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Abstract—While the intense research on multi-antenna  Our approach is based on the virtual channel representation
(MIMO) wireless communication channels was pioneered by [5] that provides an accurate and analytically tractableleho
results based on an i.i.d. channel model representing a rich for physical wireless channels. LEE denote anV x N virtual

multipath environment, there is growing experimental evidence h | tri fi ¢ t the t itt d
that physical wireless channels exhibit a sparse multipath struc- channel matrix representiny antennas at the transmitter an

ture, even at relatively low antenna dimensions. In this paper, the receiver. The dominant non-vanishing entries of theiair
we propose a model for sparse multipath channels and study channel matrix reveal the statistically independent deg)ief
coherent MIMO capacity as a function of SNR for a fixed freedom (DoF),D, in the channel which also represent the
number of antennas. In a recent work, we had shown that the ;e of resolvable paths in the scattering environment.

spatial distribution of the sparse multipath has a significant 9 . ) .
impact on capacity and had also characterized the optimal For sparse channeld) < N7, as illustrated in Fig. 1(a).

distribution (the Ideal MIMO Channel) that maximizes capacity ~1h€ contributions of this paper build on our recent results
at any operating SNR. In this paper, we refine these results and in [3] in which we revisited coherent capaciscaling in
develop a framework for maximizing MIMO capacity at any MIMO channels withV and argued that the DoF (and channel
SNR by systematically adapting the array configurations (antenna power) can at best scale atsab-quadraticrate, D(N) =

spacings) at the transmitter and receiver to the level of sparsjt 5 . .
Surprisingly, three canonical array configurations are sufficient o(N?), and consequently the capacity of physical channels

for near-optimum performance over the entire SNR range. In Can at best scale at sub-linear rate which cannot exceed
a scattering environment with randomly distributed paths, the O («/D(N)) = o(N). We also introduced the notion of an
capacity gain due to optimal configuration is directly proportional . .

to the number of antennas at low SNR’s. Numerical results based ideal MIMO channel that achieveS ( D(N)> scaling.

on a realistic physical model are presented to illustrate capacity

gains with reconfigurable antenna arrays.
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While the intense research on multi-antenna (MIMO) wire-
less communication systems was pioneered by initial result [,
in rich multipath environments [1], [2], there is growing °
evidence that physical wireless channels exhibismarse
structure even at relatively small antenna dimensions[8f],

In this paper we show that the sparsity of multipath can

RECEIVE DIMENSION
L

be exploited for dramatically increasing MIMO capacity at ° . -
low SNR’s by matching the array configurations (antenna — = mmswrowason 0 e ® snrm 2 ¥
spacings) to the level of sparsity. We focus on uniform (a) (b)

linear arrays (ULAs) of antennas and provide a systematir
characterization of the impact of antenna spacing on cahere
capacity. Our results confirm and extend recent studies th
indicate that in certain correlated environments reducthe
antenna spacings can actually increase capacity and tisat tt
effect is most pronounced in the low-SNR regime [3], [8]..[9]
Furthermore, technological advances in reconfigurablererat

(©) (d) ()

arrays are enabling new wireless communication devices 7 1- (@) A sparse 9 x 9 virtual channel matrix. (1) Capacejsus SNR for
hich the arrav configuration can be adapted to chanaes in ifferent channel configurations for D=N=25. (c)-(e): &t beam directions

whic - y .'gu I p . g ) ' ‘N = 25 and different spacings; (c) large spacing; (d) medium spgacin

communication environment. Thus, understanding the inpae) small spacing.

of reconfigurable arrays on MIMO capacity, and developing

strategies for sensing and adapting to the environmentf is o The results in [3] also revealed a fundamental new tradeoff

significant interest both theoretically and practically. in sparse channels between the multiplexing gain (MG; the



number of parallel channels) and the received SNR per paralh physical multipath channel can be accurately modeled as
channel that governs channel capaaty a function of SNR I

for a fixed V. We introduced a family of channel described H= Zﬁf a,(0r.0)a (6,0) @)

by two parametergp, q), D = pq, that represents different =t ’ '

configurations of theD < N? DoF. We showed that for
all feasible (p,q) the MIMO capacity of the corresponding
channel configuration is accurately approximated by

where the transmitter and receiver arrays are coupled ghrou
L propagation paths with complex path gain®}, Angles of
Departure (AoD){0; .} and Angles of Arrival (A0A){6, .}
~ 2 In (2), a,(#,) and a;(0;) denote the receiver response and

