundamental capacity scaling limit iigas of theSNR: g = O(V/N) ~
O(VD) ~ O(y/pc). We note that fory = 2 (p, = N?), the ideal channel reduces to thex N
i.i.d. channel (rich multipath) and achieves the well-kmogapacity scaling o®©(N) with a
maximum multiplexing gain ofV.

Fig. 3 shows the capacity of the three canonical channelganaiions as a function of trans-
mit SNR, p, for N = 25 andy = 1. The curves are based on (1). As evident, in the low
SNR regimeC; > Ciq > CLu Whereas in the higNR regimeCy; < Ciq < Chux. Thus,
while the beamforming and multiplexing channels exchamdesrand are optimal in the low-
and highSNR regimes, respectively, the ideal channel is a robust cheleese capacity is al-
ways between the two extremes. Furthermore, for e$éify, there exists an optimal channel
configuration (corresponding to an optimal valueppillustrated by the dotted curves) that op-
timizes the multiplexing gain-receivéfNR tradeoff and yields maximum capacity at tiS&R.

4Assume for simplicity that/N is an integer.
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Fig. 3. Capacity as a function of transrNR, p, for the three channel configurations f§r= 25 andy = 1. The

dotted curves correspond 16 equally spaced values afwherep = N* andq = % = % in (1). Also shown

is single-antenna AWGN capacity at the saprfer comparison.

The ideal channel maximizes capacity in the mediMR range. Surprisingly, for all practi-
cal purposes, the three canonical channel configuratioesmforming, ideal and multiplexing
— suffice to accurately approximate the optimal channel garditions over the entire transmit
SNR range, as evident from Fig. 3. The importance of SNR quantitieSpioy, prigh, Plow and
Pnigh, Shown in Fig. 3, will be addressed later in the sequel.

Building on the above results on ergodic capacity, we alsdysthe outage capacities of the
three channel configurations in closed-form and show timaitai trends hold true. In the low-
and the highbNR regimes, the beamforming and the multiplexing channelgatage-optimal.
When theSNR is high, the system is operating at a point where enhancmgelrability of sig-

nal reception can only marginally improve overall perfono@ and hence maximizing the rate
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of communication (multiplexing gain) is outage-optimalt the low-SNR extreme, reliability
of signal reception dominates and the beamforming chasnepiimal. In the mediun$NR
regime, however, the outage-optimal configuration depemnde desired level of operational
reliability (outage probability) and a rate-reliabilitsatieoff is observed. When a low level of
channel outage is acceptable, a channel configuration tha@nees,. is optimal whereas if
higher levels of channel outage are tolerable, then theiphering gain (rate) can be increased
up to the point where the targeted outage level is met.

We also present an interpretation of our results in the lagfhtecent connections between
mutual information and minimum mean-squared error (MMS&jneation [14], [15]. For all
channel configurations in the family, the recei&\R per parallel channe},,, equals th&NR
at the output of a linear MMSE receiver for the signal trartsgdifrom any transmit dimension.

Moreover, the mean-squared error (MSE) at the receivers identical for all channels and

1
1+P7‘a¢

to regularity of the family of channels consideréd hus the beamforming configuration (which

equals

. The invariance of these quantities across the differamisinit dimensions is due

maximizes,,) trades off the number of data-streams for the MSE of theviddal data streams.
The multiplexing configuration corresponds to the otherezxe in this tradeoff while the ideal
configuration leads to a robust choice in thage-distortiontradeoff between the number of
data-streams and the MSE of the individual data-streams.

Finally, while in this paper we only deal with “thought expeents” where the impact of
different channel configurations on capacity is studiedpai@t out that all channel configura-
tions in the family can be realized in practice by systenadlifadapting the antenna spacings at
the transmitter and the receiver to the level of sparsitytheperating transmgNR [12]. In
particular, when the paths are randomly distributed overaithgular spreads, the multiplexing
channel corresponds to maximum antenna spacings at boshteéeddeal channel corresponds
to medium spacings at both ends, and the beamforming cheamék realized by closely spaced
antennas at the transmitter and maximally spaced antehtiasr@ceiver [12]. This connection
with reconfigurable antenna arrays is beyond the scopeop#tper and the readers are referred
to [12] for detalils.

°Let H be anN,. x N, random matrix with independent entries and let the variaidd (m,n) be given by® (m,n). A

Ny
m=1

channel is called column-regular{}_ ¥ (m,n)} is independent of, row-regular if the above condition is true fEBE”,

and regular if it is both row- and column-regular [16].
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Connections to Related Works:Many recent works point to the optimality of adaptive array
configurations in [12] proposed in achieving the fundamidirtats characterized in this paper.
Particular among these works are [17] and [18]. It is showflL#] that in the IowSNR set-
ting, adapting the antenna spacings to excite only one @ a@igenmode is optimal while in
the highSNR regime, adapting the arrays to excite all the channel eigelesis optimal from a
capacity perspective. The same authors conjecture thatithber of eigenmodes excited by the
optimal array configuration is a monotonic functionSR and leave the achievability of such
an optimal scaling law as an open problem. We note that thenfeeming and multiplexing
configurations are the precise characterization of the &vd the highSNR solutions of [17].
The ideal MIMO channel concept we develop resolves the ctunje posed in [17] for the in-
termediatéSNR’s. Furthermore, our work differs from [17] on two main cosini) we provide

a physically motivated, systematic and constructive neikapy for characterizing the optimal
channel configurations as a function$R, and 2) we employ fundamentally different tech-
niques, based on random matrix theory, to study the impagttarinel configurations (which are
realizable with reconfigurable arrays) on capacity.

Studies on error exponents for correlated channels in k&SR regime [18] also indicate
that closely spaced antennas, corresponding to the beamfpconfiguration, are optimal from
a reliability viewpoint. Furthermore, the notion of chahsparsity can be extended to time-
varying and wideband channels as well [19], [20], [13]. Imtjgallar, a fundamental tradeoff
between channel learnability and achievable diversitgp®rted in [20] for time-varying, wide-
band multipath channels from an error exponent (relighiitewpoint.

Organization: Section Il introduces the sparse channel modeling framewand the precise
problem formulation is stated in Section Ill. Section IV cheterizes a fundamental limit on ca-
pacity scaling in sparse channels and characterizes ta)ichannel configuration that achieves
this limit. In Section V, we study capacity as a function @frtsmitSNR for different channel
configurations and characterize the optimal configurati@ng operatingNR. Section VI dis-
cusses relations to other recent works. Concluding remamkisdirections for future research
are discussed in Section VII.

Notation: We use upper- and lower-case symbols to denote matricesemmaors respectively.

X(m, n) denotes the entry in the-th row andnr-th column ofX. We will use the simpler nota-
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tion X (m) for them-th diagonal entry oK. X” andX* denote the regular and the Hermitian
transpose oK while its trace and determinant are denotedibyX) anddet(X), respectively.
The upper-cask|-] stands for the expectation operator &hd-) stands for the probability of an
event.CA (11, 0?) denotes the complex normal distribution with meaand variancer®>. The
symbols), p and N are in general used for eigenvalu8slR and antenna dimensions, respec-
tively while the subscriptsrg andout stand for ergodic and outage, respectivdlgtands for

the identity matrix and we also use the standard big2pgnd little-o @) notations.

1. MIMO CHANNEL MODELING FOR SPARSE MULTIPATH

We consider a single-user narrowband MIMO communicati@tesy equipped with ULA'S
of N antennas at the transmitter and the receiver. Yhdimensional received signgland the

N-dimensional transmitted signalare related by
y=Hx+n (3)

wheren € CN/(0,1) is the additive white Gaussian noise (AWGN) dfds the channel matrix
coupling the transmit and the receive antennas. The tramswier is denoted by = E[||x||?]
which also denotes the total transrBNR. Initial studies on multi-antenna systems use the so-
calledi.i.d. modelwhere the entries dil are assumed to be i.i.d. Gaussian random variables [2],
[1]. However, these models are not suitable for applicatishere large antenna spacings or
a rich scattering environment are not possible. Furtheemphysical arguments and recent
experimental results indicate that rich multipath is anegtion in practice rather than the norm.
We next provide a brief review of physical and virtual chdrmedeling, and related modeling

approaches, to motivate and develop a model for sparsepatiitchannels.

A. Physical and Virtual Channel Modeling

A physical multipath MIMO channel can be accurately modeled

L(N)

H = Z Nﬁg aT(HM)af(@t,g) (4)
=1

where the transmitter and receiver arrays are coupledghrb(V') propagation paths with com-

plex path gaing 5.}, Angles of Departure (AoD}é; ,} and Angles of Arrival (AoA){6, ,}. In
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(4), a.(0,) anda,(6;) denote the receiver response and transmitter steeringrseot receiv-

ing/transmitting in the normalized directigyd, anda,.(6,) is defined as

(1, e792m0r L. md2n(N=1)0)T (5)

1
a,(0,) = N
anda,(6,) is defined similarly. The /+/N factor in the definition of the steering/response vec-
tors ensures that they are of unit norm, and the fadtaon (4) accounts for this normalization.
The angled is related to the physical angle (in the plane of the arrays) [—=/2,7/2] as
0 = dsin(¢)/\ whered is the antenna spacing andis the wavelength of propagation. We
considerd = \/2 antenna spacing for whicghe [—1/2,1/2] and we assume that the paths are
distributed over the entire angular spread. Finally, weliagsthat over the time-scales of inter-
est, the location of the scattering paths (AoAs and AoDé&jains fixed and the only source
of randomness in the channel is due to the complex path dair}s in particular due to their
random phases. Furthermore, the path gains are assumedtatisgcally independent due to
the independence between their random phases.

While the physical model accurately captures the scagemvironments, it is rather difficult
and cumbersome for capacity analysis due to the non-liregsgrtience dfl on the propagation
parameters in (4). Instead, we resort to the virtual charegesentation [6], [4] that charac-
terizes a physical channel via the coupling between spagiams in fixed virtual transmit and

receive directions in the far-field. The virtual represéntaof H is given by

H=> > H,(m,n)a(0,m)a (0, = AHA[ (6)

m=1 n=1

where{é,n,m = %} and{ém = %} are fixed virtual receive and transmit angles that uniformly
sample the uni@ period and result in unitary discrete Fourier matrigesand A, in (6). Thus,

H andH, are unitarily equivalentt, = AHA,. The virtual representation is linear and is
characterized by the matri{,.

A key property of the virtual representation is that it inds@ partitioning of propagation
paths [6], [4]: eactH,(m,n) is associated with a set of physical paths — paths whose AoD’s
and AoAss lie within the intersection of the-th transmit beam and:-th receive beam — and is
approximately equal to the sum of the gains of the correspgnplaths. Thus, distinct virtual

channel coefficients correspond to approximately disjsutisets of paths and as a result the
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virtual channel coefficients are approximately indepehdere to the statistical independence
between the complex path gains. For simplicity, we will @ssuhat the virtual channel coef-
ficients are statistically independent zero-mean Gaussaiatiom variables (Rayleigh fading).
This assumption has been validated with experimental measant results [7], [21].

