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Abstract— While the intense research on multi-antenna
(MIMO) wireless communication channels was pioneered by
results based on an i.i.d. channel model representing a rich
multipath environment, there is growing experimental evidence
that physical wireless channels exhibit a sparse multipath struc-
ture, even at relatively low antenna dimensions. In this paper,
we propose a model for sparse multipath channels and study
coherent MIMO capacity as a function of SNR for a �xed
number of antennas. In a recent work, we had shown that the
spatial distribution of the sparse multipath has a signi�cant
impact on capacity and had also characterized the optimal
distribution (the Ideal MIMO Channel) that maximizes capacity
at any operating SNR. In this paper, we re�ne these results and
develop a framework for maximizing MIMO capacity at any
SNR by systematically adapting the array con�gurations (antenna
spacings) at the transmitter and receiver to the level of sparsity.
Surprisingly, three canonical array con�gurations are suf�cient
for near-optimum performance over the entire SNR range. In
a scattering environment with randomly distributed paths, the
capacity gain due to optimal con�guration is directly proportional
to the number of antennas at low SNR's. Numerical results based
on a realistic physical model are presented to illustrate capacity
gains with recon�gurable antenna arrays.

I. I NTRODUCTION

While the intense research on multi-antenna (MIMO) wire-
less communication systems was pioneered by initial results
in rich multipath environments [1], [2], there is growing
evidence that physical wireless channels exhibit asparse
structure even at relatively small antenna dimensions [7],[3].
In this paper we show that the sparsity of multipath can
be exploited for dramatically increasing MIMO capacity at
low SNR’s by matching the array configurations (antenna
spacings) to the level of sparsity. We focus on uniform
linear arrays (ULAs) of antennas and provide a systematic
characterization of the impact of antenna spacing on coherent
capacity. Our results confirm and extend recent studies that
indicate that in certain correlated environments reducingthe
antenna spacings can actually increase capacity and that this
effect is most pronounced in the low-SNR regime [3], [8], [9].
Furthermore, technological advances in reconfigurable antenna
arrays are enabling new wireless communication devices in
which the array configuration can be adapted to changes in the
communication environment. Thus, understanding the impact
of reconfigurable arrays on MIMO capacity, and developing
strategies for sensing and adapting to the environment, is of
significant interest both theoretically and practically.

Our approach is based on the virtual channel representation
[5] that provides an accurate and analytically tractable model
for physical wireless channels. LetH denote anN £ N virtual
channel matrix representingN antennas at the transmitter and
the receiver. The dominant non-vanishing entries of the virtual
channel matrix reveal the statistically independent degrees of
freedom (DoF),D , in the channel which also represent the
number of resolvable paths in the scattering environment.
For sparse channels,D < N 2, as illustrated in Fig. 1(a).
The contributions of this paper build on our recent results
in [3] in which we revisited coherent capacityscaling in
MIMO channels withN and argued that the DoF (and channel
power) can at best scale at asub-quadraticrate, D(N ) =
o(N 2), and consequently the capacity of physical channels
can at best scale at asub-linear rate which cannot exceed
O

‡p
D(N )

·
= o(N ). We also introduced the notion of an

ideal MIMO channel that achievesO
‡p

D(N )
·

scaling.
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Fig. 1. (a) A sparse 9 x 9 virtual channel matrix. (b) Capacity versus SNR for
different channel configurations for D=N=25. (c)-(e): Virtual beam directions
for N = 25 and different spacings; (c) large spacing; (d) medium spacing;
(e) small spacing.

The results in [3] also revealed a fundamental new tradeoff
in sparse channels between the multiplexing gain (MG; the



number of parallel channels) and the received SNR per parallel
channel that governs channel capacityas a function of SNR
for a fixed N . We introduced a family of channel described
by two parameters(p; q), D = pq, that represents different
configurations of theD < N 2 DoF. We showed that for
all feasible (p; q) the MIMO capacity of the corresponding
channel configuration is accurately approximated by

C(N; ½; D; p) ¼ plog(1 + ½D=p2) (1)

where ½ denotes the transmit SNR,p represents the MG,
q = D=p represents the DoF per parallel channel, and
½D=p2 = ½q=p= ½rx denotes the received SNR per parallel
channel. Thus, increasingp comes at the cost of½rx and vice
versa. This is illustrated in Fig. 1(b) where there dotted curves
represent different values ofp. The most important observation
is that for any½ there is an optimum channel configuration
(value of p) that optimizes the MG-SNR tradeoff and yields
the highest capacity. We term this optimal configuration as the
Ideal MIMO Channelat the particular SNR.

