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ABSTRACT

Most existing works in wireless communications assumerriah
tipath. In particular, the intense research on multi-amygiMIMO)

W sc. edu

structure even with small number of antennas and espeaally
wide bandwidths (see, e.g., [1]). In this paper, we use aairt
representation of physical multipath channels that we ldavel-

systems in the last decade was pioneered by results basatl on aP€d in the past several years to present a framework for Imode

i.i.d. channel model representing a rich multipath envinent.
However, there is growing experimental evidence that paysi
wireless channels exhibit a sparse multipath structugeecally

at large bandwidths. In this paper, we propose a model fasspa
multipath channels and discuss its implications for chatesen-
ing and optimal communication. Our investigation is basad o
a virtual representation of physical wireless channels tbare-
sponds to uniform sampling of the scattering environmeanigie-
delay-Doppler at a resolution commensurate with the sigpate
dimensions. The virtual representation characterizestiugsti-
cally independent degrees of freedom (DoF) in the channgl an
a key implication of sparse multipath is that the DoF scale su
linearly with the signal space dimensions in contrast tolithear
scaling inherent in rich multipath. We first show that sparsé-
tipath channels are perfectly learnable (and hence cotf)encthe
limit of large bandwidth. We next study the potential of refig-
urable arrays in maximizing MIMO capacity in sparse multipa
Simulation results are presented to illustrate the capageiins.

1. INTRODUCTION

Multipath signal propagation, the most salient feature oéless
channels, is a curse and a blessing from the viewpoint ofczapa
ity and reliability of such channels. On the one hand, mattip
leads to signal fading — fluctuations in received signalngfie —
that severely impacts the reliability of such channels. i@ndather
hand, knowledge of multipath structure can be exploitedifogr-
sity — multiple independent modes of communication — togase
the rate and/or reliability of communication. The impacfaafing
versus diversity on performance is governed by the the atrafun
channel state information (CSI) known to the system. Fonexa
ple, if perfect CSl is available at the receiver (coheremcwni-
cation), then the reliablity of the fading channel convergethat

of the AWGN as the level of diversity increases. Furthermtre
gap in the performance of coherent or non-coherent comraunic
tion is generally quite significant.

Technological advances in wideband multi-antenna RF front
ends are enabling learning CSI at a finer resolution affotged
the increase in the spatio-temporal signal space dimensiAn-
curate modeling of channel characteristics in time, fregyeand
space, as a function of physical multipath characterisitcghus
critical for analyzing the impact of such emerging sophéad
RF front ends. In particular, while most existing models vigr-
less channels assume a rich multipath environment, theprevs
ing experimental evidence that physical channel exhibparse
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ing spare multipath channels and to study certain the iragtins
of sparsity on channel learning and optimal communicatibine
virtual representation samples the multipath geometryniglea
delay-Doppler at a resolution commensurate with the sigpate
dimensions and characterizes the statistically indeperdigrees
of freedom (DoF) available for communication. Sparse cké&nn
correspond to a sparse set of dominant non-vanishing Victia
efficients. A key implication of sparse multipath is that theF
scale sub-linearly with the signal space dimensions inreshto
the linear scaling inherent in most existing models thatlicitty
assume a rich multipath. Sparsity of multipath in anglexgel
Doppler leads to channel coherence in time, frequency aacesp
that has significant implications for optimal communicatio the
low-SNR/wideband regime. In particular, we show that spars
multipath channels are perfectly learnable in the limit afge
bandwidth and thus naturally bridge the gap between cohaneh
non-coherent extremens. From a spatial viewpoint, we attgpie
adapting the array configurations (antenna spacings) @analr-
cally increase MIMO capacity in sparse multipath in the IBNR
regime. Our results indicate that, surprisingly, threeocdcal
array configurations are sufficient for near-optimum penf@nce
over all SNR’s. Simulation results are presented to ilatstithe
capacity gains due to reconfigurable arrays.