The virtual representation applies to ULA's at the transeniand the receiver. The concept of
the virtual representation can be extended to more geneegl geometries if [22], [21]: i) the
auto- and cross-correlation matrices of the columrd share the same set of eigenvectors, and
i) the auto- and cross-correlation matrices of the rowklaghare the same set of eigenvectors.
Under these assumptions, it is shown in [22], [21] tHaidmits the following canonical decom-
position analogous to the virtual representatibih= U, H,,4 U, whereU, andU, are unitary
matrices defined by the eigenvectors of the receive andniagsvariance matriced(HH”|
andE[H"H)), respectively, an#;,4 is a random matrix with statistically independent entries.
U,, U; andH;,q serve the roles oA, A; andH,, in the virtual representation, respectively.

Another commonly used model for correlated MIMO channelthés separable correlation
model, also known as the “Kronecker product” model (see, €34), whereH is defined as
in the relationshif = U, D}? H;,q D;/* U with Hyq, the i.i.d. matrix andD, andD,, the
diagonal matrices consisting of the eigenvalues of theive@nd transmit covariance matrices,
respectively. The Kronecker model is a special case of thergaal model (and the virtual
representation when ULAs are used): it models the chanaséd on the marginal (transmit
and receive) statistics, whereas the canonical and vinaglels characterize the channel based
on joint transmit-receive statistics. As a result, the Kadker model is generally inadequate in
accurately capturing channel statistics and leads to ®iasgredicting performance metrics in
realistic scattering environments (see, e.g., [23], [R4], [21].)

While the mathematical development in the rest of the papaldcbe interpreted in terms
of the canonical model, we will focus on the virtual repréaéinn due to the intuitive phys-
ical interpretation associated with it (e.g., the spatigeefunctions are beams in the virtual

directions).

B. Channel Statistics and Degrees of Freedom

The statistics of are characterized by the virtual channel power malrix ¥ (m, n) =

E[/H,(m,n)|?] sinceH,(m, n) are statistically independent. The matricksand A, consti-
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tute the matrices of eigenvectors for the transmit and veasovariance matrices, respectively:
EHYH] = A;,A; A andE[HH"] = A, A, A% whereA; = E[H”H,] andA, = E[H,H”]
are the diagonal matrices of transmit and receive eigeagdltorrelation matrices in the virtual
domain). We can interpral as the joint distribution of channel power as a function ahs-
mit and receive virtual anglesA; and A,. serve as the corresponding marginal distributions:
Ar(m) =5 ¥(m,n)andA,(n) = > ¥(m,n).

We next introduce the notion of degrees of freedom (DoF) @NhMO channel to motivate
and develop a model for sparse multipath channels.

Definition 1: Independent DoF and Channel PowerLet H, H, and ¥ denote the channel
matrix, its virtual channel matrix and the virtual channelyer matrix, respectively. We define
D, the number of independent DoF afforded Hyas the number of entries H, with non-

vanishing power
D = |{(m,n) : ¥(m,n)>0}. (7)

We also define thehannel powerp,.., as

N N
pe = E[Tr(HH")] =E [Tr (HH])] =Y > ¥(m.n)=> NE[B[ (8)

m=1n=1

where the last equality corresponds to the physical model Pue to the path partitioning
property of the virtual representation, the DoF reflect thember ofresolvablesets of paths that
contribute to channel power. |
We note that in practice, the thresholdin (7) could be replaced by an appropriate pseudo-
noise levek > 0, wherein channel entries with variances larger thaontribute significantly
to channel power and hence channel capacity. Furthernigré) is in general an increasing
function of V in (4) and (8) since for a fixed antenna spacing)\ascreases, the number of
physical paths captured by the arrays increases due ta largey apertures. The following
lemma relates channel power scaling with the scaling @nd L(V).

Lemma 1:Assume that the non-vanishing entrieslitrn, n) and N2E|3,|?, which represent
the contribution to channel power of resolvable sets ofgatid physical paths, respectively, are
O(1). Then, the number of independent DdWK,V), and the number of physical patig,V),
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scale with antenna dimensions at the same rate as the chpsowe:

pe(N) ~ D(N) ~ L(N). (©)

Proof: From (8) and th&)(1) assumption above, it follows that

{LIV), DN} - 0(1) < p(N) < {L(N), D)} - 0(1). (10)

|

Remark 1:We note that the assumption 8f°E|3,|> ~ O(1) is a technical one related to
the fact that the physical scatterers in (4) are modeled i pratterers. In practice, scattering
objects have a finite dimension and as the array apertureagses (withiV), the spatial resolution
of the arrays increases in direct proportionNo(the beamwidths decrease B5V), and as a
result the effective power contribution from each scatt@gs,|* decreases as/N? which is
compensated by tha? transmit-receive array gain, resulting ¥WE|3,]> ~ O(1). A more
detailed discussion of this assumption is beyond the scbiigsgpaper. Our main interest is in
the scaling of the DoH), with N.

C. Sparse Channel Modeling

The implicit assumption that is prevalent in all existingri® on channel capacity is that
pe(N) ~ O(N?). This assumption is a legacy of the i.i.d. model used inahitesults. A
key motivation for sparse channel modeling is that this ewgion is unrealistic in practice,
both from a capacity scaling perspective (based on powesergation arguments) and from
the perspective of finite dimensional systems (based orriemeetal measurement studies). We
elaborate on this next.

From a capacity scaling viewpoint, if. ~ O(N?), then for any signaling scheme that is
efficient and does not waste power over the weakest spati@rdiions, the received signal
power, Tr (E [yy”]), increases linearly withV' even though the transmit power is fixed. In

particular, the received power with an i.i.d. input thatieesall dimensions satisfies

—

a

Tr(E[yyH]) > Tr(E [HXXHHH]>

=

= Tr(QE [H"H])

A
Ve

o200~ o) (12)
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where (a) follows from ignoring the noise contributignis the transmit power, and (b) follows
from using an i.i.d. inp§tx and the channel power normalization ©f N2). While this lin-
ear scaling of received power (with antenna dimensionsaffixed transmit powep may be
reasonable for small antenna dimensigiitscannot be justified with increasing number of an-
tennas since this would violate the power conservatiorcjpie: total average received power
cannot exceed the total average transmit power. As a coesegufor sufficiently largeV,
pe(N) < O(N?) and henceéD(N) < N? in view of Lemma 1.

From the viewpoint of capacity of fixed dimension systemsasueement campaigns and
statistical characterizations of typical propagationiemments, even for relatively smal ~
8, show that the DoF in the channel tend to be fewer than thermaxiallowableV? degrees of
freedom; see, e.g., [7], [8], [9], [10]. Incidentally, tho®servation, coupled with the prevalent
power normalization op. ~ O(N?), leads to the misleading conclusion that “a correlated
channel has higher capacity than an i.i.d. channel at seitigilow SNR” that has been reported
in some recent works [25], [26], [27]. In effect, the chanpelver is distributed in fewer DoF
in a correlated channel than th& DoF in an i.i.d. setting, resulting in a higher power per DoF
in correlated channels which results in higher capacitpwtINR'’s [22].

In view of the above observations, we abstract the notiompafse multipath channels in the
following definition.

Definition 2: Sparse Virtual Channels. For a given fixedV, an N x N virtual channel
matrix H, is sparse if it containd < N? non-vanishing coefficients (DoF) corresponding
to resolvable sets of paths. For simplicity, we assume thah @on-vanishing coefficient is
CN(0,1) reflecting the power contributed by tharesolvablgaths associated with it. From a
scaling perspective, the DoF and the channel power in asphennel scale at a sub-quadratic
rate with NV:

D(N) ~ pe(N) ~ O (N7) , 5 € (0,2] (12)

|
Sparse virtual channel matrices provide a model for spatiaklation inH: in general, the
sparser théd, in the virtual domain, the higher the correlation in the ante domainH. In

51t can be shown rigorously that for a channel with{ N) = O(N?), the i.i.d. input that excites all dimensions is efficient

from a capacity scaling perspective [5].
"For small antenna dimensions, the array gain compensatésefo/r loss in power due to propagation.
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(12), smaller values of reflect sparse channels, whereas 2 corresponds to a rich scattering
environment and yields the i.i.d. channel model. We alse tiwdit even though the assumption
that all the non-vanishing virtual channel entries haveituamiance is simplistic, it does capture
the underlying trends in capacity scaling with and also in capacity as a function SRR.
We expect the results and conclusions of this paper to had éwe assumed that the non-
vanishing virtual coefficients satisty< ¥(m,n) < K < oco. The important quantity from the
viewpoint of sparsity is the number of DoB, relative toN?. Moreover, as will see, the-1
variance model in the definition of sparse channels is inRigand greatly facilitates closed-
form capacity analysis.

Definition 3: Mask matrices. It is convenient to model a spargé x N matrix H, with
D < N? DoF as

H,=HjoM (13)

where® denotes elementwise produii;; is an i.i.d. matrix ofC (0, 1) entries, andM is a
mask matrix withD unit entries and zeros elsewhere. It follows that the virthannel power
matrix ¥ = M and the entries o\, and A, represent the number of non-zero elements in the

rows and columns d¥, respectively. |

[[l. PROBLEM FORMULATION

Sparse multipath channels afford a fundamental new dedreeesiom that is not available
in rich channels: the spatial distribution or configuratafithe D < N? DoF in the available
N? transmit-receive dimensions in thé x N virtual channel matrix. While the different chan-
nel configurations can be created in practice with recordigierantenna arrays (see [12] and
Section VI), the focus of this paper is to study the impactitiecent channel configurations on
capacity. We assume perfect knowledgdbét the receiver (coherent setting) while the trans-
mitter only knows the channel statistigs¥(m, n)}, from which the channel DoH), can be
determined. Specifically, we study the impact of channefigaration from two perspectives:
1) capacity scaling as a function of antenna dimensivnsnd 2) capacity optimization as a
function of transmiSNR for a fixed V.

For fading channels, capacity is a random variable thatriégen the channel realizatidi

and to stress this aspect we denote it here&lold). We now briefly review the two common
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capacity metrics used in the literature: ergodic and outageacities.

A. Capacity Metrics
A.1 Coherent Capacity

Ergodic capacity is the mean of the capacity random variahkre the expectation operation
is over the statistics dfl. The ergodic capacity,...(V, p), of a MIMO channel at a transmit
SNR of p is given by [1], [2]

N _ H
Cag(N,p) = Ex[C(H)] = Q:%nr({%ng [log, det(I + HQH')]

= max E[log,det(I+AHAYQAHIAY
Q: Q) <p [g2 ( P QA )]

= max  E [log, det(I + H,Q, H” 14
Qu:Tr(Qu) <p [logy det( Q )] (14)

whereQ = E [xxH ] is the transmit covariance matrix which is trace-consgdiby p, and
Q. = AZQA, is the covariance matrix in the virtual domain.

