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Abstract— We investigate the design of linear dispersion (LD)
space-time codes for correlated MIMO channels. Our analysis is
based on a unitarily equivalent eigen-domain representation of
correlated MIMO fading channels. The eigen-domain channel
matrix has statistically independent entries and the channel
correlation structure is represented in the non-uniform powers
of the entries. Capacity and pairwise error probability (PEP)
analysis is greatly simplified in the eigen-domain. In particular,
the capacity-achieving input covariance matrix is diagonal in
the eigen-domain, and the PEP bounds reveal the interaction
between code and the channel in spatio-temporal signal space
dimensions. Furthermore, the achievable spatial multiplexing
gain and diversity are constrained by the number of dominant
channel entries in the eigen-domain which varies with SNR.
Using insights from the capacity and PEP analysis, we propose
a characterization of capacity-optimal LD codes via a family
of structured code generator matrices. The family of generator
matrices is parameterized by three unitary matrices that de-
termine the space-time structure of the codes and a diagonal
power-shaping matrix. The role of these matrices in controlling
code performance is discussed and illustrative numerical results
are presented.

I. INTRODUCTION

Linear dispersion (LD) space-time codes were introduced
in [1]. The key idea is to use space-time code matrices to
linearly spread the information symbols in both space and
time. LD codes are attractive from a signal space perspective
since the information symbols can be drawn independently and
redundancy (coding) is produced by appropriately choosing
the space-time code matrices. The design approach in [1]
was primarily based on maximizing the mutual information
achieved by the code, and the design of LD codes based on
pairwise error probability (PEP) optimization was investigated
in [2]. LD codes can also be construed as lattice codes which
have been recently shown in [3] to achieve the multiplexing-
diversity tradeoff for i.i.d. MIMO channels [4]. The above
schemes, as well as most existing space-time coding tech-
niques, have been developed for an i.i.d. model for the MIMO
channel that assumes a rich scattering environment. However,
practical MIMO channels are seldom i.i.d. and exhibit spatially
correlated fading. As a result, the performance of existing
space-time codes designed for i.i.d. channels can degrade
severely (see for example [5],[6], [7]) under correlated fading.
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We investigate the design of LD codes for correlated MIMO
Rayleigh fading channels in this paper. We assume that the
channel is perfectly known at the receiver, but only channel
covariance is known at the transmitter. When there is no
channel information at the transmitter, a reasonable approach
is to design robust codes for various channel conditions,
[8], [7]. Our approach is based on a canonical eigen-domain
channel representation [9], [10] that transforms an arbitrary
correlated MIMO channel matrix into a unitarily equivalent
eigen-domain matrix whose entries are statistically indepen-
dent but not identically distributed; they have non-uniform
powers associated with them. This channel representation is
reviewed in the next section.

As discussed in Section Ill, the independence of channel
entries in the eigen-domain greatly simplifies capacity and
PEP analysis. In particular, the capacity-maximizing input
covariance matrix is diagonal in the eigen-domain, and, unlike
i.i.d. channels, the spatial multiplexing gain (rank of the
optimal input) varies with SNR; it increases from 1 at low
SNR (beamforming) to maximum at high SNR. Similarly,
PEP analysis in the eigen-domain shows that the error rate
of a code depends not only on the code but also on its
interaction with the channel via the channel covariance matrix.
In particular, the maximum achievable diversity gain is equal
to the dominant non-vanishing channel entries in the eigen-
domain, which also varies with SNR.

In Section 1V, using insights from both capacity and PEP
analysis, we develop a characterization of capacity-optimal LD
codes based on a family of structured code generator matrices.
The characterization is based on the idea of tensor product
spaces and the family of generator matrices is parameterized
by three unitary matrices, that determine the space-time code
structure, and a diagonal power shaping matrix. The impact
of these matrices on code performance as well as their design
is discussed and illustrative numerical results are provided.