Summary of Results.In this paper, we refine the concept
of the Ideal MIMO Channel and develop a framework for
maximizing capacity in sparse environments bysystemati-
cally adapting the antenna spacings at the transmitter (Tx)
and receiver (Rx).1 Unlike existing characterizations of the
capacity-maximizing input, that are explicit only in low-
or high-SNR regimes, our results characterize the capacity-
maximizing array configurations and corresponding optimal
signaling schemes for all SNR’s. Surprisingly, only three
canonical array configurations are sufficient for near-optimum
performance over the entire SNR range. The multiplexing
(MUX) configuration (p = pmax = N ) in Fig. 1(b) is optimal
at high SNR, ½ > ½high, and is realized by sufficiently
large spacings at both ends, illustrated in Fig. 1(c). The
beamforming (BF) configuration (p = pmin = 1 ) is optimal
at low SNR, ½ < ½low, and is realized by closely spaced
antennas at the Tx (Fig. 1(e)) and large spacing at the Rx
(Fig. 1(c)). The IDEAL configuration (p = pid =

p
N ) that

yields the fastest capacity scaling[3] is a robust choice for
½2 (½low; ½high) and is realized by medium spacings at the
Tx and the Rx (Fig. 1(d)). As evident, the capacity gains
achievable by adapting antenna spacings to channel sparsity
are very substantial, especially in the low-SNR regime. We
quantify these gains, illustrate the results with a realistic
numerical simulation, and provide aphysical source-channel
matchinginterpretation of the proposed methodology.

II. V IRTUAL MODELING OF MULTIPATH CHANNELS

We consider a single-user MIMO system with ULA’s ofNt
transmit andNr receive antennas. The transmitted signals and
the received signalx are related byx = Hs + n whereH is
the MIMO channel matrix andn is the AWGN at the receiver.

1We noted this possibility in [3] and suggested a form of adaptive-resolution
spatial signaling for achieving it. However, the approach in [3] makes implicit
assumptions on power amplification at the transmitter, which maynot be
feasible. The approach presented here circumvents those assumptions.

A physical multipath channel can be accurately modeled as

H =
LX

ℓ=1

¯ ℓ ar(µr,ℓ)aH
t (µt,ℓ) (2)

where the transmitter and receiver arrays are coupled through
L propagation paths with complex path gainsf ¯ ℓg, Angles of
Departure (AoD)f µt,ℓg and Angles of Arrival (AoA)f µr,ℓg.
In (2), ar(µr) and at(µt) denote the receiver response and
transmitter steering vectors for receiving/transmittingin the
normalized directionµr/µt, whereµ is related to the physical
angle (in the plane of the arrays)Á 2 [¡ ¼=2; ¼=2] as µ =
dsin(Á)=¸ , d is the antenna spacing and¸ is the wavelength
of propagation. Bothar(µr) andat(µt) are periodic inµ with
period 1 [5].

The virtual MIMO channel representation[5] characterizes
a physical channel via coupling between spatial beams in fixed
virtual transmit and receive directions

H =
NrX

m=1

NtX

n=1

Hv(m; n)ar( ~µr,m)aH
t ( ~µt,n) = A rH vA H

t (3)

where
n

~µr,m = m
Nr

o
and

n
~µt,n = n

Nt

o
are fixed virtual re-

ceive and transmit angles that uniformly sample the unitµ
period and result in unitary (DFT) matricesA t andA r. Thus,
H and H v are unitarily equivalent:H v = A H

r HA t. The
virtual representation is linear and is characterized by the
matrix H v.

The virtual representation induces a partitioning of propa-
gation paths [5]: eachH v(m; n) is associated with a disjoint
set of physical paths and is approximately equal to the sum
of the gains of the corresponding paths. It follows that the
virtual channel coefficients are approximately independent and
we assume that the virtual channel coefficients are statistically
independent zero-mean Gaussian random variables.

