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Abstract— Multimode precoding, where the number of inde-
pendent data-streams is adapted optimally, can be used to ma
mize the achievable throughput in multi-antenna communicéon
systems. Motivated by standardization efforts embraced bythe
industry, the focus of this work is on systematic precoder dsign
with realistic assumptions on the spatial correlation, chanel
state information (CSI) at the transmitter and the receiver,
and implementation complexity. For the spatial correlation of

the channel matrix, we assume a general channel model, based

on physical principles, that has been verified by many recent

measurement campaigns. We also assume a coherent, lineal

minimum mean-squared error (MMSE) receiver and knowledge
of the spatial statistics at the transmitter along with the gesence
of an ideal, low-rate feedback link from the receiver to the
transmitter. The reverse link is used for codebook-index fedback
and the goal of this work is to construct precoder codebooks,
adaptable in response to the statistical information, suchthat
the achievable throughput is significantly enhanced over tht of
a fixed, non-adaptive, i.i.d. codebook design. We illustra how
a codebook of semiunitary precoder matrices localized araud

statistical knowledge of the channel at the transmitted an
low-rate feedback link from the receiver to the transmitter

In this setting, the fundamental problem is to determine
the optimal signalingfeedback scheme that maximizes the
average mutual information given a statistical descriptd
the channel, the signal-to-noise rati®NR), the number of
antennas, and the quality of feedback. A first step to solve
this problem is to identify the rank of the optimal precodser a

A function of the statistic§NR, and the feedback quality [5].

In practice, the implementation of such a solution is often
constrained by the need for low-complexity techniques that
limit the number of radio-frequency (RF) link chains (and
consequently, the rank of the precoder). Thus the design of
the optimal scheme under low-complexity constraints is, in
principle, essentially the same as that of the optimal aesig
a fixed rank limited feedback precoder.

Motivated by this line of reasoning, the main theme of this

some fixed center on the Grassmann manifold can be skewed in\york is the construction of a systematic, yet low-complexit

response to the spatial correlation via low-complexity map that
can rotate and scale submanifolds on the Grassmann manifold
The skewed codebook in combination with a low-complexity
statistical power allocation scheme is then shown to bridg¢he
gap in performance between a perfect CSI benchmark and an
i.i.d. codebook design.

Index Terms—Limited feedback communication, quantized
feedback, adaptive coding, low-complexity signaling, MIMD
systems, channel state information at transmitter, multirode
signaling

|I. INTRODUCTION

limited feedback precoding scheme (of a fixed rank) that
results in significantly improved performance over an open-
loop* scheme. Towards this goal, we consider a simple block
fading/narrowband setup where spatial correlation is modeled
by a mathematically tractable channel decomposition [d], [
and includes as special cases the well-studietl model[2],
the separable correlation moddB], and thevirtual repre-
sentation frameworl{9], [10]. Furthermore, we assume a
simple, linear minimum mean-squared errbt\|SE) receiver
architecture in this work.

While precoding has been studied extensively under the

Research over the last decade has firmly established thel. model [11]-[19], considerable theoretical gapssexn
utility of multiple antennas at the transmitter and the ineme the limited feedback setting. The extreme case of limited
in providing a mechanism to increase the reliability of sign feedback beamforming has been studied in the i.i.d. setting
reception [1], or the rate of information transfer [2], orene  where the isotropicit§ of the dominant right singular vector
bination of the two. The focus of this work is on maximizingf the channel can be leveraged to uniformly quantize the
the achievable rate under certain communication models tlspace of unit-normed beamforming vectors, a problem well-
are motivated by practical wireless systems [3]. In paldicu studied in mathematics literature as the Grassmannian line

we assume éimited (or quantized) feedbaakodel [4] with
perfect channel state information (CSI) at the receiverfepe
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packing (GLP) problem [20], [21]. Alternate constructions
based on Vector Quantization (V@andom Vector Quanti-
zation (RVQ) are also possible [22], [23]. Spatial corrielat
however, skews the isotropicity of the right singular vecto
and hence poses a fundamentally more challenging problem.

1There is no channel statistical information at the tranwmin an open-
loop scheme. That is, the channel is assumed to be i.i.d.rahdda codebook
design is used.

2Here, isotropic means that the dominant right singular oreist equally
likely to point along any direction in the space of all possitight singular
vector(s), which is referred to as the Grassmann manifaiecige definitions
follow later.