C(N.p,D.p) ~ plog(1+pD/p") @) transmitter steering vectors for receiving/transmittingthe
where p denotes the transmit SNR; represents the MG, normalized directior?,/0,, wheref is related to the physical
g = D/p represents the DoF per parallel channel, ar@ngle (in the plane of the arrays) € [-7/2,7/2] as6 =
pD/p* = pq/p = pr» denotes the received SNR per parallefsin(¢)/A, d is the antenna spacing andis the wavelength
channel. Thus, increasingcomes at the cost gf,, and vice ©f propagation. Botka,.(6,.) anda(f,) are periodic inf with
versa. This is illustrated in Fig. 1(b) where there dottecvess Period 1 [5].
represent different values pf The most important observation ~The virtual MIMO channel representatiof5] characterizes
is that for anyp there is an optimum channel configuratior® Physical channel via coupling between spatial beams id fixe
(value of p) that optimizes the MG-SNR tradeoff and yieldirtual transmit and receive directions

the highest capacity. We term this optimal configurationhas t Ny Ny ~ _

Ideal MIMO Channelat the particular SNR. H=> Y H/(mn)a.(brm)af (0.,) = A, HA (3)
Summary of Resultdn this paper, we refine the concept m=1n=1

of the .I(.jeal MIMO C_hannel and dgvelop a framework. folyhere Brm = 2} and {étn = 2\ are fixed virtual re-

maximizing capacity in sparse environments gystemati- ’ " ’ ¢

ive and transmit angles that uni ormly sample the @nit

cally adapting the antenna spacings at the transmitter (Tg(zriod and result in unitary (DFT) matrices, andA.,.. Thus,

and receiver (Rx}. Unlike existing characterizations of the o : . o H
capacity-maximizing input, that are explicit only in Iow—H and H, are unitarily equivalentt, = A.'HA.. The

or high-SNR regimes, our results characterize the capaci}/irtual representation is linear and is characterized by th
maximizing array configurations and corresponding optimarﬁamx H.“' L N

signaling schemes for all SNR’s. Surprisingly, only three The virtua| representation mQuces a_partltlo_nlng OT PFopa
canonical array configurations are sufficient for nearroptn gation paths [5]: each, (m, n) is associated with a disjoint

performance over the entire SNR range. The multiplexinSet of physical paths and is approximately equal to the sum
(MUX) configuration p = p — N)in Fig ' 1(b) is optimal of the gains of the corresponding paths. It follows that the

at high SNR,p > puign, and is realized by sufficiently virtual channel coefficients are approximately indepenhded

large spacings at both ends, illustrated in Fig. 1(c). THYe assume that the virtual channel coefficients are stlbti

beamforming (BE) configurationp(= p,.i, = 1) is optimal iIndependent zero-mean Gaussian random variables.

at low SNR, p < piw, and is realized by closely spacedA. Transmit, Receive and Joint Channel Statistics
antennas at the Tx (Fig. 1(e)) and large spacing at the RXcpanne statistics play a key role in our characterizatibn o
(',:'9' 1(c)). The IDEAL _conf|gu_rat|oq[(: Pid = \/N) that optimal array configurations. In Rayleigh fading, the stits
yields thefastest capacity scalingB] is a robust choice for of H are characterized by the virtual channel power madrix

p € (Prow prign) and is realized by medium spacings at thg, ., ) — E[|H, (m,n)|?]. The matricesA, and A, consti-
Tx and the Rx (Fig. 1(d)). As evident, the capacity 9aiNge the matrices of eigenvectors for the transmit and vecei
achievable by adapting antenna spacings to channel sparglhyariance matrices, respectivelg{H”H| = A,A,A” and
are very substantial, especially in the low-SNR regime. V\:@HHH} = A, A A where A, = E[HIH,] anth,,. _
quantify these gains, illustrate the results with a reialistE[ 4 o
numerical simulation, and provide @hysical source-channel
matchinginterpretation of the proposed methodology.