2. VIRTUAL MODELING OF PHYSICAL WIRELESS
CHANNELS

Consider a time- and frequency-selective multi-antennBV(®)
channel corresponding to a transmitter withr antennas and a
receiver withNr antennas. For simplicity, we assume uniform
linear arrays (ULA's) of antennas and consider signalingrakis
channel over a duratiofi and (two-sided) bandwidth. In the
absence of noise, the transmitted and received signallatedes

w/2
x(t) = [
—W/2
where x(t) is the Ng-dimensional received signa§(f) is the
Fourier transform of theVr-dimensional transmitted signa(t),
andH(¢, f) if the Nr x Nr time-varying frequency response ma-

trix of the channel. A physical wireless channel can be ately
modeled as

H(t, f)S(f)e>™df ,0<t<T (1)

Npath
H(t7 f) - Z ﬁnaR(9127”){-171—{(OT’”)@]%"“nte*J%\'Tnf (2)
n=1

which represents signal propagation o0gf,:, paths;s3, denotes
the complex path gairfr . the angle of arrival (AoA)fr,, the



angle of departure (AoD);, the delay and,, the Doppler shift
associated with the-th path. The vectorar (67) andar(6r) de-
note the array steering and response vectors for transgiitticeiving
a signal in the directiofr /6 and are periodic i with unit pe-
riod [8]. We assume that, € [0, Tmaz] andu, €
where T, denotes the delay spread angl,. the (two- S|ded)

[ VYmax Vmam ]
2 )

equal to the sum of the gains of all physical paths whose angle
delays and Doppler shifts lie within aangle-delay-Doppler res-
olution bin of size AOr x Afr x AT x Av centered around
(¢/Nr,k/Nr,L/W,m/T) inthe (0r, 07, T,v) space. It follows
that distinct H., (i, k, £, m)’s correspond to approximatélydis-
joint subsets of paths and are hence the virtual channel coefficien

Doppler spread of the channel. We also assume maximum angu-are approximately statistically independent (due to ietelent

lar spreads(fr,n, 01,n) € [—1/2,1/2] x [-1/2,1/2], at critical

(d = \/2) antenna spacing. Finally, we assume that over the time-

scales of interes{fr ., Or,n, Tn, v» } remain fixed; the only vari-
ation in the channel is due to variations in amplitude andpbaf
{8~} which are independent across paths.

While accurate (non-linear) estimation of AoA's, AoD’s,-de
lays and Doppler shifts is critical in radamagingapplications, it
is not critical in a communications context since the ultiengoal
is to reliably communicate information over the channeldging
the key communication-theoretic characteristics of tiagying,
wideband MIMO channels is greatly facilitated byietual repre-
sentationof the physical model (2) that we have developed in the
past several years [8, 9]

Ny Ny

< XYY ym

i=1 k=14=0m=—M
o (5)# (7
N, Ny
Comparing (2) and (3), we note that the virtual represestator-
responds to sampling the physical angle-delay-Dopplecesjpa
uniformly spaced virtual AoA's, AoD’s, delays and Doppldifts
at a resolution commensurate with the signal space paresnete
A@R 1/NR, A0 = I/NT, AT = 1/W, Av = I/T. In
(3), L = [WTmaz]| denotes the maximum number of resolvable
delays andV/ = [TVmaz/2] the maximum number of resolvable
Doppler shifts. For maximum angular spread¥s; and N reflect
the maximum number of resolvable AoD’s and AoAs. Note that
due to the fixed angle-delay-Doppler sampling, the virtepire-

sentation is dinear channel representation and is characterized by
the virtual channel coefficientsH., (i, k, £,m)}.

w(i,k, €,m)

) ej27r%te—j27r%f . (3

2.1. Virtual Path Partitioning

A key property of the virtual representation is that its €iocéfnts
partition the propagation paths into approximately digjsubsets.
Specifically, define the following subsets of paths basedheir t
resolution in angle, delay and Doppler

Sr; = {n:@R,n Gi/NR+(—1/2NR71/2NR]}
Srrx = {n:0p,€k/Nr+(-1/2Np,1/2Nr]}
S {n:m €L/W + (-1/2W,1/2W]}
Svom = {n:vnem/T+ (-1/2T,1/2T]} . 4)
It can be shown that [8, 9]
Hy(i, k, l,m) =~ Bn (5)

n€SR NS kNS+ ¢NSu,m

where a phase and attentuation factor has been absorbgd in
The relation (5) states that eaéh, (i, k, £, m) is approximately

1The normalized angle variabl@ is related to the physical angte
(measured with respect to array broadsidepas dsin(¢)/A whered
is the antenna spacing ands the wavelength of propagation.