When channel statistics are available at the transmittesrshown in [25], [22] that capacity
is achieved by a diagon@), in the virtual domain; that is, independent signaling oviiecent
virtual beam directions is optimal from a capacity viewgoihen the channel is regular (see
Footnote 5) or when no information is available at the trattem uniform-power inputQ, =
%1, is optimal [16]. For general, non-regular correlated ctes, full-rank uniform-power
Q. is optimal at highSNR'’s, whereas a rank-(beamforming) input is optimal at lo&NR'’s
(the power is focused on the column Hi, with the largest power). Ag is increased from
low- to highSNR’s, the rank of the optimaf), increases froni to V. Note that at low- and
mediumSNR’s, the optimal input excites a subset of the transmit dinmrssand hence couples
only a fraction of the channel power to the receiver. This lmschannel power is significant
at low-SNR’s. Capacity optimization as a function 6AIR studied in this paper, in which the
configuration of theD DoF is also considered, is aimed at avoiding this channelepdoss at

lower SNR’s.

A.2 Outage Capacity

The insufficiency of the ergodic capacity as the sole meastutiee information rate that a

MIMO channel can support has also been well-documented [28] The notion of outage
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capacity was introduced in [28] to characterize the infdramarate that a MIMO channel can
support with a certain guaranteed probability. Specifjcdlie outage capacity.,.. ,(XV, p) at

an outage ofy % is defined as

Coua(N.p) £ sup (R)  st. Pr(logydet [+ HQH"] < R) < 1o (15)
R>0

The outage capacity is the maximum rate of communicatiarigttauaranteed for at leagto0 —
q)% of the channel realizations.

While the outage capacity depends on the distributiof'@), Gaussian approximations of
C'(H) have been shown to be close to the true values in the contektiothannels [29], semi-
correlated channels [30], [31], [32], and spatially uncorrelated, temporally correlated wide-
band channels [33]. The weak convergence of the capacitiorarvariable to a Gaussian (in
the limit of antenna dimensions) is mathematically prowadtfie i.i.d. channel in [34] and [35],
and under very general assumptionstbimn [36]. Furthermore, numerical and theoretical stud-
ies show that the rate of convergence to the asymptoticdiraibn the order of the inverse of
antenna dimensions, see e.g., [36]. Thus analysis of outgggrity reduces to computing the
mean and the variance of the capacity random variable.

Given the mean and variance 6fH) (Ce...(N, p) anda?(N, p), respectively), the outage
capacity is given by [34]

C1out,q(]\/vv p) = Cerg(N> p) —l‘qO'(N, p) +0(1) (16)

wherez, is the unique solution of

erfc(xq/\/ﬁ) =2 (17)

with erfc(-) denoting the complementary error function. Closed-forsults forC.,, (N, p) are
known in many cases while the corresponding resultgtoV, p) (and hence’,,; (N, p)) are

relatively rare.

B. Problem Formulation

Since the channel capacity can be equivalently cast in tliealidomain (due to unitary

equivalence; see (14)), when there is no confusion, we wé@Hl andQ to represent the virtual

8A semi-correlated channel is a channel with a separableletion model where either the transmitter or the receiser i
uncorrelated.
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counterpartsH, andQ,, in the rest of the paper. As mentioned earlier, we are istecein
studying the impact of different sparse channel configanstion capacity. Thus, for ergodic
capacity, we want to solve the following optimization prexol
Cot.era(N,p,D) = max max Eg [log,det (I+HQHY 18
pt, g( p ) HD) @ reh < p H[ g2 ( Q )] (18)
whereH(D) is the set of all sparse virtual channel matrices with< N? DoF, as defined in

Definitions 2 and 3,
H(D)={H:H=H;,©M,Tt(M"M) = D}. (19)

We address the following two fundamental questions in thsap.
1. Given a channel power (and DoF) scaling lgw ~ D ~ O(N"),~ € (0,2], what is
the fastest achievable capacity scaling law? Furthermagich sparse channel configuration
achieves the fastest capacity scaling?
We show that for any fixed, Cop,erg (N, p, D) cannot scale faster than(,/p.) = O(v/D). We
alsoexplicitly characterize the mask matiM corresponding to the channel configuration that
achieves this scaling law. We call this configuratiba ideal MIMO channelThe ideal channel
corresponds to an optimal distribution of the channel Dothénsignal-space dimensions from
a capacity scaling perspective.
2. For a given fixedV, does the capacity at any operati6R depend on the channel configu-
ration? If so, what channel configuration maximizes capeaitany given operatingNR?
For a given fixedN, we provide explicit constructions d¥1 as a function of the operating
transmitSNR, p, that characterize the channel configurations that maxiwapacity at the cor-
respondingp. We also show that for all practical purposes, three chaomedigurations suf-
fice to maximize capacity over the entis®lR range. We call these three configuratidhe
beamforming channgthe ideal channehndthe multiplexing channglespectively. The ideal
configuration in this setting is the same configuration tsatptimal from a capacity scaling
perspective.

Note that the capacity formulation in (18) is fundamentdifferent from the conventional
formulation (14) where the optimization is only over the uhgovariance matriXQ. Further-

more, while closed-form expressions for capacity have bebn obtained in the limit of low- or
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high-SNR’s in the conventional formulation, this new formulatioradtes closed-form capacity

characterization at aiNR’s.

C. A Structured Family of Channels

To address the above two questions, we introduce a stractanaily of mask matriceV
(and correspondingl’s via Definition 3) that characterize systematically vagyconfigurations
of the D < N? DoF in the availableV? transmit-receive dimensions in the virtual channel
matrix H. For any givenD and N, the family is defined by two parametens §) such that
D = pq. The D DoF are configured to generate a channel matrix that can supparallel
channels and = D/p DoF per parallel channel. As we will show, the ergodic catpesiof all

channels in the family admit the following simple and initeetexpression

Cerg(N,p) =~ plog <1+p%)
= plog(l—l—pm) (20)

where the receivefiINR per parallel channel,, is defined af“'HT"W = p}% = p%.

Definition 4: A family of mask matrices. Consider anV x N mask matrixM with D = pq
non-zero entries distributed overcolumns and; non-zero entries in each column such that
1 <p< Nandl <qg< N. Letr =max (p,q). The non-vanishing entries &ff are contained

inar x p sub-matrix whose non-zero entries are given by
M((n+m) modrn) = 1, 1<n<p, ¢ <m<gqy (21)

whereq_ = [—(¢ — 1)/2] andq. = [(¢ — 1)/2]. u
Note that ifg > p, the non-vanishing part &¥1 is aq x p matrix of ones (the corresponding part
of His ag x p i.i.d. matrix), whereas if < p, the non-vanishing part &1 is ap x p matrix with
essentially; non-vanishing diagonalsThus, the corresponding channel matriekdefined via
(13) are regular (see Footnote 5), wittmk(H) = min (r, p) = p for which the uniform-power
input over thep parallel channels is the optimal transmission scheme [16].

The family of channels is illustrated in Fig. 4. The feasitdage forp depends on the value
of D relative toN? as formalized in the following parametric definitions for p andyg.

°In the terminology of [4]M is ag-connectech-dimensional maitrix.
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Fig. 4. A schematic illustrating the family of channels: 4ag [0, 1] and (b)y € [1, 2]

Definition 5: Parameterization of D, p, and q. Let D = p. = N7, vy € (0,2]; p = §,N*,
5, =0(1),a €0,1];andg = +

5 N7~ in Definition 4. For a giveny, the feasible range far is

Qmin

max (7 — 1,0) < a < min (7, 1) £ amax. u
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Note that for0 < v < 1, apm = 0 @andag.x = 7. Forl <~ < 2, appm =7—12>0
anda,,., = 1. We next identify three distinct regimes fpiwhich correspond to three distinct
canonical channel configurations and result in distincacap behaviors, both from a scaling
perspective and also as a functiortoiR.

Beamforming regime (Hys): o € [oin, 3) <= p = 0 (¢) andp,, — co asN — o.

Ideal regime (Hiq): a = J <= p = O (q). Definex, = limy £ = é = O(1). In this regime,
Prz — Kop @SN — 00.

Multiplexing regime (Hyu): @ € (1, amax] <= ¢ = o (p) andp,, — 0 asN — oo.

The channels in the family morph from the beamforming regim#he multiplexing regime
through the ideal regime asis increased frompin (Qmin) 10 Pmax ((max) throughpiq (asq),
as illustrated in Fig. 4. Three canonical channel configomat one from each regime, cor-
responding tax = amin,% and a,,.x, Will be referred to asbeamforming ideal and multi-
plexingchannels and will be denoted B¢, H;q andH,,.,, respectively. We note that when
v = 2, amin = Omax = 1, all channel configurations essentially reducdtg = H;;q in which
p = ¢ = N and the resulting channel is the familidr x N i.i.d. channel. In the rest of the
paper, we will assume thatandq are integers for any feasible valuejof This is because, as
shown in Appendix I, non-integer values @f, ¢) for any givena andJ, can be realized as a
linear combination of four integer configurationsp|, [¢]), (|»], [¢]), ([p], l¢]), ([p], [q])-
The desired channel configuration with non-integ@er;) can be realized by appropriately time-

sharing between the four integer, ¢) configurations.

IV. CAPACITY SCALING AS A FUNCTION OF ANTENNA DIMENSIONS

In this section we study the asymptotic behavior of ergodit @utage capacity as a function
of the number of antennas for the family of sparse channéisdaced in Sec. 1lI-C. We first
obtain a fundamental limit on ergodic capacity scaling flay given scaling of channel power
or DoF. We then show that the asymptotic ergodic capacityl ahannels in the family admits
a simple closed-form approximation. In particular, theaidehannel configuration achieves the
limit on ergodic capacity scaling and thus yields the fastealing for any power or DoF scaling.
We then demonstrate the asymptotic accuracy of the appeat&iformula and also analyze the

asymptotic outage capacity behavior of the different ckehnanfigurations.
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A. Ergodic Capacity
A.1 Fundamental Limit on Capacity Scaling

We first compute a fundamental limit on capacity scaling fosirse channels with a given
channel power or DoF scaling.

Theorem 1:Let H (D) denote the family of sparse virtual channel matrices viitoF de-
fined in (19). ThenCopu, ers(V, p, D) defined in (18) admits the following upperbound for any
transmitSNR p

COPt7erg(N7 p7D> S O(\/E) = O(\/p_> (22)

In particular, withp. ~ D ~ O(N"), the capacity cannot scale faster i@V z).
Proof: See Appendix Il. |

The importance of the above theorem is that no matter howptiiged DoF are distributed, the
capacity of a sparse channel cannot excf@e(d/ﬁ) =0 (\/pc) = O (N?), thus providing a
benchmark to compare the capacities of different chanmélguarations in the family. In [5], we
show that if the channel power scalesgas~ O(N7), then uniform power transmission leads
to a mutual information scaling @ (/N"~'). Note thaty — 1 is strictly smaller thar} if v < 2.
Thus it is of interest to study if the fundamental limit in T@riem 1 is indeed achievable. This is

discussed next.