Il. SYSTEM MODEL

Consider a narrowband frequency non-selective MIMO
channel with M, transmit and M, receive antennas. With
k indicating discrete time, if s(k) is the transmit vector of
dimension M, then the M,.-dimensional received signal x(k)



is given by

x(k) = | S H(k)s(k) + n(k) @
M

where H(k) is the M, x M, channel matrix coupling the trans-
mitter and receiver antennas, and n(k) is the M,.-dimensional
zero-mean, complex Gaussian white noise vector with unit
variance; E[n(k)n’ (k)] = Iy, . & is the total transmit power
(and denotes the normalized transmit SNR). The transmitted
signal satisfies the power constraint E[||s(k)||?] = M;. The
channel covariance matrix is defined as R = E(hh’), where
h = vec(H). The channel matrix is assumed known at the
receiver but not at the transmitter. However, it is assumed that
the transmitter knows the channel covariance matrix R.

We consider a block fading MIMO channel; that is, H(k) =
H for k =1,...,T, and the channel is independent between
different blocks of 7" symbols. We consider a single coherence
interval of duration 7' > M, and suppress the index & in H(k).
Thus, the system equation over one block is

Es
X = 7
where X = [x(1),...,x(T)] is the M, x T received signal
matrix, S = [s(1),...,s(T")] is the M; x T transmitter signal
matrix, and N = [n(1),...,n(T)]. The transmitted signal
matrix satisfies the power constraint Eftrace[SS”]] = M,T.
Maximum likelihood decoding is assumed at the receiver.

HS + N , @)

A. Channel Model

Let ¥, = EHYH] and X, = E[HHY] denote the
transmit and receive channel covariance matrices, respectively.
Furthermore, let ¥, = U, A, U and =, = U, AU denote
their eigendecompositions, where U, and U,. are unitary matri-
ces of eigenvectors (eigenmatrices), and A; and A, denote the
corresponding diagonal matrices of eigenvalues. It is shown in
[10] (see also [11]) that under mild assumptions the channel
matrix admits the following canonical Karhunen-Loeve (K-L)
expansion®

H=U.HU?”  H, =U'HU, (3)

where the canonical channel matrix H. has uncorrelated
(independent for Rayleigh fading) entries but they are not
identically distributed in general (the variances can be differ-
ent). Thus, the K-L representation (3) transforms an arbitrary
correlated channel matrix H into a unitarily equivalent channel
matrix H,. with uncorrelated entries. The channel covariance
matrix admits the following eigen-decomposition

R = E[hh”] = (U} ® U,)R.(U; ® U, (4)

where ® denotes the kronecker/tensor product and R. =
E[h.hf] is the diagonal covariance matrix of the eigen-
domain matrix H,, with h. = vec(H,.).

Two important channel models can be expressed in the form
(3). In [9], a virtual channel representation is proposed for

1Best evident in the vectorized form: h = [U} ® U,-]h, [9].

uniform linear arrays (ULA) of antennas. It is shown that the
channel in this case can be written in the form (3), where
U, and U, are discrete Fourier transform (DFT) matrices.
In the case of the popular kronecker channel model, H =
»/?H,5? = U,AY?H,A,;/*UF where H,, is an i.i.d.
matrix, and the second equality corresponds to the canonical
form (3) with I, = A/2H,,A/2. For the kronecker channel,
R. = A;:® A, which is a special case of (4) and clearly shows
the separability in the transmit and receive correlation structure
implicit in the kronecker model. In general, correlated MIMO
channels do not admit this separable structure and the eigen-
decomposition (4) represents the most general form.

The uncorrelated nature of H, suggests signaling and and
reception in the eigen-domain:

XC == HCSC + Nc (5)

where S. = UX'S and X, = UP X. Note that (5) is a unitarily
equivalent representation of the channel and thus all aspects
of system design, such as capacity and PEP analysis, can be
directly done in the eigen-domain. The transmitted signal S,
is modulated onto the transmit eigenfunctions (as S = U,S,)
before launching into the channel, and the received signal is
first projected onto the receive eigenfunctions before decoding.
For the remainder of the paper, we work in the eigen-domain
(5) and suppress the subscript "¢’ unless necessary.