HvHUH] are the diagonal matrices of transmit and receive
eigenvalues (correlation matrices in the virtual domaive
can interpret¥ as the joint distribution of channel power as

Il. VIRTUAL MODELING OF MULTIPATH CHANNELS a function of transmit and receive virtual angles, and A,

) ] ] serve at the corresponding marginal distributions:(m) =
We consider a single-user MIMO system with ULAS® s~ g (1, n) and Ay(n) =3 ®(m,n).

transmit andV,. receive antennas. The transmitted signahd
the received signat are related by = Hs + n whereH is  B. Sparse Virtual Channels
the MIMO channel matrix ana is the AWGN at the receiver.  We considerN = N, = N, for the rest of the paper.

Measurements studies have shown that the dominant virtual
1We noted this possibility in [3] and suggested a form of aidaptesolution coefficients tend to be sparse (see, e.g., [7]) even forivelw

spatial signaling for achieving it. However, the approatfi3] makes implicit . L
assumptions on power amplification at the transmitter, which maiy be small N ~ 8. We abstract the notion of sparsity in the

feasible. The approach presented here circumvents thosmpsisns. following definition.



Definition 1 (Sparse Virtual Channelspn N x N H, is =N
sparse if it containd) < N2 non-vanishing coefficients. We
assume that each non-vanishing coefficight§(0, 1) reflect-
ing the power contributed by thenresolvablepaths associated
with it. D reflects the statistically independent DoF in the
channel and the channel power(N) = E [tr(H,HY)| =
ZleE‘ﬁf‘QZD-D O=0min=Y"

Sparse virtual channel matrices provide a model for spatial BEAMFORMING PEA HorTREe
correlation inH: in general, the sparser tié&, in the virtual
domain, the higher the correlation in the antenna dork&in
It is convenient to model a spar¥g, as ~v € [0,2], the matrices can be further parameterized via

p = N% a € [Qmin, @maz] Where a,,;, = max(y — 1,0)

H, = MO Hiia 4 and Qmaz = min(y, 1), andg = D/p. The mask matrices are
where® denotes element-wise produBf;,, is an i.i.d. matrix illustrated in Fig. 2 fory € [1,2]. The following proposition
with CA7(0,1) entries, andM is a mask matrix withD unit summarizes the properties of the mask matrices relevant to
entries and zeros elsewhere. Under these assumplioasM  this paper.
and the entries oA, andA, represent the number of non-zero Proposition 1: For a givenD = N7, v € [0,2], and any
elements in the rows and columns &f, respectively. p = N a € [Gmin, @maz|, the mask matrixM(D, p) is
an N x N matrix but its non-zero entries are contained in a
non-zero sub-matrix of size x p, r = max(q, p), consisting

The ergodic capacity of a MIMO channel, assuming knowbf p non-zero columns, ang non-zero (unit) entries in each
edge ofH at the receiver, is given by [1], [2] column. The corresponding x p virtual sub-matricesH,,

I defined by (4) satisfyy. = D and their transmit and receive
C.p) = ﬂ?g)};pEH” [log det (I + H,QH,)]  (5) correlation matrices are given by

=N

q(N)

Fig. 2. A family of mask matricesy € [1, 2].