path gains and phases). We assume that the virtual coefficien
are perfectly independent. Thus, for Rayleigh fading, tienoel
statistics are characterized by the power in the virtuafficbents

E[|H, (i, k, £,m)|*]

>

n€SR iNST NS+ ¢NSu,m

U (i, k, €, m)

E[|Ba*]. (6)

~

which is a measure of the angle-delay-Doppler power spectru

2.2. Degrees of Freedom

The number of dominant non-vanishingH, (i, k, £, m)}, repre-
sent the statistically independesegrees of freedom (DoFp, in
the channel that govern its capacity and diversity. The mari
number of DoF is given by
D < Dpaz = NRNT(L+1)(2M+1) ~ NrNTTW TmazVmaz

)
which corresponds to the maximum numberregolvablepaths
within the angular, delay and Doppler spreads. By virtuéhfye
have Doz < Npath; D = Dmao if there are at leasVpqen, >
D.nq. resolvablepaths so that each angle-delay-Doppler resolu-
tion bin is populated by a path.

3. SPARSE MULTIPATH WIRELESS CHANNELS

Let N, = NrN+TW denote the number of spatio-temporal sig-
nal space dimensions. From (7) we note that for underspifeau c
nels (mazVmaz < 1), Dmaz < Ns. All existing models for
wideband MIMO channels are implicitly based on the widesgen
stationary uncorrelated scattering (WSSUS) assumptidnhaih
turn implies arich scatteringenvironment in which there are suffi-
ciently many paths so that the channel DoF stiaksarly with the
signal space dimensions
Drich:Dmaw:O(Ns):CNs7 0<ec<l. (8)

In physical channel encountered in practice, the number of
paths may not be large enough to exclde,.. DoF, especially
as we increase the signal space dimensions by increasimgiie
ber of antennas, bandwidth, or signaling duration. Thisbheen
supported by experimental measurement campaigns, both-for
door MIMO channels, and ultrawideband single-antennamblan
(see, e.g., [1]). Whe® < D.q, We refer to such channels as
sparse multipatrthannels. The focus of this paper is to develop
a modeling framework for sparse multipath channels andudyst
the implications of sparse multipath on fundamental liroftper-
formance. We formalize this notion of sparsity in the follog/
definition.

2Due to the sidelobes associated with finite signal spacerdiioes.
3For which¥ (i, k, £,m) > € > 0 for some chosea.



Definition 1 (Spare Multipath Channels) et D denote the num-
ber of dominant non-vanishing virtual channel coefficiemép-
resenting the statistically independent DoF in the chanrel=
{(i, k, €, m) : |Hy (3, k,£,m)| > e}| for some appropriately cho-
sene > 0. A sparse multipath channel satisfiBs < D, and
furthermore the channel DoF scakub-linearlywith the signal
space dimensions

9)

«—— lim =0

D:O(NS) Ng—00 N a

Remark 1. The value of in general depends on the operating
SNR. For simplicity, in this paper we assume that Ehdominant
virtual coefficients have a constant variance, and the réshe
coefficients are identically zero. Specifically, we focustmmnels
with sub-linear DoF scaling of the form

Dy Db

T,max™~ W,max

— 2
D - DS,maaL

= (,Z\/YTJVR)’Y (TVmaw)61 (W7'77Law)62 5 (10)

for somey, 01, d2 € [0, 1], whereDs maz = NrNr, Dr,maz =
TVmaz aNd Dy, max = WTmaes denote the maximum number of
DoF in the spatial, temporal and spectral dimensions, resipely.
The extreme case = §; = d2 = 1 represents a rich multipath
environment in whiclD scales linearly with\Vs. On the the other
extreme;y = §; = d2 = 0 represents a very sparse environment
with a fixed number of paths in whidh remains constant regard-
less ofNs.

Sparse multipath channels represent a sparse distribation

resolvablepaths in the angle-delay-Doppler space. Sparsity in

angle-delay-Doppler leads to the notion afherencein space-
frequency-time due to the Fourier duality between angleyde
Doppler and space-frequency-time. In the rest of the papesxw
plore the implications of sparsity/coherence for commation in
the wideband/low-power regime. In Sec. 4, we discuss thdéiimp
cations of sparsity for single-antenna time-varying watsihchan-
nels. In Sec. 5, we discuss the impact of reconfigurable suoay
the capacity of sparse narrowband MIMO channels.