A.2 Capacity Analysis of Different Channel Configurations

We now analyze the capacity of the family of channels intoedliin Section IlI-C. The
proofs of the results have been relegated to Appendix Il sWav that, remarkably, the ergodic

capacity of all channels in the family admits the followingnple approximation

Cerg(N) = plog (1 + pry) = plog (1 + p%) £ Coppx(N) - (23)

In the above formula, capacity is controlled by the numbepafallel channelp = §,N*
(multiplexing gain) and the receivédNR per parallel channel,, = p% = p}%. Hy; (o = amin)
andH,,.. (o = an.y) represent two extremes in which the DoF are distributediplreasize
pre @andp, respectively, at the expense of the other quankfy, (o« = a;q) represents an ideal

distribution in whichp,, is kept constant. Increasingfrom au,, t0 aiq = 3 convertsH, to
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H4 (p increases while,., decreases) while decreasiangrom a,,, t0 azq = % convertsH, .«
to Hiq (p decreases ang.. increases).

The goal of this sub-section is to establish the validityro$ tasymptotic approximation to
ergodic capacity. However, before we do that, we note thatatbove approximate capacity
expression implies that the ideal configuration with= ¢ = O (\/p.) = O <\/5) achieves
the fastest capacity scaling identified in Theorem 1; that'is, ia(N) ~ v/ Dlog(1 + pro) =
O(v/'D). Furthermore, it is easy to see that sipce o(q) in the beamforming regime angd=
o(p) in the multiplexing regime, we hav€e,s bt = 0 (Cerg,id) ANACerg, mux = 0 (Cerg,ia). That
is, the capacity of the ideal channel configuration domm#te capacity of the beamforming or

multiplexing configurations and achieves the fastestsgdimit in Theorem 1.

T T T T T T T T]

— - Beamforming
'| — Ideal

|| — = Multiplexing
| - AWGN

10" |

CorgsN)

10

Number of antennas N

Fig. 5. The capacities of the beamforming, ideal, and mielipg channel configurations as a function/éffor
three different values gf: 0, 5, and 15 dB. The plots are based on the approximate estpne@3) and the
single-antenna AWGN capacity is also plotted for compariso
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The optimality of the ideal channel configuration from a Baaperspective is illustrated in
Fig. 5forD = N7, v = 1. We useCy,px (V) in (23) to plotCeg e (N) (p = 1; ¢ = auin = 0),
Cogid(N) 0 = VN; @ = aiq = 0.5) and Cory mux(N) @ = N; @ = uax = 1) On
a log-log scale as a function d¥ for threeSNR's: p = 0,5 and 15 dB. The capacity of
the single-antenna AWGN channel at the correspon@iNg’s is also plotted for compari-
son. As evident, at lovBNR, the beamforming channel initially dominates for small—
Cerg, mux(IV, p) < Cergia(IN, p) < Cergne(N, p) — but the ideal channel eventually dominates
as N gets large. On the other hand, at higNR, the multiplexing channel initially dominates
— Cerg, bt (IV, p) < Corg,id(N, p) < Cerg, mux(N, p) — but the ideal channel eventually dominates
as N gets large. In Section V, we will explore this observatiorttier when we analyze the
capacity of the different configurations as a functiors R for a finite V.

We now demonstrate the accuracy of the approximate capagtgssion in (23) for the three
regimes in the family of channels. We start with the beamfogmnegime.

Theorem 2:Let H be ag x p channel in the beamforming regime+ o (¢)) with D = pq and
ko = L. Definet = 2V and the normalized capacihorm, vr( V) = Szt if 4 € (0, 1],

1+p kKo Cappx(N)
in the asymptotics ofV, the ergodic capacit@e,, 1e(XN) is given by

Cer& bf<N> = plog, (1 + pHO) = Capr(N>- (24)

However, ify € (1, 2), the asymptotic ergodic capacity is given by

14+ 1 —4¢2
Cerg,bf(N) = plog, (1 + PFGO) + plog, (#)
| |
I ogy(e)p ' <1 _ m) _ 0g2<€)p’ (25)
4¢2 2
Onorm, bf(N) = 1+ AObf(N)
where the correction term satisfies
1 1 1 1
ACw(N) ~ — . (1 — 1] 1 — — —
[ACw(N) logy (1 + pro) <Og2(€)2ﬁo e, < Ko “3))
1
= 0 —0. 26
<'f0 log, (11 pm))) (26)

Among all channels in the beamforming regime, the smallakte/for the correction term is

achieved by the beamforming channel that uses «,,;,. However,xq — oo asN — oo
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for every channel in this regime and hence the correctian t&€';(N) — 0 for all p. Thus,
Cappx (V) is @ very good asymptotic approximation of the exact capaatitall SNR's. For a
fixed N, note thatAC¢ (V) takes the largest value in the Id®NR regime.

The capacity in the ideal regime is characterized next.

Theorem 3:Let H;y be ag x p ideal channelf = O(q)) and letx, = % If ko > 1, thenin
the limit of IV, the capacity oH,, is given by

1 h
: (10g2 (14 p—ph)+ o log, (1 — ph + prg) — logy(e) ;0)

1 1\’
1+H0+;—\/<1+H0+;) _4/10 . (27)

However, ifkg < 1, we have

Cerg,ia(IV) . <loge (1 + 2pko + /1 +4ﬂﬁo) n V1+4prg — (1 +20/10)) @8

log, (€) 2 2pko

CYerg, id(N) =

L

>
I
|

We now investigate the closeness(f, iq(V) to C,,px (V) as a function obNR.

Proposition 1: Define the normalized capacCitynorm,ia(N) = Cg;i:xd(%) = 1+ ACy(N)
where ACiy(N) is the correction term. Them\C;q(NN) can be well-approximated in the low-

and the highBNR extremes as

(
So(1+ ky), kKo>1
as p— 0 by 2 P( 0) 0
5p/€07 Ko S 1.
|ACi(N)| =~ tog (221
“u Ko > 1
as p— o0 by log(p)
1
\ log(pro)’ ko < 1
Proof: See Appendix Ill. |

It is easy to see that in eith8NR extreme, the correction terms vanish aig. (V) is accu-
rate. While characterizing the accuracy(@f,,(/V) in the mediumSNR regime seems harder,
numerical results (see the ensuing discussion) show(that (V) provides a reasonably good
fit to the exact capacity value at 8INRs.

The capacity of channels in the multiplexing regime is cbimazed next.

Theorem 4:Let H be a channel in the multiplexing reginie¢ = o(p)). In the asymptotics of

August 20, 2006 DRAFT



27

N, the ergodic capacit{e;, mux (V) is given by

Cerg,mux(N) 1+\/1+4p:‘10 \/1+4p,‘io—1
— o = 2plog, -p (29)
log,(e) 2 V1+4dpro+1

The correction term to the normalized capachy',,,. (V) satisfie§ AC.« (V)| = 2% where
/{0:%—>OaSN—>oo. [ |
Among all the channels in the multiplexing regime, the sesllvalue for the correction term
is achieved by the channel with the largedtv = a,,..). However, in the asymptotics df,
o (and hence the correction term) vanishes for every chanrtéis regime. ThusC,,px (V)

is a very good asymptotic approximation of the exact capautiiall SNRs. In contrast to the
beamforming channel, whel is fixed, the correction term is largest at higNR.

In Fig. 6, we consider a sparse channel with= N (v = 1) and plot the capacities of the
beamforming f = 1), ideal p = +/N) and multiplexing f = N) configurations as a func-
tion of N for three values ofp: 0,5 and15 dB. Three curves are plotted in each figure: the
Monte Carlo estimates of capacity, the random matrix théBMT)-based expressions proved
in Theorems2 - 4 and the approximate capacity express@p,.(N). Fig. 6 illustrates the
closeness of the RMT-based expressions to those obtaimedMionte Carlo averaging for all
the three channels. On the other hand, the plot also showsha@pproximate capacity ex-
pressions are reasonably accurate a$ldRs for all the configurations. However, the mismatch
between’,,,« (V) and the exact expressions is largest at low-, medium- arfd3NdR’s for the
beamforming, ideal and multiplexing configurations, respely, consistent with our theoretical
results above. Furthermore, consistent with our thea@letgsults, the mismatch between exact
and approximate capacity expressions vanishes in thedirtatge NV for both the beamforming
and multiplexing channels; the mismatch vanishes for tealidhannel only in the limit of low-
or highSNR. Finally, observe that whil€’,,.« (V) typically overestimates the Monte Carlo ca-
pacity for all channel configurations aB#iiRs, the asymptotic exact expressions underestimate
the Monte Carlo capacity, converging to it &sbecomes larger.

The above results demonstrate the accuracy and validityeohpproximate capacity expres-
sion in (23) even for finite values oV and we will use this approximate expression in the
analysis of capacity as a function®iR in Section V.

We have already noted that for a sparse channel wite= D = N7, the ideal channel

configuration withp = O (NV/Q) achieves the fastest capacity scaling. The next resulsgive
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Fig. 6. Plots of the capacity of the beamforming, ideal andtiplexing channels using the exact capacity expres-

sions, the approximate capacity expression in (23), anhatgs based on a Monte Carlo simulation over many
channel realizations.

precise characterization of the ideal channel configumébyp characterizing the constaitin
p = 6,N2 as afunction of th&éNR p.

Proposition 2: For any given channel power/DoF scaling law= D = N7, v € (0, 2], and
transmitSNR of p, the ideal channel characterized by

pD

[oaD 2
Pa A\ ngW,qid% —2\7]\”/2 (30)
p P

maximizes the capacity among all possible channel configuns at the giverp. Moreover,

the ideal channel achieves the fundamental limit in Theateand is optimal from an ergodic
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capacity scaling perspective

Corga(N) = O (Vo) = O (\/5) — O (N"?) . (31)

Proof: Consider the first and second derivative<f (V) with respect tp. Defining

7= 04 = P;\f’, the derivatives turn out to be

: 2 dCupx(N) 2

Capr(N) - dp - lOgZ(e) loge(]' + I‘) 1 4 xQ

. 2 dCup(N) 2¢(1 — )

CaPpX(N) - dp - 10g2<€) (1 + :C)Q p (32)

We note thatC,,,«(N) < 0 for z < x5 andCyppx(N) > 0 for = > x, wherez, ~ 4 while

Coppx(N) > 0 for 2z < 1 andCyppx(N) < 0 for z > 1. Thus, the capacity is maximized at

— = % ~ 4, from which the expressions for the pgit ¢;q) in (30) follow. |
We note that in Fig. 5, the curves fpr= 5 dB represent the optimal choice pf, = v N
according to (30): the ideal configuration dominates tharifeeming and multiplexing config-
urations for all values oiV. The above result will also be useful in our analysis of cépas a
function of SNR. In particular, the proof of the above result also reveals#iection point in the

approximate capacity expression as a functiop @hange in the sign of the second derivative).