C. Capacity-Achieving Input

where p is the transmit SNR, and) = E[ss”] is the AL — a1 P
transmit covariance matrix. It is shown in [6] tr[1at tr]1e capac Ac = PH/H]= p b =db ()
maximizing Q,,: is diagonal. Furthermore, for general (non- =g Do [ pl, , g>p
regular [4]) correlated channel€,,; is full-rank at high A, = EMHH,]= ?IT _{ g, , ¢g<p 0 (®)
SNR’s, whereas it is rank-1 (beamforming) at low SNR's. Corollary 1: Since eactH, defines a regular channel [4],
As p is increased from low to high SNR’s, the rank @f,,; the capacity maximizing input allocates uniform power over
increases from 1 to N. the non-vanishing transmit dimensiorQ,,; = £I,, and no
power in the remaining dimensions.
) ) We showed in [3] that the channel capacity for &l D, p)
The capacity of a sparse virtual channel matfix depends s characterized by the formula (1) which was derived fagéar
on three fundamental quantities: 1) the transmit SNR) the byt yields accurate estimates even for relatively small
number of DoF,D < N?, and 3) the distribution of th The following theorem, which can be inferred form the result
DoF in the availableV* dimensions. Our asymptotic results (3], characterizes the mask matrix associated with tiealld
on capacity scaling in [3] indicated that for apythere is an \y MO Channel at anyp.
optimal configuration of the DoF, characterized by an optima Theorem 1:For sufficiently largeN, the capacity of the

mask matrixM,,;, that yields the highest capacity at that MO channel defined by the maski(D, p) is accurately
We term the corresponding MIMO channel the Ideal M”V'%pproximated as a function @fby

Channel and the resulting capacity the ideal MIMO capacity

at thatp. C(N, p,M(D ~ plo (1+ 2) 9
Definition 2 (Ideal MIMO Channel).Consider a fixedNV (N, o, M(D. p)) pos pp2 @)

and D < N? and let M(D) denote the set of alV x N gqr 3 givenp, the Ideal MIMO Channel is characterized by
mask matrices withD non-zero (unit) entries. For ary, the M(D, popt) < Popt Where

ideal MIMO capacity is defined as

IIl. THE IDEAL MIMO CHANNEL

Pmin ) P < Plow
1 N7 D7 = Na ’ M 6 ~
C/d( p) MIEn/\z}l}({D) C( p ) ( ) Popt =~ @ s P S [plowa phigh} (10)
and anM,,; that achievesC;4(N, D, p) defines the Ideal Pmaz P = Phigh
MIMO Channel at thap. O and Cijq(N, D, p) = C(N, p, M(D,popt)). In (10), prin, =

M,,; is not unique in general. In [3] we presented aNmin, p,o, = NOme=, po, & 4p2,. /D = 4N2®min /D
explicit family of mask matrices to characterize a partéicul and pp;gn, = 4p2,,,/D = AN?¥me= /D, [0
M,,: for any givenp. The family of mask matrices is defined Remark 1:Different values ofp reveal a multiplexing
by two parametersp, q) such thatD = pg. For D = N7, gain (MG) versus received SNR tradeoff. In (9D /p? =



EHIHSH2]