4. SPARSITY IN DELAY-DOPPLER

In the single antenna case the physical model (2) and theaVirt
representation (3) reduce to

H(t,f) — Zﬂnemwuntefﬂm—nf (11)
L M ) ] P
~ 30 Y H(m)eT e T (12)
£=0 m=—M
Hy(t,m) = > B (13)
n€S; NSy, m
and the signal at the receiver is represented as
z(t) = z B s(t — 1) + w(t) (14)

%

SN T H(6,m)e T s(t— £/W) + w(t) (15)
£ m

wherew(t) denote the AWGN at the receiver. The virtual coef-
ficients { H, (¢, m)} sample the scattering environment in delay-
Doppler at resolutiond\r = 1/W andAv = 1/T, as illustrated

in Fig.1(a). Each square in the figure represents an andpg-oks-
olution bin corresponding to a particulaf, (¢, m) and the dotted
resolution bins represent the dominant non-vanishingi@irtoef-
ficients (DoF). The DoF in this case represent dieéay-Doppler
diversity afforded by the channel [10]. The delay-Doppler DoF

1w f

Coherencq
Subspace] Wen

DOPPLER
o

Basis
Functions

(a) (b)

Figure 1: (a) Delay-doppler sampling commensurate vilitland
W. (I, = Tmaz @NdWgq = Umaz.) (b) Time-frequency coher-
ence subspaces in short-time Fourier signaling.

satisfy
D = DrDw < Doz = DT,mazDW,maz
Dr ~ D’(;l,’maw ’ Dw ~ Dga,maw ’ 61752 € [07 1] (16)

D7 maz @NdDw,ma. are defined in (10) and denote the maximum
number of resolvable Doppler shifts and delays, respédgtiiRich
multipath corresponds t& = d2 = 1 in which D = Dyer =
O(Ns) = O(TW) and bothDr 1maz and Dw,ma. Scale linearly
with T and W, respectively; each delay-Doppler resolution bin
in Fig. 1(a) is populated with a path. On the other hand, paysi
multipath channels corresponddq d2 < 1, in whichD = o(Ny)

as illustrated by the dotted resolution bins in Fig. 1(a)J get
sparser with increasing” due to fewer tharDy, .. resolvable
delays and with increasirig due to fewer thatr, 4. resolvable
Doppler shifts. The smaller the value &f the slower the growth
in the corresponding domain.

4.1. Time-Frequency Coherence

Signaling over orthogonal short-time Fourier (STF) (or Galba-
sis functions provides a very attractive approach for comioas
tion over rapidly time-varying multipath channels sinc@mapri-
ately chosen STF basis functions serve as approximatefeigen
tions for underspread channels [4, 3]. Representing (1#) re+
spect to the STF basis yields &, = T'WW-dimensional matrix
system equatior = Hs+ w wheres, x andw represent the pro-
jections ofs(t), z(t) andw(t) onto the (orthonormal) STF basis
[4]. The N; x N, matrix H is a representation of the channel in
the STF domain and approximately diagonatiue to the approx-
imate eigen-property of STF basis functions. We asskfrte be
exactly diagonal. Delay-Doppler diversity leads to theiomotof
time-frequency coherence subspaicethe STF domain [4], illus-
trated in Fig. 1(b), which is captured by an intuitive bloekding
representation foH:

H:diag[h1,1-~h1,NC, hoy---han, -+ hpai---hD.n,

Subspace 1 Subspace 2 Subspace D

(17



Asiillustrated in Fig. 1(b), the signal space is partitioived D sta-
tistically independentoherence subspaced; = TW = N.D,
whereD represents the DoF (delay-Doppler diversity) aidrep-
resents the dimension of each coherence subspace. In ttle blo
fading model (17), the channel coefficients over kb coher-
ence subspace are assumed to be identical (perfectly ateuf|

hi = hi1 = ---h; n,, and the channel coefficients over different
coherence subspaces are assumed to be i.i.d. complex &aussi
random variable€A/ (0, 1). The coherence dimension is given by

Tmaz Vmacv-‘

(18)
whereT.,, = T'7% /181, is thecoherence timand W.,, =
W19z /r82 s thecoherence bandwidtbf the channel. In the
following, we assumé, = J» = ¢ for simplicity. Note that) = 1
corresponds to rich multipath in whidk. is fixed andD = D,ax
increases linearly witiv, = T'W. In the other extreme af = 0,
D is fixed andN. scales linearly withV,. Foré € (0, 1), both N,
and D increase sub-linearlyith Ny = TW.