I1l. PERFORMANCE METRICS

A. Capacity

It has been shown in [12] that the ergodic capacity of a
Rayleigh fading MIMO channel is achieved by a zero mean,
complex, Gaussian input. Let Q = E[ss*’] be the covariance
matrix of the input in the eigendomain. It is shown in [10]
that the optimal input covariance matrix is diagonal in the
eigendomain, that is Q,,; = A, and solves

C = max

= Fg |lo
A:tr(A)th H|: &

55 H
|+ 5 HAH H (6)

The diagonal entries of A,,; reflect the power allocated to
different transmit eigendimensions to achieve capacity and
they depend on the SNR. Let d(SNR) = rank(A,pi(SNR))
denote the number of transmit eigendimensions excited at a
given SNR. Note that 1 < d(SNR) < M; reflects the spatial
multiplexing gain provided by the channel. It is well-known
that, for an i.i.d. channel, uniform power allocation is optimal
for all SNRs. In contrast, for correlated channels, non-uniform
allocation is needed in general. In particular, beamforming
is optimal at sufficiently low SNR (d = 1). As the SNR
increases, d(SNR) increases, and at high SNR d = M,
and A,,; — I as in an i.i.d. channels. Thus, in contrast to
i.i.d. channels, the spatial multiplexing gain (d(SNR)) is an
increasing function of SNR. The structured LD codes proposed
in Section IV exploit this property of optimal input signal.



B. Pairwise Error Probability

Let E = S — S denote the error codeword matrix in the
eigendomain, where S and S are the transmitted and decoded
codeword matrices. Denote the codeword error covariance
matrix as R, = EE¥. Let P(S — S|H) denote the probability
of decoding S when S is transmitted, conditioned on the
channel realization H. Then, the pairwise error probability
(PEP) can be upper bounded as

P(S - 8) = Ex (P(s = §|H))

-1

&
<l 5 R(R, @ 1y, 7
< amm, + A, (Re ® Iaz,.) (7)
5 —1
= 1., Z R(I R, 8
M, M, + 10, (la, ®Re) (8)

where R corresponds to the covariance of the row stacked
vector of H. Note that both R and R are diagonal in the
eigendomain. The PEP depends on the interaction between the
codewords and the channel that is captured by the MM, x
M, M, matrix A = R(ly;, ® R,):

R(1R.
A=R(I®R.) = 9)
R(M,)R.
where R(i) is the diagonal covariance matrix of the i-th row
of H, representing the MISO channel from all transmit eigen-

dimensions to the i-th receive eigen-dimension. Thus, the PEP
bound decomposes as

Alr g —1
PEP < lar, + —=R(i)R.
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where );(R(i)R.) denotes the j-the eigenvalue of R(i)R..
Let d; = rank(R(i)), 4 = 1,--- , M,, denote the number of
non-zero diagonal elements (eigenvalues) of R(i). Note that
d; < M, and rank(R.) < M;. The achievable diversity gain,

div, the number of non-zero eigenvalues of A, is bounded as

M,. M,.
0 <div="> rank(R(i)R.) <> di =D < M, M, (11)
=1 =1
where the upperbound D corresponds to full-rank R.. Note
that D = rank(R) is the number of non-zero diagonal
elements in R (the number of entries in H. with non-vanishing
variance) and represents the total degrees of freedom in the
correlated channel. The coding gain is given by the product
of the non-zero eigenvalues of A. For BLAST-type signaling,
rank(R.) < 1 and it follows from (11) that div < M,,
whereas for space-time coding with full-rank R., div = D.
Let d, = rank(A,) < M, denote the number of non-
zero (diagonal) entries in A, (receive channel covariance
matrix), and let d; = rank(A;) < M; denote the number

of non-zero entries in A;. It follows that D < d,d, and the
maximum multiplexing gain is min(d,, d;) < min(M,., M;).
A maximum of d, transmit eigen dimensions need to be
excited at high SNR (corresponding to the d; columns of H,
with at least one entry with non-vanishing power). This results
in a smaller multiplexing gain (compared to i.i.d. channels)
if d; < M, but an increased coding gain since the total
transmit power is concentrated in fewer transmit dimensions.
We assume that d, = M, and d; = M, but D < M,M,
(sparse R; see (11)).