= pr. 1S the received SNR per parallel channel [3]distributed paths cover maximum angular spreads (AS’s) at
Thus increasing the MG comes at the cost of a reductignjn the maximum spacings. Sinde = dsin(¢)/\, where ¢ is
and vice versa. Far < p;.., the optimal configuration (BF in the physical angle associated with a path (which remains
Fig. 1; p = pmin) Maximizesp,,, whereas fop > pyiqn, the unchanged), thel, and d; in (11) result in smaller AS’s:
optimal configuration (MUX in Fig. 1p = pma.) Mmaximizes [—p/2N,p/2N] at the transmitter anf-r/2N,r/2N] at the
the MG. The optimal choicg,,: for p € (pmin, pmae) reflects receiver. Since the spacing between virtual angleaés=
a judicious balance between MG apgl.. 1/N, it follows that onlyp = p/N/A@ virtual angles lie
The ratio ppign/piow = (Pmas /p,,,”»n)2 attains its largest within the reduced AS at the transmitter and omlyirtual
value, N2, for v = 1 (D = N), whereas it achieves itsangles lie within the reduced angular spread at the receiver
minimum value of unity fory = 0 (D = 1) or v = 2 Thus, the non-zero entries H, are contained in a sub-matrix
(D = N?). Thus, the MGp,, tradeoff does not exist for H, of sizer x p. The channel powep. = D is uniformly
the extreme cases of highly correlated & 0) and i.i.d. distributed over its entries so th&{|H, (m, n)|?] = %,[xr =
(v = 2) channels. On the other hand, the impact of the MGz, H!| = (D/r)1, and A, = E[HYH,] = ¢I,,, where
pre tradeoff on capacity is highest for=1 (D = N). the expectation is over the statistics of thenon-vanishing
coefficients as well as their random locations. The projorsit
thus follows by comparison with Prop. 1 fare [1,2) [ ]
Corollary 2: The power matrix of the reconfigured channel
In this section we present a systematic approach for magrresponding to the spacings in (11) satisfi®s= M(D,p)
imizing MIMO capacity in sparse multipath environmentsor p < /D (g > p), but® # M(D, p) for p > VD (q < p).
by varying the antenna spacings at the transmittgy &nd ~ Remark 2:Ideal MIMO Capacity. Thm. 2 and Cor. 2
receiver (). We focus onD = N7, v € [1,2), since imply that in randomly sparse physical channels, the virtua
for v € (0,1), it is advantageous to use fewer antennas thannel matrix generated by reconfiguring antenna spacings
effectively increasey to 1 (see Rem. 1). We first define thehas identical statistics (marginal and joint) to those geieel
notion of randomly sparse physical channels. by the mask matrixM(D,p) for p < ¢, but only the
Definition 3 (Randomly Sparse Physical ChanneBsyr a marginal statistics are matched for> ¢. It follows that the
given array dimensionV, a classH (D) of channels is said reconfigured channel achieves the capacity corresponding t
to be randomly sparse wittD degrees of freedom if it M(D,p) for p < ¢, but the capacity may deviate a little for
containsL = D < N? resolvable paths that are randomly, > 4 especially at high SNR’s since the reconfigured channel
distributed over the maximum angular spreads for Sufﬁtyentalways has a kronecker (separable) structure whévi@s, p)
large antenna spacings ma. andd,. ;maz; thatis,(0,.4,0:¢) € is non-separable fqr > ¢ [4]. With this qualification, we have
[—1/2,1/2]x[-1/2,1/2] in (2). We assume that all paths havehe following.
CN(0,1) path gains{/3,} (Rayleigh fading) ] Corollary 3: In randomly sparse physical channels, the
The maximum antenna spacings serve as an anchor point(ipacity maximizing) ldeal MIMO Channel at any transmit
relating to the ideal MIMO development in Sec. lll and corSNR can be created by choosimly ,,; and d; ¢ in (11)
respond to the choicp = ppq, = N (MUX configuration); corresponding tg.,; defined in (10).
that is, (d¢,maw» dr,maz) < Pmaz- FOr such a randomly sparse Remark 3: Three Canonical Array Configurations. Three
scattering environment, the next result describes theinetju channel configurations are highlighed in Fig. 1 correspaendi
antenna spacings to create a MIMO channel whose transgitN = D = 25: BF: H, ;s < pyy = Pmin = 1; IDEAL:
and receive statistics match those inducedbyD, p) forany H, ,;; < p;q = VD = VN; and MUX: H,, vz < Dz =
desiredp as in Prop. 1 and Thm. 1. Pmaz = N. The BF and MUX configurations represent the
Theorem 2:Consider the class of randomly sparse physica@deal MIMO Channel forp < pio andp > Phigh, TeSpec-
channels withD = N7, v € [1,2), DoF. For anyp, pmin < tively. As evident from the figure, the IDEAL configuration
P < Pmas, define the antennas spacings is a good approximation to the Ideal MIMO Channel for
Ay maz rdyman P € (piow, Prign) (the ldeal MIMO capacity does not vary
dy = —~ dr = N (11)  much in this range). Thus, from a practical viewpoint, these
three configurations suffice for adapting array configuretio

wherer = max(¢,p) andgq = D/p. Then, for eachp, the , nayimize capacity over the entire SNR range.
non-vanishing entries of the resultidf), are contained within

anr x p sub-matrix H, with power matrix & = p%l,.xp_ A. Numerical Example

Furthermore, the transmit and receive correlation matride We present a numerical example to illustrate the creation
and A, respectively, ofH, match those generated by theof the three canonical channel configuratioBs, .. Hy id,
mask matrixM (D, p) as in Prop. 1. and H, ¢, by adapting the antenna spacings as in Thm. 2.