N. =

TW Ti=% pyi=o2 1
cothoh = = > ’V

DrDw 01 32

Vmaz Tmax

4.2. Asymptotic Coherence of Sparse Channels

Sparsity in delay-Doppler leads to a fundamedigkersity versus
learnability tradeoffin communication over time-varying multi-
path channels. With perfect channel state information Y@sthe
receiver (coherent communicatiorl), represents the level of di-
versity afforded by the channel to enhance reliability agafad-
ing. On the other hand, if the channel is unknown at the receiv
(non-coherent communication)) reflects the level of uncertainty
in the channel. It is well-known that the capacity of an eigod
multipath channel approaches the AWGN capacity in the lohit
large bandwidth; however, the rate of convergence is mumhes!

in the non-coherent case compared to the coherent casentRece
sults have shown that coherence in time-frequency can dtiukg
gap between the coherent and non-coherent regimes by idlyplic
or implicitly estimating theD channel parameters [11, 5]. As we
argue next, the gap between coherent and non-coherenteggim
vanishes asymptotically (largg, W) for sparse multipath chan-
nels. Thus, we say that sparse multipath channelssymptoti-
cally coherent We demonstrate this by analyzing the performance
of a simple training-based communication scheme.

The training scheme described here is similar to the one in
[11], adapted to the STF framework [5]. L&t denote the aver-
age transmit power. The total energy available for trairamg
communication over the duratidfi is PT of which a fractionn
is used for training and the remaining fractioh— ) is used for
communication. We use the mean square error (MSE) of the esti
mated channel coefficients; , i = 1, --- , D, as a measure of the
quality of estimation. Under the block fading model, theestle
uses one STF dimension in each coherence subspace fongraini
and the remainingN. — 1) dimensions for communication. For a

givenn, the training energy per coherence subspace and the MSE

associated with the minimum mean squared error (MMSE) esti-
mate of eacth; are given by

nTP

- 1 + Et’r
(19)

B = — »N.SNR , MSE = E [|h1- - i?ﬂ

whereSNR = £ which goes to zero ad’ — oc.
The performance of channel estimation is measured using: (i
MSE of channel estimates and (ii) optimal fraction of enarggd

for estimationy™*. It can be shown thaj*, from the viewpoint of
maximizing capacity [5] or maximizing reliability (errokponent)

[2], is given by
[\/1 +
(20)

The following result formalizes the asymptotic coherenicgparse
channels [2].

(N. — 2)N.SNR

« = NeSNR+ N — 1 (Ne —2)NSNR
NSNR+ N, — 1

= (N. ~2)N.SNR

Theorem 1. In the limit of large signal space dimensiors (V" —
00, SNR — 0)

1 *
if and only if Ne ~ <k, for pu > 1.

The above results states that a time- and frequency-sadecti
multipath channel is asymptotically coherent — perfeairhable
with a vanishing fraction of energy expended on training anidl
only if N. scales wittSNR at the specified rate. This condition is
not satisfied for rich channels & 1) sinceN. is constant. In fact,
in this casep® — 1 in (20), E+» — 0 and, henceMSE — 1.

On the other hand, th®. condition in Thm. 1 isalwayssat-
isfied for sparse channels, T scales withI/” at an appropri-

ate rate. From (18) we haw, = —Z™'° _ sypstuting

T = W* for somea > 0 andSNR = & in this relation leads
to Ne ~ quprreya=sy+ Thus, we needh = (1 + a)(1 - §) >

l—a> (155) for the asymptotic coherence condition to hold,

which can be satisfied faf € (0,1). The (qualitativd) scaling
behavior of MSE and)* as a function oV is illustrated in Fig. 2
for three different values gf. Note that asymptotic coherence is
only achieved foru > 1; the underlying required value af for
T-W scaling can be inferred as= /(1 — §) — 1.