IV. STRUCTURED LINEAR DISPERSION CODES

In this section, we introduce a framework for designing
structured LD codes for correlated MIMO channels based on
the concept of tensor products spaces. Our design is motivated
by both capacity and PEP analyses.

We consider LD codes in the eigendomain (and suppress
the subscript ¢) of the form [1]

N
S= Z A,an,
n=1

where {a,, })_, are i.i.d. information symbols from a complex
constellation of size @, and {A,}N_, is a set of M; x T
complex space-time codeword matrices that define the code.?
It is well-known that the capacity of a MIMO channel at high
SNR scales as C' ~ min(M,., M;) log(SNR) bits/s. Thus, over
a block length of T" seconds CT ~ T min(M,., M;) log(SNR)
bits should be communicated when operating near capacity.
The number of codeword matrices N < min(M,, M;)T =
N, corresponds to the number of space-time signal space
dimensions utilized for communication and the constellation
size, @, for {a,} is chosen corresponding to the SNR. The
rate of the LD code is

(12)

R= %logQ(Q) bits/s. (13)

We assume that M, > M; and T > M,. In this case,
chosing N = M;T = N, results in a full-rate code [1] in
the sense that the maximum available spatio-temporal signal
space dimensions are used for communication.

The structure of LD codes can be studied by writing (5)in
a column-stacked form

[ Es [ Es
X = M(IT®H)s+n_ MHGaJrn (14)

where H = Iy ® H, x = vec(X) is M, T dimensional, s =
vec(S) = Ga is M,T dimensional, a = [ay, a2, - ,an]7,
and G = [9y, - ,0x] = [vec(A1),vec(Az), - ,vec(AN)]
is an N, x N code generator matrix that is an equivalent
representation of the LD code. The input signal s in (14)
satisfies the power constraint E[||s||?] = M,T. We assume
a unit power constraint on the i.i.d. information symbols;
E[la,|?] = 1 and E[aa’] = Iy. Then, the transmit power

2Note that our development can be extended to LD codes where the real
and imaginary symbol components are modulated by separate matrices.



constraint can be expressed in terms of the code matrices as:
trace(GG) = 30, trace(A,AY) = M,T.

Let Q = EJ[ss”] denote the covariance matrix of s in (14).
Using (14) and (6), it can be readily shown (see also (16))
that the capacity-optimal Q for the vectorized channel is block
diagonal and is given by Q,,; = I ® A,p. Now, for an LD
code, the statistics of s are induced by G since s = Ga; that
is, Q = GG” since E[aa’] = I. We immediately have the
following result.

Theorem 1: An LD code is capacity-optimal if its generator
matrix satisfies

GG =17 ® Ay (15)
Another way to see this result is that, under the assumption
of i.i.d, unit variance Gaussian information symbols {a,,}, the
mutual information achieved by the LD code is

1 S
C(G) = 7 Bulog \Inr + A%HGGHHH : (16)

which precisely equals (6) when G satisfies (15).3

A. Code Design Using Tensor Product Spaces

How do we design G to satisfy (15)? How do we control
its performance in terms of probability of error? To address
these questions, we study the structure of G:

G, 911 Jin 91N
G=| G | =] 0y O¢n Oin 7
Gr 971 97y, OrNn

where each G, is M; x N and each g,,, is M; dimensional.
The n-th column of G corresponds to A,, in (12)

7gtn7 e 7ng] (18)

and S in (12) can be alternatively expressed as (also used in

(2D

9, = VGC(An) ) A, = [ghw e

S= [Gla,~-- ,Gga,'“ ,GTa] (19)

Thus, LD codes can be thought of as a collection of N matrices
in CM:<T or as a collection of N vectors in CM:T. Both spaces
are of dimension N, = M,T and we exploit this connection
to design LD codes using tensor product spaces.