A.3 Remarks

« Information (either direct or indirect) on the convergeaoe the limit of the empirical eigen-
value distribution of an appropriately normalized versafiHH"H played a very crucial role
in evaluating the capacities of the different channel caméigons in closed-form. A striking
commonality of the three regimes is that when normalized’hy,.(V), the empirical eigen-
value distributions of the different channel configurati@onverge. The difference, however,
is that the limit of convergence critically depends on thera, = 1% which is different in the
three cases. The limiting distributions could be very dédfe as elucidated by Lemmas 4 in
Appendix Ill. The critical difference is that whegne oo with IV in the beamforming regime,
the matrixH"H to its ensemble average[H”H|. Thus its eigenvalues converge to those of
E [HHH] On the other hand, while the eigenvalues of channel cordiguns from the multi-

plexing and ideal regimes converge in the limit, the magitemselves do not converge (under
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any distance metric). This is a very important distinctieteen the beamforming regime and
the other channel configurations.

« The optimality of the ideal channel can also be illustratgdhe following heuristic, albeit
non-rigorous, approach, which is very similar to that in][IZonsider a channel with a channel
powerp, and assume that signaling is done by excifiraf the N possible dimensions equalfy

The average mutual informatidii V) achieved by this signaling is

I(N) E Zlog2 1+>\-(HQHH))]

—
Sl
=

Q

klogy (14 Aavg (HQH™))
E [Tr ( HQHH)]>

klog, (1 +

H
— klog, <1+ B[t H’“H )]>

Pk/;c )

= k log2

(33)

where),,, (HQH") is the average eigenvalue HFQH", (a) follows from the fact that even
though the largest and smallest eigenvalueHGfH could exhibit significantly different sta-
tistical behavior, a bulk of the eigenvalues are statiljiceimilar to the average eigenvalue,
H, is the matrix formed fronH by retaining thek excited columns alone and (b) follovifs

E[Tr(H,H/)]| = p.. Itis not difficult to see that il has onlyk non-vanishing columns, then

k=0 (\/p_c) which corresponds to the ideal channel, maximizes (33).

B. Outage Capacity

We now study the asymptotic behavior of outage capacityefdmily of channels introduced
in Section IlI-C. The following proposition characterizdé® variances of capacity of channels
in the beamforming, ideal and multiplexing regimes in timeitiof antenna dimensions.

Proposition 3: Let 02;(N), 04 (N) ando?  (N) be the variances of capacity of the chan-
nel configurations in the beamforming, ideal and multiphgxiegimes in the limit of antenna

10For simplicity, we assume th# is permuted so that the columnsHfare arranged in order of decreasing column power.
Then, the input covariance matrix that we use is giverpy= £ D whereD is a diagonal matrix with ones in the first
diagonal entries.
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dimensions. We then have

[ (1oga0))

Ko
op(N) = (toza(0)) 40

(1+n0+ )

(log2 )2 log€< h2) if kg > 1,

0]

— 0 if p is finite,

—0 if p— oo

(

(log2 e )2 log, <ﬁ> if kg <1

Urgnux(N) = (1Og2(6)) ’ p KJO —0 (34)

whereh is given in (27)h; = ”2"”02;—” VN and kg = 4
Proof: See Appendix IV. |
Given that the means and variances of capacity are computdolsed form in Theorems 2—4

and Proposition 3, the formulas for outage capa€ify; , (V) follow from (16):
Cout,g,0(V) = Corg,o(N) =24 04(N) + (1) (35)

wherez, satisfies erf¢z,/v2) = 2¢. Note that the variance of each channel configuration

satisfies ;2! &V) — 0 in the asymptotics ofV, apart from the fact thaty:(N) and oy (V)
converge toO. The trends of outage capacities in the antenna asymprctherefore very

similar to those of the ergodic capacities and hence we dplobthem separately.

V. CAPACITY AS A FUNCTION OFSNR

In this section, we consider a fixed number of antennas amly $hie impact of the different
sparse channel configurations defined in Section IlI-C omacipas a function obNR. Our
starting point is the asymptotic capacity analysis in $&ct/ based on random matrix theory
which demonstrated the accuracy of the approximate clas®a-capacity expression (23) in
the limit of large antenna dimensiaN. It has been shown by several recent results that the
convergence of finite antenna capacity to asymptotic estisnia usually fast. In particular,
numerical as well as theoretical results show that this emgence is on the order of the inverse
of antenna dimension, see e.g., [36] and Fig. 6. Thus, weresthatV is sufficiently large and
base our analysis on the approximate capacity expressg)n\(& first address the behavior of

ergodic capacity and then discuss outage capacity as adorm@ftSNR.
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A. Ergodic Capacity

We first reproduce the approximate capacity expressiont{gB) to emphasize the depen-

dence on parameters relevant to this section

q
Cerg(N, D, p, p) = plog (1 + py,) = plog (1 + p]—j) £ Coppx(N, D, p, p) . (36)

The above formula reveals a fundamental maultiplexing gain—received SNR trade-off in
sparse channels with. = D < N2. There exists a tension between the multiplexing gain
p and the receive8NR, p,, = ,0% = pl%. Increasingp comes at the cost qgf,., andvice
versa The impact of this tradeoff on ergodic capacity is vividlgstrated in Fig. 3 in which
Cappx(N, D, p, p) is plotted as a function o for N = 25 andD = N (y = 1). The plot
shows the curves for the three canonical configurations smfmening (p = pui, = 1), ideal

(p = pia = VN), and multiplexing f = pmax = N) — as well as the capacities of 10 channel
configurations corresponding to equally spaced values®f0, 1] which span the whole range
of p betweenp,,i, andpu.x viap = N®. Fig. 3 shows that there exiSNR'’s pio,, and ppign SO
that the beamforming configuration yields highest capdatyy < p., and the multiplexing
configuration yields highest capacity for> ppie,. For the intermediat8NR range piow < p <
Phigh, the optimal (capacity-maximizing) channel configurat@mmtinuously transitions from
beamforming to multiplexing channel through the ideal agunfation. Furthermore, while the
beamforming and multiplexing configurations exchangesroi¢he low- and higtsNR regimes,
the ideal configuration is a robust choice whose capacisybigtween the two extremes. The
optimal channel configuration at a'gNR optimizes the multiplexing gaim;, trade-off for
maximizing capacity. At lowsNR’s, the beamforming configuration is optimal and maximizes
pre @t the cost op. At high-SNR’s, the multiplexing configuration is optimal and maximizes
at the cost op,.,.. The ideal configuration is a robust intermediate choicéyteds p,, = p.

The next result precisely characterizes the optimal capataximizing channel configura-
tion as a function oSNR for a givenN andp. = D < N? using the approximate expression
(36). It builds on Proposition 2, that characterizes théoglt(ideal) channel configuration from
a capacity scaling viewpoinjsq = %, Gia = %. Reinterpreting this result for a fixed
and D yields the capacity maximizing value pfas a function o6NR.

Proposition 4: Capacity-maximizing configuration as a function ofSNR. For a given fixed
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N, letp. = D = N7,~ € (0,2] and definex* = min(7y,2 — ), min = max(y — 1,0), amax =
min(v, 1). The optimal capacity-maximizing channel configuratioarat given operating trans-

mit SNR p is characterized by, given by

N Gmin, P < Plow
Popt (p) = @ = @N 72, p € [Prows Prign) (37)
N Cmax P > Phigh

wherepy,, £ <4, andpyign = 4N

Proof: Recall the two different feasible ranges fodepending ony. For~ € (0,1), p
varies fromp,i, = 110 pa = N7. Fory € [1, 2], p varies fromp,i, = N7 t0 prax = N.
The first derivative of”, (N, p) vanishes when

ppe.  pN7
2 = e ~4 (38)

which characterizes the capacity-maximizing point. Swvi.,, = 4p2;,/N7, it is easy to
check that a common representation f@y, in both cases above g,, = . Similarly,
solving phigh = 4p2,./N" yields the value opyg, Stated in the proposition in both cases. In the
intermediate regime,,,; directly follows from (38). |
The capacity-maximizing,,(p) characterized in the above result optimizes the multipigxi
gain—receive®dNR trade-off atp.

Using Proposition 4, we get the theoretical estimaigs ~ —8 dB and antpye, (V) ~ 20
dB for the channel configuration8/(= 25, v = 1) illustrated in Fig. 3. In the figure, we observe
that the beamforming channel is indeed optimal fot. —8 dB and the multiplexing channel
is optimal forp > 19 dB. The value of,,; characterized in Prop. 4 for the intermedi&t¢R

range.p € [piows Phign) IS illustrated by the dotted curves in the figure which plot
Cappx,a (N, p) = N*log (1 + pN77%%) (39)

corresponding tp = N* andq = N~ for 10 equally spaced values afe [0, 1]. For each
intermediateSNR, there is &C,,,x, « (N, p) curve that yields the maximum capacity.
For the same case considered above, Fig. 7 shows capacityragian of SNR for the beam-

forming, ideal and multiplexing channels. Capacity estes@btained via Monte Carlo methods
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are seen to be close to the RMT-based results proved eattietha approximate capacity for-

mulaC,ppx (N, p) is close to these values for all channel configurationsSiiis.

T
== RMT
10° H —— Approximate
- = Monte Carlo
AWGN
10
Q
Z
‘);'5
(0]
S
10°
10‘1 | |
-20 -15 -10 -5 0 5 10 15 20 25 30
SNR (dB)

Fig. 7. Estimates for capacity of beamforming, ideal andtiplaixing channels folV = 25 and~ = 1 based on
Monte Carlo simulations, Theorems 2-4 and approximateaigprmula. Also shown ar@iow, Phighs Plow

andphigh-

A.1 Remarks

« While Proposition 4 states the precise valuggf for any p € [piow, phign), from Fig. 3 we
note that the ideal channel configuration with = N"/? serves as a robufikedconfiguration
in this intermediate range. Thus, for all practical purgosiee three canonical configurations —

beamforming $ = p.i), ideal p = p;q) and multiplexing f = pwax) — accurately approximate
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the capacity-maximizing configuration over the entire @nthat is,

Pmin = N min p < ﬁlow
Popt(p) = Pia = N"?" Prow < p < Phigh (40)
Pmax = N Comax p > ﬁhigh

wherepy,,, andpyign are the solutions to the following equations

Nmin 1og(1 + flow N 2min) = N72log(1 + prow) (41)
N 1og(1 + Prign N7 20m) = N"?log(1 + Phigh )- (42)

CergN:P)
CergN:P)

CorgN:)
o
CorgN:)

Fig. 8. lllustration of concave-to-convex transition@f,< (N, D, p, p) as a function op for N = 25 andy =1
and four differenBNR’s.