5=0.5, Tmilps‘ Wd:100Hz

I

s T e e e e LIS

T e e B R Atk Tl SRS SIER IR SRR S

—— MSE, p=0.7

N =1/SNRM | T N.u=07
e

i
0 m 07 m M s
W (Hz)

Figure 2: MSE andn™ as a function of W for three different co-
herence scaling laws.

4Since we are ignoring scaling constants.



5. SPARSITY IN THE SPATIAL DOMAIN

For narrowband MIMO channels, the physical and virtual ni®de
reduce to

H = szafhﬁnam(em,n)aﬂem) 22)
;let ; L

— ;;Hﬂu(i,k)a}% <ﬁ) al (m) (23)

H(i k) =~ > Bw (24)

nESR,iﬂST,k

The statistics oH are characterized by the virtual channel power
matrix ¥: W(i k) = E[|H,(:,k)|*]. For simplicity, consider
N = Np = Ng. For sparse MIMO channeld) < Dioe =
N2, as illustrated in Fig. 3(a). In [7] we revisited coherent ca
pacity scaling in MIMO channels withN and argued that the
DoF (and channel power) can at best scalesaattaquadratiaate,
D(N) = o(N?), and consequently the capacity of physical chan-
nels can at best scale atsab-linearrate which cannot exceed
o (\/D(N)) = o(NN). We also introduced the notion of an ideal

MIMO channel that achieve® ( D(N)) capacity scaling.

y=1; N=25

RECEIVE DIMENSION
L]

° 107
TRANSMIT DIMENSION

@

-10 0 10
SNR (dB)

(b)

20 30

[T

(©)

(d) (e)

Figure 3: (a) A sparse 9 x 9 virtual channel matrix. (b) Cafyaci
versus SNR for different channel configurations for D=N=@5-
(e): Virtual beam directions foN = 25 and different spacings;
(c) large spacing; (d) medium spacing; (e) small spacing.

A sparseH,, provides a model for spatial correlationk: in
general, the sparser thé&,, the higher the correlation iH. For
simplicity, assume that thB non-vanishing entries a2\ (0, 1).
It is convenient to model a sparkg, as

H, =M0o H;iq (25)

where ® denotes element-wise produd;;; is an i.i.d. matrix
with CA/(0, 1) entries, andMI is a mask matrix wittD unit entries
and zeros elsewhere. Under these assumptibns, M.

The ergodic capacity of a MIMO channel, assuming knowl-
edge ofH at the receiver, is given by

max Fm, [log det (I + HUQHf)}

Tr(Q)<p

N,p) = (26)
wherep is the transmit SNR, an@ = E[s,s/] is the transmit co-
variance matrix in beamspace. It has been shown that theitapa
maximizing Q. is diagonal. Furthermore, for general correlated
channels,Q.,: is full-rank at high SNR's, whereas it is rank-1
(beamforming) at low SNR’s. Ap is increased from low to high
SNR's, the rank ofQ,,: increases from 1 to N.

5.1. The Ideal MIMO Channel

The capacity of a sparse virtual channel maix depends on
three fundamental quantities: 1) the transmit S\NR) the number
of DoF, D < N?, and 3) the distribution of thé DoF in the
availableN? dimensions. We showed in [7] that for apythere

is an optimal mask matri®dI,,: that yields the highest capacity
at thatp. We term the corresponding MIMO channel the Ideal
MIMO Channel at thap.

Definition 2 (Ideal MIMO Channel) Consider a fixedNV and
D < N? and let M(D) denote the set of alv x N mask ma-
trices with D non-zero (unit) entries. For any, the ideal MIMO
capacity is defined as

Cia(N,D,p) = max C(N,p, M)

27
MeM(D) (27)

{ and anM.,,;: that achieves”;4(N, D, p) defines the Ideal MIMO

Channel at thap. O

=N

q(N)

y-1

a=a_. =
min
BEAMFORMING

MULTIPLEXING

Figure 4: A family of mask matrices, € [1, 2].

In [7] we presented an explicit family of mask matrices to
characterize a particuldv,, for any givenp. The family of mask
matrices is defined by two parametépsq) such thatD = pq. For
D = N7, ~ € [0, 2], the matrices can be further parameterized via
p = N% a € [tmin, @maz] Wher€m:» = max(y — 1,0) and
Qmaz = min(v, 1), andg = D/p. For a giverp, the mask matrix
M(D, p) isanN x N matrix but its non-zero entries are contained
in a non-zero sub-matrix of size x p, r = max(q,p), consist-
ing of p non-zero columns, ang non-zero (unit) entries in each
column. The mask matrices are illustrated in Fig. 4af [1, 2].