We illustrate the basic idea for full-rate codes so that N =
N, = M,T and G is N, x N,. Let u € CMt and v € C”.
Then g = v®u € CMT which could serve as a column of
G. The corresponding M; x T matrix A = uv”. Note that
g = vec(A) using the identity vec(ADB) = (BT @ A)vec(D).
Now let U = [uy,--- ,ups,] be an M; x M, unitary matrix
whose columns serve as an orthonormal basis (ONB) for C:,
Similarly, let V = [vy,---,vr] be a T x T unitary matrix.

Then, the matrix
G:V@U:[VI(X)U,"',Vt®U,"',VT®U] (20)

SIn ([1]), C(G) is used as a metric for designing LD codes for i.i.d.
channels.

isan N, x N, unitary matrix whose columns/rows serve as an
ONB for C™+T, The corresponding code matrices {A,,n =
1,---, M;T} can be extracted from the columns of G via (18):

At =UpVi, t=1,--- T, m=1,---, M. (21)

Thus, the columns of V provide temporal spreading, whereas
the columns of U provide spatial spreading. The next result
provides a characterization of structured capacity-optimal LD
codes.

Theorem 2; Let U (M; x My),V (T'xT), and ® (N, x N,)
be arbitrary unitary matrices and let A,,; be the optimal input
covariance matrix defined in (6). Any generator matrix of the
form
1/2U]<I>

G = [V ® Aopt (22)

defines a capacity-optimal, full-rate LD code.

The proof directly follows from the fact that GG = VW
AiﬁUUHAJ;I/j = Ir ® Agpe. The spatio-temporal signal
space structure of the LD code is determined by U, V and
®: U provides spatial spreading, V temporal spreading and
® joint spatio-temporal spreading of information symbols. In
particular, ® is critical to maximizing the diversity gain. The
matrix A, is responsible for spatial power shaping; it does
not affect the diversity gain but improves the coding gain. The
codeword error matrix takes the following form for LD codes:

T N, N,
Re =EE" =) Giec"G/ =" Y Anenel Al (29)
t=1

n=1n’/=1

where {G;} are defined in (17) and ¢ = a — a, the informa-
tion symbol error vector. We elaborate by considering three
progressive cases.

Case I: No precoding (@ = I) and no power shaping
(Aopt = 1). This choice of power shaping applies to i.i.d.
channels or correlated channels at high SNR. In this case, the
code matrices A,, are all rank-1 (see (21)). This is analogous
to BLAST-type signaling and thus the diversity gain is limited
to div < M,.. In particular, an error codeword in which only
one ¢, is non-zero results in an rank-1 R, = AnAff.

Case Il: Precoding (@ # 1) and no power shaping
(Aop: = I). An appropriate choice of the space-time precoding
matrix @ can increase the rank of the spreading matrices
{A,} compared to Case I. This results in higher ranks for R,
compared to Case I, thereby increasing diversity gain to up to
a maximum of D (see Section I11-B). This is also noted in [1]
where an explicit full-rate LD code, with full-rank orthogonal
matrices (A,AX = 1/M,), is derived (for the case T' = M)
via a unitary transformation (®) of rank-1 V-BLAST code
matrices (V = U = 1) (see Eqg. (31) in [1]).%. Thus, joint
spatio-temporal spreading produced by ® in (22) plays a key
role in increasing the diversity gain and hence improving the
probability of error performance.