A. Transmit, Receive and Joint Channel Statistics

Channel statistics play a key role in our characterization of
optimal array configurations. In Rayleigh fading, the statistics
of H are characterized by the virtual channel power matrixª :
ª (m; n) = E[jH v(m; n)j2]. The matricesA r andA t consti-
tute the matrices of eigenvectors for the transmit and receive
covariance matrices, respectively:E[H HH ] = A t¤ tA H

t and
E[HH H ] = A r¤ rA H

r , where¤ t = E[H H
v H v] and ¤ r =

E[H vH H
v ] are the diagonal matrices of transmit and receive

eigenvalues (correlation matrices in the virtual domain).We
can interpretª as the joint distribution of channel power as
a function of transmit and receive virtual angles.¤ t and ¤ r
serve at the corresponding marginal distributions:¤ r(m) =P

n ª (m; n) and¤ t(n) =
P

m ª (m; n).

B. Sparse Virtual Channels

We considerN = Nr = Nt for the rest of the paper.
Measurements studies have shown that the dominant virtual
coefficients tend to be sparse (see, e.g., [7]) even for relatively
small N » 8. We abstract the notion of sparsity in the
following definition.



Definition 1 (Sparse Virtual Channels):An N £ N H v is
sparse if it containsD < N 2 non-vanishing coefficients. We
assume that each non-vanishing coefficientsCN(0; 1) reflect-
ing the power contributed by theunresolvablepaths associated
with it. D reflects the statistically independent DoF in the
channel and the channel power½c(N ) = E

£
tr( H vH H

v )
⁄

=PL
ℓ=1 Ej¯ ℓj2 = D . ¤
Sparse virtual channel matrices provide a model for spatial

correlation inH : in general, the sparser theH v in the virtual
domain, the higher the correlation in the antenna domainH .
It is convenient to model a sparseH v as

H v = M ¯ H iid (4)

where¯ denotes element-wise product,H iid is an i.i.d. matrix
with CN(0; 1) entries, andM is a mask matrix withD unit
entries and zeros elsewhere. Under these assumptions,ª = M
and the entries of¤ r and¤ t represent the number of non-zero
elements in the rows and columns ofM , respectively.

C. Capacity-Achieving Input

The ergodic capacity of a MIMO channel, assuming knowl-
edge ofH at the receiver, is given by [1], [2]

C(N; ½) = max
Tr( Q ) · ρ

EH v

£
log det

¡
I + H vQH H

v
¢⁄

(5)

where ½ is the transmit SNR, andQ = E[ssH ] is the
transmit covariance matrix. It is shown in [6] that the capacity-
maximizingQopt is diagonal. Furthermore, for general (non-
regular [4]) correlated channels,Qopt is full-rank at high
SNR’s, whereas it is rank-1 (beamforming) at low SNR’s.
As ½is increased from low to high SNR’s, the rank ofQopt
increases from 1 to N.

III. T HE IDEAL MIMO CHANNEL

The capacity of a sparse virtual channel matrixH v depends
on three fundamental quantities: 1) the transmit SNR½, 2) the
number of DoF,D < N 2, and 3) the distribution of theD
DoF in the availableN 2 dimensions. Our asymptotic results
on capacity scaling in [3] indicated that for any½there is an
optimal configuration of the DoF, characterized by an optimal
mask matrixM opt, that yields the highest capacity at that½.
We term the corresponding MIMO channel the Ideal MIMO
Channel and the resulting capacity the ideal MIMO capacity
at that½.

Definition 2 (Ideal MIMO Channel):Consider a fixedN
and D < N 2 and let M (D) denote the set of allN £ N
mask matrices withD non-zero (unit) entries. For any½, the
ideal MIMO capacity is defined as

Cid(N; D; ½) = max
M 2M (D)

C(N; ½;M ) (6)

and anM opt that achievesCid(N; D; ½) defines the Ideal
MIMO Channel at that½. ¤

M opt is not unique in general. In [3] we presented an
explicit family of mask matrices to characterize a particular
M opt for any given½. The family of mask matrices is defined
by two parameters(p; q) such thatD = pq. For D = N γ ,

1 £ g £ 2
p(N) = N

g - 1

q
(N

) 
= 

Ng 
/2

p(N) = N

p(N) = N
g /2

q
(N

) 
= 

N

q
(N

) 
= 

N
g 

- 
1

a = a         =1
 max

a = a     = g/2
id

a = a       = g - 1
min

BEAMFORMING IDEAL MULTIPLEXING

Fig. 2. A family of mask matrices.γ 2 [1, 2].

° 2 [0; 2], the matrices can be further parameterized via
p = N α, ® 2 [®min; ®max] where ®min = max( ° ¡ 1; 0)
and®max = min( °; 1), andq = D=p. The mask matrices are
illustrated in Fig. 2 for° 2 [1; 2]. The following proposition
summarizes the properties of the mask matrices relevant to
this paper.