« We showed in the proof of Proposition 2 that the second dkhrh/é;'*appx(N, D,p,p) (w.rt.p)

vanishes at = ’;”; = 1 and is positive for: < 1 and negative for > 1. That iS,Cyppx (N, p)
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is convex forr < 1 (orp > pinr), While it is concave for: > 4 (or p < p,pt) With a positive first
derivative. In the intermediate regimeofe [1,4] (p € [Popt, Pint]), Cappx (N, p) is concave, but
with a negative first derivative. Thus the inflection point 1 (p = p;.r) Signals the transition
from convex-to-concave behavior. This transition is tifaged in Fig. 8 forN = 25 andy = 1.
Note thatp;,s can be written in terms Qf,,; as2popt.

« The ratiop;%f attains its largest valugy?, for v = 1 (p. = N), whereas it achieves its min-
imum value of unity fory = 0 (p. = D = 1) ory = 2 (p. = N?). Thus, the multiplexing
gain-p,, tradeoff that determings,,; does not exist for the extreme cases of highly correlated
(v = 0) and i.i.d. & = 2) channels. Note that in either case all the three spatiakpolstribu-
tions lead to identical. On the other hand, the impact of this tradeoff on capacityagimum

for v = 1 corresponding tp. = D = N.

B. Outage Capacity

We now focus on the outage capacity as a functidsiNR of the channel configurations in the
three different regimes configurations. The computatiothefvariance of capacity in closed-
form for all SNR values seems difficult. However, in the low- and the htdNR extremes, we
can compute the variances. This is the content of the fofigyroposition.

Proposition 5: The variances?(N, p) as a function o6NR are given in the following table:

Channel Low-SNR High-SNR
Beamforming, p finite (logjiée))z (log;iie))z
Beamforming, p — oo 4/@0p2(log2(e))2 (logz(e))z(1j‘;’f;;)2

Ideal, o > 1 (log,(e))” log, (1+ p*ro) | (log,(e))” log, (/@(’:31)
Ideal, ro < 1 (logy(e)) log, (1 + p2k2) | (log,(e))” log, (Vg_)
Multiplexing (logQ(e))2p2/i% (logQ(e))Q,ozng
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Proof: The proof follows by performing the limiting process in theresponding vari-

ances as given in Proposition 3, see [35], [34] for detalils. |

0.14
0.12}

0.1
0.08}

o”(N,p)

0.06.
0.04}
0.02¢

Fig. 9. Trends of the variance of capacity,( NV, p), as a function ot for differentSNR with N = 25 and~ = 1.

In the intermediat&NR regime, we have to resort to numerical studies to computedhe
ancesr?(N, p). Fig. 9 plots this quantity as a functioneffor differentSNR’s assumingV = 25
and~ = 1. The non-smoothness of the variances in the plot is due tldbeng operations
that generate = [N“]. Non-integer antenna numbers corresponding to N“ can in fact
be obtained via a time-sharing of channels as detailed ireAgix I. Fig. 9 however does not

illustrate this smoothing effect.
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Fig. 10. Outage capacity of the family of channels fr= 25 andy = 1. The capacities are plotted fpr= N¢
and for four different values g#: —10, 0, 10,20 dB. The dotted lines correspond to the exact outage capacity
while the solid lines correspond to the Gaussian approximat

From Prop. 5, we see that at I®®NR, channels in the beamforming regime (with small
values ofa) tend to have the largest variance among all configurati8msilarly, at highSNR,
channels in the multiplexing regime tend to have the largagance. Fig. 9 captures these
trends apart from the dominance of the ideal channel in th¢iumeSNR range. Thus for any

p, the largest variation in the capacity random variable @der the channel configuration that
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is optimal for thaSNR from an ergodic capacity perspective.

In Fig. 10, a Gaussian approximation to the capacity randamable from the mean and vari-
ance values is used to reproduce the outage capacities. glie Ehows the closeness of the
Gaussian approximation to the actual outage capacity éthitee canonical channel configura-
tions at differen6NR’s, thereby illustrating the accuracy of Theorens4 and Propositions -

5.

Figs. 9 and 10 also revealrate—reliability tradeoff associated with the family of chan-
nels. Since rate is associated with multiplexing gain anidb#ity with receivedSNR, the
rate-reliability tradeoff can also be viewed as a manitesteof the multiplexings,.. tradeoff
identified in the context of ergodic capacity. At I&NR, communication is inherently con-
strained by the reliability of signal reception. Thus maizimg reliability by providing a higher
level of diversity per parallel channel enhances perforrearNote thaty reflects the level of
diversity (DoF) associated with each parallel channel. sThbhe beamforming channel that
maximizesq yields the highest outage capacity at ISNR, as seen from Fig. 10. When the
SNR is high, the system is operating at a point where enhanciagetimbility of signal recep-
tion by increasing can only marginally improve performance and hence maxmgitte rate of
communication by increasing the multiplexing gaif is better. Thus a multiplexing channel is
outage optimal at higlSN\R as seen from Fig. 10. In the intermedi&teR regime, the optimal
configuration is governed by the desired level of relianilVhen only a low level of channel
outage is acceptable, a channel configuration with smathrresponding to higher diversity is
better. When more reasonable outage levels can be tolemtdthnnel configuration with a
higher multiplexing (larget) gain yields higher outage capacity. However, a robustti&siun

the mediumSNR range is the ideal channel configuration with= 3.
VI. CONNECTIONS TOOTHER WORKS

A. Realizing the Channel Configurations in Practice

In this paper we have analyzed the impact of the distributibthe D < N? channel DoF
in sparse channels on ergodic and outage capacity. Outggsolide information theoretic
benchmarks on optimal channel configurations from the vaemtpf capacity scaling as well as

capacity as a function &R for finite V. In practice, however, the configuration of the channel
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DoF is determined by the AoAs and the AolBs {andd, , in (4)) of the propagation paths in the
scattering environment. Thus, a natural question is wiéktgetheoretical results in this paper
can be leveraged in practice for capacity gains in physicghrse channels. This question is
addressed in our related paper [12] where it is shown thaspaese scattering environment with
randomly distributed (within the angular spreads) paths antenna spacings at the transmitter
and receiver can be systematically adapted to the leveloggp to realize the different channel
configurations discussed in the paper. In particular, thiiphexing configuration corresponds
to maximal antenna spacings at both the transmitter andvegcéne ideal channel is realized
via medium antenna spacings at both the transmitter and/eecand the beamforming channel
is realized via closely spaced antennas at the transmittelaage spacings at the receiver. The
notion of small, medium and large spacings is quantified haddaders are referred to [12] for

more details.

B. Recent Works on Closely Spaced Antenna Arrays

A recent work [17] provides insights into the problem of opizing antenna spacing at the
transmitter for maximizing the capacity in correlated MIM@annels. These insights are based
on studying the variations in the channel’s singular vahgea function of the antenna spacings.
Itis argued in [17] that in the lIovBNR setting, spacing the transmit antennas sufficiently close t
each other so as to excite only one channel eigenmode is timabgtrategy while in the high-
SNR regime, choosing the spacings sufficiently large so as tibeealt the channel eigenmodes
is optimal from a capacity perspective. The authors furtiegrjecture that the optimal number
of eigenmodes to be excited in the intermed@iR range is a monotonic function GNR.

In this paper, we have provided a systematic investigatiotinis problem in the context of
correlated channels in which the source of correlationassfy of multipath. The multiplexing
gain p in our framework precisely reflects the number of channetmigodes excited at the
transmitter and the beamforming and multiplexing chanpafigurations are characterizations
of the low- and highBNR analogues in [17]. Furthermore, our results characteheeoptimal
channel configuration at any operatiByR, thereby providing a systematic resolution of the
conjecture in [17]. Indeed, the investigation in this papes inspired by the need to reduce
the loss in channel power inherent in the rank-1 capacityimiaing input in fixed-spacing

correlated MIMO channels.
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Another recent work [37] discusses techniques for optingzntenna locations in a fixed
volume to maximize loweNR performance metrics like spectral efficiency. Design glings
offered in [37] provide indirect evidence to the optimaldf closely spaced antennas in the
low-SNR regime. Indirect evidence to the optimality of closely sgghtransmit antennas in the
low-SNR regime also comes from a recent study [18] on error exporierdsrrelated MIMO
channels. This work shows that in the I&GMR setting, a fully correlated channel yields higher
error exponents (reliability), thereby suggesting thasely spaced antennas may be more de-
sirable in such scenarios. The results that we have presentiis paper could be useful in

refining and extending the above works.

C. MMSE Estimation and Mutual Information

Random matrix theory tools that are used for capacity arsabfdMIMO systems are of two
types: 1) those that provide explicit information about te@verging empirical spectral distri-
butions like Lemma 3, and thus permit a closed-form expoeskr capacity, and 2) implicit
characterizations of the empirical spectral distribusievhich include the Stieltjes and other
transformation techniques. Both these techniques haweawe advantages and insights into
multi-antenna systems design. An underlying connectidwden MMSE estimation and mu-
tual information, akin to [14], [15], is discernible by stidg the implicit characterization of the
converging empirical spectral distribution.

Proceeding via this route, it is shown in [38] that, given/énx N, channelH with inde-
pendent entries, the ergodic capacity aS&iR of p under the assumption of no channel state

information at the transmitter satisfies

sV Niap) = N+ E [ tog, (14 prBalg(R TIDRIT] )

N, (1og2<e> (Ex[D(R)] 1) - B [logz(D(R))]) (43)

in the limit of large antenna dimensions. In (4B)denotes%—:, R andT are uniformly distrib-
uted random variables df, 1] and the random variable over which averaging is performed is
explicitly stated in the subscripts of the expectation ep#sE|[-| andE[-]. G(r, t) stands for

the continuous representation of the channel power matgparted or0, 1] x [0, 1], that is,

NLSTSZH <t<dtl (44)

Q(r, t) =E [|H1J|2] ) N’ %t Nt

August 20, 2006 DRAFT



42

D(r) is the solution to the following fixed-point equation:

G(r,T) B
20) (108 | o)) )
Definingl'(¢) andY(t) as
T 2 (47)

1+ pl(t)
the quantitypI'(¢) can be seen to be tiE#\R at the output of a linear MMSE receiver for the
signal transmitted from the corresponding transmit ardefime corresponding MSE is seen to
be%. The equality in (a) follows from the analysis in [38].

In our setting, the regularity of the family of channels undensideration can be exploited
to obtain more insights on the trade-off between the numbéaia-streams (multiplexing gain)
and the MSE of the individual data-streams.

Proposition 6: Consider the family of channels introduced in Section IWwEh D = ¢p and
Ko = % In the beamforming regime and the ideal regime under thengsson that<, > 1,
I'(t), defined as in (46), satisfies

200wt 50, (t) = pro—p—1+ \/(p/@o —p— 1)2 + 4pkg. (48)

On the other hand, in the multiplexing regime and the idegihne under the assumption that

ko < 1,T'(¢) is given by

20 s idy (1) = /1 +4pro — 1. (49)
Proof: See Appendix V. |
Sincery — 0 in the multiplexing regimep ' (t) — pro = p L. Thatis, theSNR at the
output of a linear MMSE receiver is the receiveNR per parallel channei,, and the mean-
squared error at the receiverﬂfp;. Similarly, by lettingxy — oo in the beamforming regime,
it is not difficult to see thap 'y (t) — p 2 for all transmitSNR.
As p — 0, a Taylor's series analysis @f(¢) in both cases of the ideal regime shows that
pTia(t) — pro. The corresponding limits farl; andids in the highSNR regime arep(ko — 1)
and2,/pko, respectively. The convergence @f(t) to p,, for all p in the beamforming and
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multiplexing regimes is related to the tightness of the capa&xpressions obtained in Section IV
in these regimes.