Proof: First, using (2) it is easy to show that, for aWe considerN = D = 25 (y = 1) and first generate the

given scattering environment, the channel power does rwAs and AoD's (6,.,0:¢) € [-1/2,1/2]? for L = 25
change with antenna spacing. By assumption we have- paths, where the AoA/AoD’s of different paths are randomly
tr(E[H,HY]) = D. Also by assumption, thé> randomly distributed over the entire angular spread. This defligs, .

IV. MAXIMIZING CAPACITY WITH RECONFIGURABLE
ANTENNA ARRAYS



environment ford; mus = drmus = dmaee = A/2, Without general (the non-vanishing transmit eigenvalues will be-no
loss of generality (Fig. 1(c)). These AoA/AoD’s are then fixeuniform). In such cases, optimizing the input power allamat
and the capacities of the different channel configuratioms as in (5), will be beneficial and the capacity gains due
estimated via 200 realizations of the scattering enviramtmeo array configurations would be smaller. To quantify the
simulated using (2) by independently generatiy (0,1)- gains due to adaptive array configurations at low SNR’s, we
distributed complex path gains. The random locations oflthe compareH,,, ., with Hy ;. H,,,.., represents the optimal array
paths are illustrated in Fig. 3(a), which shows the contdot p configuration at high SNR’s and its capacity as a function of
of ¥,,.,. Using (11) and Rem. 3, the spacings Hy, ;¢ are p reflects the performance if we optimized the input, as in (5),
dips = dimus/N (Fig. 1(e)) andd,»r = dr mue (Fig. 1(c)), while keeping the antenna spacings fix&fi,; on the other
whereas the spacings féf;; ared; ;q = driq = dnmux/\/ﬁ hand reflects capacity optimization at low SNR’s by adapting
(Fig. 1(d)). The contour plots of the resulting,; and ¥,y spacings. The following result quantifies the capacity gain
are illustrated in Figs. 3(b) and (c) and confirm the sizedef tdue to reconfigurable arrays which we state without proof.
non-vanishing sub-matricdd, in Thm. 2 (the corresponding  Proposition 2: Let Cy,.., andCy denote the capacities of
¥, andW,, in Fig. 3 are approxV x 1 andv/N x/N; com- H,,,, and H,;. The capacity gain in the low-SNR regime
pare also with Fig. 2). The numerically estimated capaitielue to reconfigurable arrays is given by
for the three configurations, corresponding to the thecmkyi _ Cy(N,D,p) D
optimal uniform-power inputs in Cor. 1, are plotted in Figd CG = lim = <N (12)

. . . . p—0 Cmux (N, D7 p) )‘t,maz
along with the theoretical curves (Fig. 1(b)) using (9). We L
note that the uniform-power inputs are not optimal for th@’here}%max denotgs t'he IargeSt transmit eigenvaluéif.,,
ﬂnd the largest gaitV is achieved for regular channels.

simulated channel since its not regular (the paths locatio K hvsical h I hi
remain fixed) and we expect the agreement to be even mor&kemark 4 (Physical Source-Channel Matchinghe

striking if averaging is done over locations of paths as wellCaPacity maximizing input for fixed spacings (see (5))
allocates all power to the strongest virtual direction at lo

AAAAAAAAAAAA =T p. With reconfigurable arraysd; is decreased witlp to
3’) concentrate channel power in fewer non-vanishing virtual

@ l transmit beams: the number of non-vanishing transmit
: : S f eigenvalues gets smaller but their size gets bigger. This
0 reflects a form of source-channel matching: the rank of the

optimal input is better-matched to the rankidf. As a result,
compared to optimal power allocation with fixed spacings, no
channel power is wasted as the multiplexing gain is optinall
reduced throughi; < p. Physically, asi; is decreased fewer

.| ] data streamsp] are transmitted over a corresponding number
of spatial beams, whereas the width of the beams gets wider
(see Figs. 1(c)-(e)). In effect, for any N/p closely spaced
antennas coherently contribute to each beam to sustain a
constant power over th&//p-times wider beamwidth.
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