Proposition 1: For a givenD = N γ , ° 2 [0; 2], and any
p = N α, ® 2 [®min; ®max], the mask matrixM (D; p) is
an N £ N matrix but its non-zero entries are contained in a
non-zero sub-matrix of sizer £ p, r = max( q; p), consisting
of p non-zero columns, andq non-zero (unit) entries in each
column. The correspondingr £ p virtual sub-matrices~H v
defined by (4) satisfy½c = D and their transmit and receive
correlation matrices are given by

~¤ t = E[ ~H H
v

~H v] =
D
p

I p = qI p (7)

~¤ r = E[ ~H v ~H H
v ] =

D
r

I r =
‰

pI q ; q ¸ p
qI p ; q < p

¤ (8)

Corollary 1: Since each~H v defines a regular channel [4],
the capacity maximizing input allocates uniform power over
the non-vanishing transmit dimensions,~Qopt = ρ

p I p, and no
power in the remaining dimensions.

We showed in [3] that the channel capacity for anyM (D; p)
is characterized by the formula (1) which was derived for large
N but yields accurate estimates even for relatively smallN .
The following theorem, which can be inferred form the result
in [3], characterizes the mask matrix associated with the Ideal
MIMO Channel at any½.

Theorem 1:For sufficiently largeN , the capacity of the
MIMO channel defined by the maskM (D; p) is accurately
approximated as a function of½by

C(N; ½;M (D; p)) ¼ plog
µ

1 + ½
D
p2

¶
(9)

For a given½, the Ideal MIMO Channel is characterized by
M (D; popt) $ popt where

popt ¼






pmin ; ½ < ½lowp
ρD
2 ; ½2 [½low; ½high]

pmax ; ½ > ½high

(10)

and Cid(N; D; ½) = C(N; ½;M (D; popt)) . In (10), pmin =
N αmin , pmax = N αmax , ½low ¼ 4p2

min=D = 4N 2αmin=D
and½high ¼ 4p2

max=D = 4N 2αmax=D. ¤
Remark 1:Different values of p reveal a multiplexing

gain (MG) versus received SNR tradeoff. In (9),½D=p2 =



E[kHs k2 ]
p = ½rx is the received SNR per parallel channel [3].

Thus increasing the MG comes at the cost of a reduction in½rx
and vice versa. For½ < ½low, the optimal configuration (BF in
Fig. 1; p = pmin) maximizes½rx, whereas for½ > ½high, the
optimal configuration (MUX in Fig. 1;p = pmax) maximizes
the MG. The optimal choicepopt for ½2 (½min; ½max) reflects
a judicious balance between MG and½rx.

The ratio ½high=½low = ( pmax=pmin)2 attains its largest
value, N 2, for ° = 1 (D = N ), whereas it achieves its
minimum value of unity for° = 0 (D = 1 ) or ° = 2
(D = N 2). Thus, the MG-½rx tradeoff does not exist for
the extreme cases of highly correlated (° = 0 ) and i.i.d.
(° = 2 ) channels. On the other hand, the impact of the MG-
½rx tradeoff on capacity is highest for° = 1 (D = N ).

IV. M AXIMIZING CAPACITY WITH RECONFIGURABLE

ANTENNA ARRAYS

In this section we present a systematic approach for max-
imizing MIMO capacity in sparse multipath environments
by varying the antenna spacings at the transmitter (dt) and
receiver (dr). We focus onD = N γ , ° 2 [1; 2), since
for ° 2 (0; 1), it is advantageous to use fewer antennas to
effectively increase° to 1 (see Rem. 1). We first define the
notion of randomly sparse physical channels.

Definition 3 (Randomly Sparse Physical Channels):For a
given array dimensionN , a classH(D) of channels is said
to be randomly sparse withD degrees of freedom if it
containsL = D < N 2 resolvable paths that are randomly
distributed over the maximum angular spreads for sufficiently
large antenna spacingsdt,max anddr,max; that is,(µr,ℓ; µt,ℓ) 2
[¡ 1=2; 1=2]£ [¡ 1=2; 1=2] in (2). We assume that all paths have
CN(0; 1) path gainsf ¯ ℓg (Rayleigh fading).¤

The maximum antenna spacings serve as an anchor point for
relating to the ideal MIMO development in Sec. III and cor-
respond to the choicep = pmax = N (MUX configuration);
that is,(dt,max; dr,max) $ pmax. For such a randomly sparse
scattering environment, the next result describes the required
antenna spacings to create a MIMO channel whose transmit
and receive statistics match those induced byM (D; p) for any
desiredp as in Prop. 1 and Thm. 1.