Thus the beamforming configuration (which maximizes) trades off the number of data-
streams for the MSE of the individual data streams. The piaking configuration corresponds
to the other extreme in this trade-off while the ideal confegion leads to a robust choice in
this rate-distortiontrade-off between the number of data-streams and the MSteandividual

data-streams.

D. Spectral Efficiency in the Low Power Regime

We now provide an alternate interpretation of the ISMR (or equivalently, the wideband)
results on ergodic capacity in terms of spectral efficiefitye minimum energy per bit necessary
for reliable communicatior%min and the wideband slop&, have been shown to be the key
figures of merit in the low-power/wideband regime [39]. We\mmputeﬁ—f)min ands, for the
three channel configurations: beamforming, ideal and piaking. The regularity of the three
channels and the resultant optimality of the uniform-powput ease this computation.

Let Copg 1 (N, 0), Corg. bt (N, 0), Corg.ia (N, 0), Corg.ia (N, 0), Corg. mux (N, 0), @NAC1g. mux (N, 0)
denote the first and second derivatives (wa) bf the ergodic capacity (in nats/dimension) of the
beamforming, ideal and multiplexing channels respedtivelthe limit p — 0. The minimum

energy per bit for reliable communication is given by [39]

B 1@ (50)
No min, x Cerg,*(Nv O)

log.(2) p
E [Tr (HH¥)]
log.(2)

q
where we have used in the subscript in (50) to denote that the channel could beeef
the three possible types. The approximate capacity expregdog, <1 + p%) provides an
alternate route to Computinﬁjmin and a Taylor’s series expansion of this approximation shows
that%min is the same for the three channels and is equéﬂ%@. This also corroborates the

fact that the approximation due G,,,«(XV, p) is close to the actual capacity in the IGMNR

£y
No min

regime for all the channel configurations. Since the beamfoy channel maximizeg,

is the smallest for this configuration.
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The wideband slop#, is given by [39]

2 (g (. 0))2
—Clrg.+(N,0)

SO,* =

2¢°p?
- . 51
B [Tr (HEP) oD

The quantityE[Tr((HH)?)] can be computed using the Gaussian moment-factoring theo-
rem [40] and equal8¢?p in the multiplexing case [4], angp(q + p) for the beamforming and
ideal channels [39]. Thus the wideband slopeSis,s = 2% ~ 2p, Spua = & = p, and
So,mux = p. The approximate capacity expression yields the same \arkeblope2p for all
the three channels and is equal to the exact expressionsutedngbove up to a@(1) factor.
Since the multiplexing gain is maximized by the multiplexichannel, the wideband slope is
maximized for that channel.

Even though the multiplexing channel has the larggsimong the three channels, the min-
imum energy per bit is the domlnatlng figure of merit at ISWR. To illustrate this, consider

Ep

they = 1 case. Then, we havg‘M f and >t = Lo thatis, £ ; is smaller
omin,

No min ,id NO min, mux

than that of the ideal channel by a factor\éﬁ and smaller than that of the multiplexing chan-
nel by a factor ofN. Since,%min reflects theSNR-axis intercept of the capacity versGbR
relation in the wideband limit, the larger values%f for the ideal and multiplexing channels
become irrelevant. The lo&NR capacity gains of the beamforming channel relative to thalid
and multiplexing channels in Fig. 3 are precisely a maniesdf these gains irf]—imm, as also

evident from (50).

VIlI. SUMMARY AND CONCLUSIONS

Virtually all exsiting information theoretic studies of ftitantenna capacity implicitly as-
sume a rich scattering environment. This assumption is festeid in the quadratic channel
power scaling or normalization with respect to the numberdénnas, and is also prevalent in
the capacity analysis of correlated MIMO channels. In tlaiggy we have argued that this wide-
spread assumption is not justified in view of physical povarservation principles and results
from experimental studies. Motivated by this observatisa,have proposed a framework for

modeling MIMO channels in a sparse multipath environmert staidied the implications of
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sparsity on channel capacity. Our approach is based onrtils@aMiepresentation [6] of physical

wireless channels that quantifies the statistically inddpat degrees of freedom (DoF) in the
channel as a function of the level of sparsity (or richnesghe scattering environment. An

N x N sparse MIMO channel possesses< N? DoF — fewer than the maximum allowable
NZ2. From a capacity scaling perspective, the channel powetrenidoF scale at a sub-quadratic
rate,O(N7), v € (0, 2], with the number of antennas.

Sparse channels afford a fundamental new degree of freedatrist not available in rich
channels: the spatial distribution or configuration of fhe< N? DoF in the availableV?
transmit-receive dimensions. The focus of this paper igudysthe impact of this new degree
of freedom (channel configuration) on capacity, both froreaisg perspective as well as from
the viewpoint of capacity as function of transi®NR for a finite N. From a scaling perspective,
we show that the ergodic capacity of any sparse channel ewafign with a channel power
scalingp.(N) cannot grow faster tha@(\/m), thereby opening a new paradigm of sub-
linear capacity scaling that is consistent with experirakrégsults and physical arguments. We
further show that the above fundamental limit can be ackiexsymptotically by an optimal
channel configuration, which we call tideeal MIMO channetonfiguration; the pre-constant of
scaling depends on the transiBNR.

The development of the ideal channel is based on a structaneity of sparse channel ma-
trices. For a givenD, all channels in the family are parameterized by a singlapaterp
representing the multiplexing gain (hnumber of parallelrotels) afforded by the configuration.
Remarkably, the capacity of all channels in the family adraisimple closed-form asymptotic
approximation (see (1)), whose validity is establishechgisesults from random matrix the-
ory. The capacity formula reveals a nemultiplexing gain versus receivésNR trade-off that
is not available in rich channels. Using the formula for adixexmber of antennas, we show
that for every operating transnBf\R there is an optimal channel configuration that optimizes
the multiplexing gain-receivesNR trade-off to yield the highest capacity (see Fig. 3). Ssrori
ingly, three canonical channel configurations suffice farr@ptimal performance over the en-
tire SNR range: the beamforming configuration (that maximizes weeESNR) in the lowSNR
regime; the multiplexing configuration (that maximizes theltiplexing gain) in the higteNR

regime; and the ideal channel configuration (that maintair@ (/D) multiplexing gain) in the
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mediumSNR range.

Complementing our results on ergodic capacity, we alsoyaedhe outage capacity of sparse
channels. In this context, the multiplexing gain-recei$&R tradeoff manifests itself as a rate-
reliability trade-off. Consistent with ergodic capacigstilts, the beamforming channel is outage
optimal at lowSNR, the multiplexing channel at highNR, and the ideal channel at medium-
SNR. An interpretation of our results in view of recent connecs between mutual information
and MMSE estimation reveals a rate-distortion tradeoff ihaptimized by the three canonical
configurations as a function of transmSiNR. Finally, we demonstrate the superiority of the
beamforming configuration from the viewpoint of spectrdicggncy in the lowSNR/wideband
limit.

One promising direction for future research is to invesagae potential of reconfigurable
antenna arrays in cognitive wireless systems, as promptedirelated paper [12] in which it
is shown that that the different channel configurations earellized in practice by systemati-
cally adapting the antenna spacings at the transmitterhemnigtteiver to the level of sparsity and
operatingSNR. The implications for wideband communication are significghe beamforming
configuration isN-times more spectrally efficient compared to the multiptgxconfiguration
that represents a fixed-array operation. Another promidiregtion is to investigate the impli-
cations of the results in this paper and [12] in the contextamperative communication and
distributed beamforming in wireless networks. Finallyhad promising direction is to explore
the implications of multipath sparsity on non-coherent ommication in time, frequency and
space, as prompted by our recent results that reveal a litynaersus diversity tradeoff in

wideband communication over time-varying multipath chelaf20], [13].
APPENDIX

|. REALIZING NON-INTEGER p AND ¢

Non-integer values ofp, ¢) for a givena andé, can be realized by appropriate time sharing
(linear combination) of four channels with dimensions givy (| p|, | ¢]), (|»], [¢]), ([p], l¢])
and([pl, [¢]). If 1, m2, 3 @ndny = (1 — my — 1o — n3) represent respectively the fraction

of communication time that each of the four channels are ts@dnstruct an effectivép, q)
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channel, then the following holds:

lp) (m+m) +pl(L—m—m) = p

lg) (m+m3)+ gl (L—m —m3) = q. (52)

Using the fact thaip] = |p| + 1, we have(l —n; — ) = p—|p| and(1 —m —1n3) = ¢ — | q].
Parameterizing all the variables in termgpfwe have), = 1—n,—p+|p], n3 = 1—=m —q+|q|
andny = p— |p| +¢— |q] +m — 1. Using the condition that < »; < 1 for all i, we can obtain

the following bound fom;:

max (1 —p+ [p] —q+[q]),0) <m <min((1—p+[p]), A —q+ [q]))- (53)

Note that the left-hand side of (53) follows fromp > 0 andrn, > 0 while the right-hand side is
a consequence af > 0 andn; > 0. The other constraints lead to weaker conditions subsumed
by (53). A choice ofy, that satisfies (53) would effectively create tflgep) channel.

Let Ceg(q, p, p) anda?(q, p, p) denote the mean and variance of capacity of channel with
dimensiongp, ¢). Using the time-sharing concept described aboyg,(¢, p, p) ando?(q, p, p)

for non-integer values qf andq are given by

Cerg(q, p,p) = mCeg(lal, [p); p) + 12 Ceg(lal, p], p)
+ 13 Cerg(Lal, [P, p) + 1 Cag([ql, ], p),
o*(q,p,p) = ma*(lal, [p),p) +mo*([ql, ). p)
+ns0(lal, [p1. p) +n40*(al, [p], p)- (54)
Il. FUNDAMENTAL LIMIT OF CAPACITY SCALING
Proof of Theorem 1By applying Jensen’s inequality to (18) and noting that gdialQ (=

diag (Q;)) achieves capacity for the clasdg D), the optimal capacity can be written as

< H
Copt,erg(N, p, D) < Hrglg()})) Trr(%?ﬁplogQ det (I + QEgn [H HD

N
= maxmax log, (1 + P;Q; 55
) {Qi}; g5 ( Qi) (55)

whereP, = 3, E[H(k,i)|> = 3, ®(k, i) represent the column powers of the charideind
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the optimization is subject to the twin constraints

P,>0, SV, P=np,
Q; >0, Zﬁ\;le’:P-

We now recast this optimizatidhas follows:

P
max max max log, (1 + P, Q; s.t. 1<p<N,
PP} Q) 2 a1+ 5 Q) Y

P,>0, i=1--pand =0, i>p with Y P=p,

i=1

p
and Q; >0, with ZQi = p.
i=1

Givenp fixed betweenl and NV, the inner optimization can be written in terms of Lagrange

multipliers A\; and ), as

p p p
max max > “log, (1+ PiQi) + M (pc - R) + A <p— > Qi) : (56)
i ‘ i=1

i=1 i=1
Given anyi, the partial derivatives of the above argument with respe€);, and P, have to
vanish at the maxima.