Case I11: Precoding (@ # 1) and optimal power shaping
(Aop: as defined in (6)). This case provides capacity-optimal

4We note that the proposed structured LD codes in (22) subsume the codes
presented in [1]



spatial power allocation to further improve the coding gain
compared to Case Il. Recall that A, is a function of SNR
and approaches I at high SNR. Thus, we expect Case Il and
Case Il to perform similarly at high SNRs.

Design of U, V, ®. These three unitary matrices provide a
rich space for optimizing the probability of error performance
of a capacity-optimal LD code. Any design method may be
used to design them (see [1] and [2], e.g.). One simple recipe
for generating a K x K unitary matrix U is

U = Dxdiag(1,e’%, ...  /%-1)Dg (24)

where Dy is any fixed K x K unitary matrix (e.g., a discrete
Fourier transform matrix), and the phases {61,--- ,0x_1} are
chosen from [0, 27| to generate different U’s.

B. Numerical Results

We present numerical results for full-rate LD codes for
My =M, =T =2 (N = N, = 4) to illustrate the three
cases above: Case I: (no precoding), Case Il: (with precod-
ing), and Case Ill: (with precoding and power-shaping). The
information symbols are independently drawn BPSK. A 2x2
correlated channel is considered whose entries in the eigendo-
main have variances E[|H.(1,1)]?] = 1, E[|H.(2,1)?] = 1,
E[|H.(1,2)|?] = 0, E[|H.(2,2)|?] = 0.5. Thus, d; = 1,
do =2 and D = 3 (see (11)). For each case, three codes are
compared. Code 1: Gy g, based on the codes proposed in [1].
For Case |, Gy, = ®1 corresponding to the unitary code
matrices in Eq. (31) of [1]. For Case Il, Gy u.ir = Guu,1®2
where @, is a diagonal unitary matrix given in Eqg. (34) in
[1] FinaIIy, GHH,III = (l X Aopt)GHH,II where Aopt is
defined in (6) for the above channel. Code 2: G,...q, based
on (24) for generating random unitary matrices using DFT
matrices. Grand,[ = VxU, GT'and,II = G7‘and,1¢'1 and
Grand, 111 = (1@ Agpt)Grana, 1. Code 3: G, an optimized
LD code used only in Case lll. Gopr = (1 ® Aopt) G, 1®s
where @3 is a diagonal unitary matrix. The phases of ®3 were
optimized to maximize § = min |R.| where the minimum is
over all pairwise error vectors.

The symbol error probability for the three codes is shown
in Fig. 1. In Case I, surprisingly, G,,q,r achieves a higher
diversity gain of 2 even though it has rank-1 code matrices
(BLAST-type) compared to the full-rank matrices of Gy ;.
This is because the worst-case symbol error vector for G, 1
has both entries non-zero, which results in rank reduction of
Rc. In this case, § = min|R.| = 0 for both codes. Thus,
higher rank spreading matrices are not better necessarily! In
Case Il, Gy 11 achieves the maximum diversity gain of 3
and 0 = 0.9 due to precoding, whereas G,qnq 77 Still only
achieves a diversity gain of 2 because ¢ is still 0. This is
due to the DFT matrices used in G,,,q (completely randomly
chosen unitary matrices can yield minimum § > 0). Finally,
in Case Ill, the performance of both Gy rr and Grand 11
improves over Case Il due to optimal power shaping (coding
gain). However, the markedly improved performance is due to
the optimized Code 3, G,,: which achieves 6 = 4, resulting
in a coding gain of about 2dB over Gy g 117 at P = 10~
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Fig. 1. Performance comparison of the three codes.

V. CONCLUSION

We have proposed a structured characterization of capacity-

optimal LD codes for correlated MIMO channels. The design
of the unitary matrices U, V and ® to optimize the probability
of error performance is a key challenge; the choice of ® is
critical in this regard. We are currently investigating structured
design of these matrices by leveraging the insights provided
by the PEP analysis. This line of attack may prove fruitful
in characterizing the multiplexing-diversity tradeoff [4] in
correlated MIMO channels.
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