Theorem 2:Consider the class of randomly sparse physical
channels withD = N γ , ° 2 [1; 2), DoF. For anyp, pmin ·
p · pmax, define the antennas spacings

dt =
pdt,max

N
; dr =

rdr,max

N
(11)

where r = max( q; p) and q = D=p. Then, for eachp, the
non-vanishing entries of the resultingH v are contained within
an r £ p sub-matrix ~H v with power matrix ~ª = D

pr 1r£ p.

Furthermore, the transmit and receive correlation matrices, ~¤ t
and ~¤ r, respectively, of ~H v match those generated by the
mask matrixM (D; p) as in Prop. 1.

Proof: First, using (2) it is easy to show that, for a
given scattering environment, the channel power does not
change with antenna spacing. By assumption we have½c =
tr( E [H vH H

v ]) = D . Also by assumption, theD randomly

distributed paths cover maximum angular spreads (AS’s) at
the maximum spacings. Sinceµ = dsin(Á)=¸ , where Á is
the physical angle associated with a path (which remains
unchanged), thedr and dt in (11) result in smaller AS’s:
[¡ p=2N; p=2N ] at the transmitter and[¡ r=2N; r=2N ] at the
receiver. Since the spacing between virtual angles is¢ µ =
1=N , it follows that only p = p=N=¢ µ virtual angles lie
within the reduced AS at the transmitter and onlyr virtual
angles lie within the reduced angular spread at the receiver.
Thus, the non-zero entries inH v are contained in a sub-matrix
~H v of size r £ p. The channel power½c = D is uniformly
distributed over its entries so thatE[j ~H v(m; n)j2] = D

rp , ~¤ r =
E[ ~H v ~H H

v ] = ( D=r )I r and ¤ t = E[ ~H H
v

~H v] = qI p, where
the expectation is over the statistics of theD non-vanishing
coefficients as well as their random locations. The proposition
thus follows by comparison with Prop. 1 for° 2 [1; 2)

Corollary 2: The power matrix of the reconfigured channel
corresponding to the spacings in (11) satisfies:ª = M (D; p)
for p ·

p
D (q ¸ p), but ª 6= M (D; p) for p >

p
D (q < p).

Remark 2: Ideal MIMO Capacity. Thm. 2 and Cor. 2
imply that in randomly sparse physical channels, the virtual
channel matrix generated by reconfiguring antenna spacings
has identical statistics (marginal and joint) to those generated
by the mask matrixM (D; p) for p · q, but only the
marginal statistics are matched forp > q. It follows that the
reconfigured channel achieves the capacity corresponding to
M (D; p) for p · q, but the capacity may deviate a little for
p > q especially at high SNR’s since the reconfigured channel
always has a kronecker (separable) structure whereasM (D; p)
is non-separable forp > q [4]. With this qualification, we have
the following.

Corollary 3: In randomly sparse physical channels, the
(capacity maximizing) Ideal MIMO Channel at any transmit
SNR can be created by choosingdr,opt and dt,opt in (11)
corresponding topopt defined in (10).

Remark 3:Three Canonical Array Con�gurations . Three
channel configurations are highlighed in Fig. 1 corresponding
to N = D = 25: BF: H v,bf $ pbf = pmin = 1 ; IDEAL:
H v,id $ pid =

p
D =

p
N ; and MUX: H v,mux $ pmux =

pmax = N . The BF and MUX configurations represent the
Ideal MIMO Channel for½ < ½low and ½ > ½high, respec-
tively. As evident from the figure, the IDEAL configuration
is a good approximation to the Ideal MIMO Channel for
½ 2 (½low; ½high) (the Ideal MIMO capacity does not vary
much in this range). Thus, from a practical viewpoint, these
three configurations suffice for adapting array configurations
to maximize capacity over the entire SNR range.