Thus we take partial derivatives of the above function waspect ta); and P, and set the
derivatives ta). It is then easy to check th% is independent of. Using this relationship to
meet) " | Q; = p, we see tha€); = %p. Now revisiting the partial derivative with respect to
Q; under the constraint th&}, = %p and setting the derivative t§ we getP, = % Itis easy
to verify that the second derivative condition is satisfigdh®e maxima.

Using this choice of); in (55), we have
Copt,erg(N, p, D) < In;m]olog_j:2 (1 + p}%) . (57)

Thep that achieves this maximum satisfjes- O (,/p.). This choice of leads to the statement
of Theorem 1. |

1 Note that even thougp runs throughl to N in the following optimization, not all possible choices fomay be feasible,
fore.g., ifpc = N7,y < 1, thenp is constrained by < p < p.. We do not bother with this technicality here.
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[1l. AsYMPTOTIC ERGODIC CAPACITY ANALYSIS

We need a few eigenvalue characterizations [41] to undeddize ergodic capacity of the
family of channels studied here. The first two lemmas are eedd study capacity in the
beamforming regime.

Lemma 2:Let H be ap x ¢ complex random matrix with i.i.d. entries having mean ze1d a

variance one. Leg — 0 with p being finite and; — oo. Then

o)

where|| - || refers to any matrix norm and the subscriftorresponds to convergence in proba-

HH?
.

q

bility. Thus, the eigenvalues é?‘;—H converge td almost surely.

Remark 2:Note that the conclusion of Lemma 2 follows from the law ofjmnumbers and
depends critically on the fact thatis finite whileq — oo [42]. If this condition fails to hold,
the spectral behavior @H” can be significantly different as shown below.

Lemma 3Bai and Yin, 1988) : LeH be ap x ¢ complex random matrix with i.i.d. entries
having mean zero, variance one and finite fourth moment. rAssthatp — oo with 2 — 0.

Then with probabilityl the empirical spectral density 6 = % converges tgfg(\) =
SN N <2

We also need the following lemma which is relevant in the lidegime.

Lemma 4Grenander and Silverstein, 1977) : lgeaindp be such tha}f—) € (0,1] asp — .
The empirical spectral density 6 = HTHH whereH is the ideal channel converges pointwise
in probability to fo (A) = 5-4/452, 0< A <4

Proof of Theorem 2The structure of the channel configurations in the beamfagmegime
depend on whether € (0,1] orv € (1,2), as illustrated in Fig. 4. Ify € (0, 1], the dimension-
ality of His O(N7) x 1, while if v € (1, 2), the dimensionality isV x O(N?~!). In either case,
£ — 0. If v € (0,1], the result immediately follows from Lemma 2. This is beetE'H is a
finite dimensional matrix in the limit ofV and the law of large numbers can be applied to each
entry of H"H. Thus,2H"H — £11,,

However, ify € (1,2), HPH is an infinite-dimensional matrix in the asymptotics/éfand
it is not very clear how to apply law of large numbers to an itéimumber of entries. Luckily,

the empirical eigenvalue distribution &1 has been well studied in this case, as documented
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by Lemma 3. Our proof takes a recourse to this result. Theraetiteme that ties both the
cases is that, in the limit of large dimensions, there is gerehardening which has also been
documented in recent works in different contexts [43], [Mk now prove the theorem for the
v € (1,2) case.

First, the capacity of the beamforming channel normalized’ly,«(/N) can be written as

Corg, bt (N) B [ZZ 1 logy (1+p T ))}

plog, <1+p%> plog, <1+p%>

@ B [25;1 log, (1 +e (’“\/ng %>>}
plog, (1 + p%)
E[> 7 logy (1 +tu)]
plog, <1 + p%)

. 1
© 1+—-/ log, (1 + tn) dFg(n)
log, (Hp%) (—00,00)

1 1
@ 1 X ) ng(e) / 1Oge (1 +t77) /4 _ n?dn
[7272}

log, (1 + p%) 2m

21+

T
(59)

q

wherey,; represent the eigenvaluesGf= HI*\I/_*‘II in(a),t = 1+p_ in (b) and (c) follows from

the convergence gf; to fg(n) in Lemma 3, and‘¢ (1) denotes the corresponding distribution.

'B

The integral in (d)/, can be rewritten by using the integration-by-parts foiaragd

2] tn) 4 —n? 1 [?
;o= o [ loe(ltitn) 77 / vV ndn__/ /1~ 2dn
_92 \/ — _9 ].‘l‘t?’]

(1+\/;—4t2)_ﬂ+ 2 \/4— 77 (60)

= 2rl
mlog, 2t 77+_

I

where (e) follows from [45, 4.292(3)].
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I; can now be computed using standard techniques as

—

5, ¢

2 1 [? d 1 2 d
‘/2ﬁd“%/zﬁ*(‘l_?)/z(m%)z—m
i D
bz A= ) ) v@%4—é%+?—1
(n ™1 — 4t?

t

—~
=

R — (61)

where (f) follows from [45, 2.282(1)], (g) from [45, 2.281ha (h) from [45, 2.261(3)]. Thus
Cer& bf(N) is

1+ 1 4P
Corg vi(N) = plog, (1 +p%> + plog, (f)
log,(e)p 5 log,(e)p
2 ~<1—\/1—4t>—T (62)

The conclusion leading to the correction terad,: (V) follows trivially by using a Taylor’s
series expansion fqi}6 which converges t0 in the beamforming regime. This completes the
proof of the theorem. [ |

Proof of Theorem 3Whenk, € (1, c0), the ideal channel reduces toja< p i.i.d. channel
according to Definition 4. The i.i.d. channel capacity fofanfrom [46] is precisely the state-
ment of the theorem. Whes, € (0, 1], the ideal channel definition reduces tg-aonnected
p-dimensional channel [4]. Using Lemma 4, it is not difficidtdheck that (28) holds (see [4,
Theorem 5] for more details). |

Proof of Proposition 1:We need to compute the higfNR and the lIowSNR trends for the
ko < 1 andky > 1 cases separately. First, we considerithe- 1 case. Ifky > 1 andp — oo,

a Taylor’s series analysis éf(as a function o% around0) in (27) shows that

1 Ko
T 3"
p(ﬂo - 1) P (Ho - 1)

h—1— (63)

Using this, it is easy to see that

(N 1
%‘Ld() N (—loge( o +P(“0_1>_L)

log,(€) q Ko Ko — 1 p(ko — 1)3
as) Iav) 1 1
& ko—1 p(ko—1)3 Ko  pro(ko — 1)
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and this results in (29). As — 0, another Taylor’s series expansion (as a functiop afound

0) shows thati — pry — p*ko(1 + ko) and

Cerg,ia(IN) — log,(€) pq (1 - gp(l + ﬁo)) (64)

from which (29) follows immediately. For the, < 1 case, trivial computations yield

1
Cerg,id(N) — logy(e)p (loge(f)"%) —-1- 5 ) (65)
PRo

asp — 00 andCey 1a(IN) — logy(e) gp (1 — 5prp) asp — 0. The conclusions in (29) are again
immediate. |
Proof of Theorem 4The definition ofH in the multiplexing regime in Definition 4 leads to
two possible cases: Eithelis a constant ang —00rq— oo andg — 0. Note that Lemma 4
applies only in the casg > 0. So in either of the two cases, listed above, we do not have a
knowledge (closed-form expressions) of the convergingigoab eigenvalue distribution.
However, the implicit characterization of capacity in [281d the regularity of the multiplex-
ing channel implies that we can obtain closed-form expoessfor capacity in closed form in
either case in the limit ofV. In fact, after simplification, the capacity formula is sderbe
identical to that of an ideal channel witly < 1. This lends credence to the fact that the con-
verging distributions (in both cases) are the same. Thescton term follows by applying a
Taylor’s series expansion of capacity as a functiop ahd% around the poin in the low- and

high-SNR regimes, respectively. |

IV. ASYMPTOTIC OUTAGE CAPACITY ANALYSIS

Proof: As described in Appendix lll, there are two possibilitiestire beamforming
regime: either 1) is constant ang — oo, or 2) {p, ¢} — oo with § — 0. In the first case, the
variance follows from [35, Theorem 1], and in the second chgecomputing the variance of
capacity for the channel with, = I constant, and letting, — oo [34].

In the ideal regime, we again have two casesH})is ag x p i.i.d. matrix withx, > 1 and
2) Hy, is ag-connectedr-dimensional matrix withs, < 1. In the first caseg? (V) follows
from [34], while in the latter case, we note that the capatydom variable is the same as
that of ap x p i.i.d. channel with effective transmit powgk, [4]. In this case, the variance of

capacity then follows by setting, = 1 and using the appropriate value far
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For the multiplexing regime, we proceed via the same logat governs the ideal channel
with ko < 1. Note that the effective transmit powger, — 0, and thus the variance follows
from the i.i.d. channel formula in the Io®NR regime [35]. In the IowsSNR regime,h; — pkg

and substitution im?, (V) yields the result. |

V. MUTUAL INFORMATION AND MMSE ESTIMATION

Proof of Proposition 6The fact that we have two distinct solutions fait) is a consequence
of the structure of the family of channels studied. In thebieaming and the ideal regimes with
ko > 1, the channeH has the structure of@x p channel with i.i.d. entries. On the other hand,
in the ideal regime withx, < 1 and in the multiplexing regime, the chani#lis ag-connected
p-dimensional channel as illustrated in Fig. 4.

In either case, the channel is both row- and column-reguidiencel (¢) is independent of
the transmit dimension Thus we will denote it for simplicity by" and the associated MSE

guantity Y satisfies the relationship = ﬁ Substituting forY in (46), we have
G(R,1)
1+ L=Er[G(R,T)|R]

1+pl

['=xEg . (66)

With the setup as described, consider the first case. Thdityar(the ratio of receive and
transmit dimensions) reduces#g in this case. Next, note th&t-[G(r, T')] is independent of
and is equal td. Thus, the conditional random varialliy-[G(R, T')| R] = 1. Plugging this and
simplifying (66), we have

P\
F<1+1+pr)_+mEﬂﬂR¢ﬂ (67)

SubstituteE[G(R, t)] = 1 and solving for the quadratic equation in (67), we get (48 W
proceed on similar lines in the second case. The first differas that< takes the valué here.
Er[G(r,T)] andEg[G(R, t)] are still independent of andt, respectively, but they take a value

of ko. Now solving for the resultant quadratic, we get (49). |
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