The following theorem, which can be inferred form the result
in [7], characterizes the Ideal MIMO Channel at gny

Theorem 2. For sufficiently largeN, the capacity of the MIMO
channel defined by a ma®d (D, p) is accurately approximated

as a function op by
D
plog <1 + p—z)
p

~
~

C(N, p,M(D,p)) (28)
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For a givenp, the Ideal MIMO Channel is characterized M (D, popt)
Popt Where

(BEASPACE)

Pmin s P < Plow \
Popt = @ , pE [Plowv Phigh] (29) o
Pmazxz P > Phigh oo ac
and Cia(N, D, p) = C(N.p, M(D,pgpe)). I (29), prmin = ®) ©

Na"”", Pmaz — N(xmam, Plow =~ 4p3nin/D = 4N2amqm /D
and prigh ~ 4paar/D = 4N?*me= /D, 0O

Remark 2. Three Canonical Array ConfigurationsThree canon-
ical channel configurations are highlighted in Fig. 3 compesd-
ingtoN = D = 25: BF: Hy b < Db = Pmin = 1; IDEAL:
Hv,id < Pid = \/5 = \/N, and MUX: H’u,muw = Pmux =
pmaz = N. The BF and MUX configurations represent the Ideal
MIMO Channel forp < piow @and p > prign, respectively. As
evident from the figure, the IDEAL configuration (optimalinfra
capacity scaling viewpiont) is a good approximation to ttedl
MIMO Channel forp € (piow; prigh). Thus, from a practical
viewpoint, these three configurations suffice for adaptingye
configurations to maximize capacity over the entire SNReang

CAPACITY

— IDEAL-th
© AWGN
-a- BF-adap
MUX-adap
—+— IDEAL-adap

0 10 20 30
SNR (dB)

(d)
5.2. Creating the Ideal MIMO Channel with Reconfigurable

Arrays Figure 5: (a)-(c): Contour plots oF for the three canonical con-

figurations in an environment with N=D=25 randomly distiiul
paths; (a)¥mue; (b) ¥iq4; (C) ¥ps. (d) The numerical capacities
of the three configurations, along with the theoretical @alu

We present a numerical example to illustrate the creatiothef
three canonical channel configuratiobb, mue, Hy,id, andH, 5 ¢,

by adapting the antenna spacings at the transmittgrand re-
ceiver (,) as illustrated in Fig. 3(c)-(e). We considat = D =

25 (v = 1) and first generate the AoAs and AoD(8, ., 0:,») €
[~1/2,1/2] for Ny = 25 paths, where the AoA/AoD’s of
different paths are randomly distributed over the entirguar
spread. This defined,,,... environment ford muz = dr.mus =
dmaz > A/2 (Fig. 3(c)). These AoA/AoD’s are then fixed and
the capacities of the different configurations are estichaia 200
channel realizations, simulated using (22) by indepenyey@n-
eratingCAN(0,1) complex path gains. The random locations of
the D paths are illustrated in Fig. 5(a), which shows the contour
plot of ¥,,... The spacings foH, s ared: vy = dt,mua/N
(Fig. 3(e)) andd,.»f = dr.muz (Fig. 3(c)), whereas the spacings
forH;q ared; iq = driqg = dr,muz/\/ﬁ (Fig. 3(d)). The contour
plots of the resultingl;; and ¥, are shown in Figs. 5(b) and (c)
(compare with Fig. 4). The numerically estimated capasitt
the three configurations are plotted in Fig. 5(d) along withthe-
oretical curves in Fig. 3(b) using (28). (see [6] for moreailst)

Remark 3 (Physical Source-Channel Matching)he capacity max-
imizing input for fixed spacings (see (26)) allocates all poto
the strongest virtual direction at low. With reconfigurable ar-
rays,d; is decreased witl to concentrate channel power in fewer
non-vanishing virtual transmit dimensions. This reflecfsran of
source-channel matching: the rank of the optimal input itdye
matched to the rank dfI,,. Physically, asi; is decreased, fewer
data streamsy) are transmitted over a corresponding number of
spatial beams, whereas the width of the beams gets wider.
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