A. Numerical Example

We present a numerical example to illustrate the creation
of the three canonical channel configurations,H v,mux, H v,id,
and H v,bf , by adapting the antenna spacings as in Thm. 2.
We considerN = D = 25 (° = 1 ) and first generate the
AoA’s and AoD’s (µr,ℓ; µt,ℓ) 2 [¡ 1=2; 1=2]2 for L = 25
paths, where the AoA/AoD’s of different paths are randomly
distributed over the entire angular spread. This definesH mux



environment fordt,mux = dr,mux = dmax = ¸= 2, without
loss of generality (Fig. 1(c)). These AoA/AoD’s are then fixed
and the capacities of the different channel configurations are
estimated via 200 realizations of the scattering environment
simulated using (2) by independently generatingCN(0; 1)-
distributed complex path gains. The random locations of theD
paths are illustrated in Fig. 3(a), which shows the contour plot
of ª mux. Using (11) and Rem. 3, the spacings forH v,bf are
dt,bf = dt,mux=N (Fig. 1(e)) anddr,bf = dr,mux (Fig. 1(c)),
whereas the spacings forH id aredt,id = dr,id = dr,mux=

p
N

(Fig. 1(d)). The contour plots of the resultingª id and ª bf
are illustrated in Figs. 3(b) and (c) and confirm the sizes of the
non-vanishing sub-matrices~H v in Thm. 2 (the corresponding
~ª bf and ~ª id in Fig. 3 are approx.N £ 1 and

p
N £

p
N ; com-

pare also with Fig. 2). The numerically estimated capacities
for the three configurations, corresponding to the theoretically
optimal uniform-power inputs in Cor. 1, are plotted in Fig. 3(d)
along with the theoretical curves (Fig. 1(b)) using (9). We
note that the uniform-power inputs are not optimal for the
simulated channel since its not regular (the paths locations
remain fixed) and we expect the agreement to be even more
striking if averaging is done over locations of paths as well.
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Fig. 3. (a)-(c): Contour plots ofΨ for the three canonical configurations
in a physical environment with with N=D=25 randomly distributed paths;
(a) Ψmux; (b) Ψid; (c) Ψbf . (d) The numerical capacities of the three
configurations with uniform power inputs, along with the theoretical values.

B. Discussion

Thm. 2 establishes the equivalence of MIMO channels
created with reconfigurable antenna arrays with the Ideal
MIMO Channel in Thm. 1 by averaging over all randomly
sparse channels withD scattering paths. While the channels
in Thm. 2 and Thm. 1 areregular [4] over the non-vanishing
transmit dimensions, in practice, we will encounter a particular
sparse scattering environment, as illustrated in the numerical
example in Fig. 3, which will result inirregular channels in

general (the non-vanishing transmit eigenvalues will be non-
uniform). In such cases, optimizing the input power allocation,
as in (5), will be beneficial and the capacity gains due
to array configurations would be smaller. To quantify the
gains due to adaptive array configurations at low SNR’s, we
compareH mux with H bf . H mux represents the optimal array
configuration at high SNR’s and its capacity as a function of
½reflects the performance if we optimized the input, as in (5),
while keeping the antenna spacings fixed.H bf on the other
hand reflects capacity optimization at low SNR’s by adapting
spacings. The following result quantifies the capacity gains
due to reconfigurable arrays which we state without proof.

Proposition 2: Let Cmux andCbf denote the capacities of
H mux and H bf . The capacity gain in the low-SNR regime
due to reconfigurable arrays is given by

CG = lim
ρ! 0

Cbf (N; D; ½)
Cmux(N; D; ½)

=
D

¸ t,max
· N (12)

where¸ t,max denotes the largest transmit eigenvalue ofH mux
and the largest gainN is achieved for regular channels.

Remark 4 (Physical Source-Channel Matching):The
capacity maximizing input for fixed spacings (see (5))
allocates all power to the strongest virtual direction at low
½. With reconfigurable arrays,dt is decreased with½ to
concentrate channel power in fewer non-vanishing virtual
transmit beams: the number of non-vanishing transmit
eigenvalues gets smaller but their size gets bigger. This
reflects a form of source-channel matching: the rank of the
optimal input is better-matched to the rank ofH v. As a result,
compared to optimal power allocation with fixed spacings, no
channel power is wasted as the multiplexing gain is optimally
reduced throughdt $ p. Physically, asdt is decreased fewer
data streams (p) are transmitted over a corresponding number
of spatial beams, whereas the width of the beams gets wider
(see Figs. 1(c)-(e)). In effect, for anyp, N=p closely spaced
antennas coherently contribute to each beam to sustain a
constant power over theN=p-times wider beamwidth.
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