While VQ codebooks can be constructed for the correlat¢dr a submanifold) centered at some arbitrary location @n th
channel case, the construction suffers from high commntati Grassmann manifold(N;, M) towards an arbitrary center
complexity and the codebook has to be reconstructed frand scale it arbitrarily.
scratch every time the statistics change, thus rendering VQ Our design includes a statistical component of dominant
type solutions impractical. Recently, beamforming coddso A/-dimensional subspaces of the transmit covariance matrix,
that can easily be adapted to statistical variations (woth-1 a component corresponding to local quantization around the
complexity transformations) have been proposed [24]-[2@Jodewords in the statistical component, and an RVQ com-
The other extreme, limited feedback spatial multiplexings ponent that can be constructed with low-complexity. In this
also been studied recently [23], [27]. context, our construction mirrors and generalizes ournece

In the intermediate settifgof rank-M precoding, under work in the beamforming case [26]. By combining a semiu-
the i.i.d. assumption, the isotropicity property of the doamt nitary codebook (of a small enough cardinality) with a low-
right singular vector of the channel extends to the subspamemplexity power allocation scheme that is related to ftiatl
spanned by theV/-dominant right singular vectors therebywaterfilling, we show via numerical studies that significant
allowing a Grassmannian subspace packing solution [28]. performance gains can be achieved, and that the gap to the
the correlated case, the fundamental challenge on how perfect CSI scheme can be bridged considerably.
guantize the space dff-dominant right singular vectors non-Organization: The system setup is introduced in Section Il.
uniformly remains the same as in the beamforming cada. Section Ill, we introduce the notion of mismatched chan-
However, unlike the beamforming case, it is not even cleaels where limited feedback precoding results in significan
how a codebook designed for i.i.d. channels can be skewgetformance improvement. In Section IV, limited feedback
in response to the channel correlation. In fact, using agh. i.icodebooks that enhance performance are proposed, and in
codebook design in a correlated channel can lead to a dam&tection V, mathematical maps are constructed to realizethe
degradation in performance (see Figs. 3 and 4). designs with low-complexity. Numerical studies are predd

In contrast to VQ codebooks [23], [29], our systematicallin Section VI, with a discussion of our results and conclasio
constructed semiunitatyprecoder codebooks are tailored tan Section VII.
the spatial correlation, and are easily adaptable in respomotation: The M-dimensional identity matrix is denoted by
to changes in statistics. The heuristic behind our constmic I,,. We useX(i, j) andX (i) to denote the, j-th andi-th di-
comes from our previous study of the asymptotic (in antenagonal entries of a matriX, respectively. In more complicated
dimensions) performance of statistical precoders [30]. V¢ettings €.9.,when the matrixX is represented as a product or
showed in [30] that the performance of a statistical precégle sum of many matrices), we u3§; ; to denote the, j-th entry.
closest to the optimal precoder when the number of dominartte complex conjugate, conjugate transpose, regulantoses
transmit eigenvalues is equal to the rank of the precodesethand inverse operations are denoted by, (-)%, ()7 and
dominant eigenvalues are well-conditioned, and the reaesv  (-)~! while E[-], Tr(-) and det(-) stand for the expectation,
variance matrix is also well-conditioned. A channel sgiigf the trace and the determinant operators, respectively.tThe
the above conditioning properties is said to matchedto dimensional complex vector space is denotedy We use
the precoding scheme. Measurement campaigms, éee [31, the ordering\;(X) > --- > A, (X) for the eigenvalues of
Figs. 9-11]) show that in many realistic situations, the bem an n x n-dimensional Hermitian matrixX. The notations
of dominant transmit eigen-modes is much larger than theg,.x(X) and Anin(X) also stand fori;(X) and A, (X),
precoder rank (which is limited by complexity constraintsiespectively.
indicating that mismatched channels, where the above @hann
conditions are not met, are quite common in practice. Thus, 1. SYSTEM SETUP

while limited (or even perfect) feedback can only lead t0 \y consider a communication model Withy, transmit and
marginal performance improvement matched channelsn  n (aceive antennas wher&! (1 < M < min(N,N,))

the case ofmismatched channelshere the relative gap in j,qenendent data-streams are used in signaling. Thagig/th
performance between the statistical and the optimal p&rSodyjmensional input vectos is precoded into atV;-dimensional
is usually large (see Figs. 3 and 4), the potential benefits \pl o via thew, x M precoding matrisF and transmitted over

limited feedback are more significant. , _the channel. The discrete-time baseband signal model ssed i
Our study [30] suggests that spatial correlation orients

the directivity of the M-dominant right singular vectors of y=HFs+n (1)

Lheengzar;ner:;gmiri?;;?e it:::;g;zgﬁ d;mgggnfoii?ssfﬁ;ovyherey is the N,.-dimensional received vectdd is the N,. x
' 4 9 ; channel matrix, and is the N,-dimensional zero mean,

h round th isticall minan is nage . . o . ) )
ood a ou d.t. e statistically do nina tsubspac_es ST SSunit variance additive white Gaussian noise.
The realizability of such non-uniform quantization withmo
complexity, as well as its adaptability, are eased by canstr
ing mathematical maps that can be used to rotate a root dodéseChannel Model
. ' _ . ~ We assume a block fading, narrowband model for the
Here,1 < M < min(N, Nr) with N; and Ny denoting the transmit o re|ation of the channel in time and frequency. The main
and the receive antenna dimensions. N . . . .
4An N, x M matrix X with M < N; is said to be semiunitary if it €MPhasis in this work is on the channel correlation in the

satisfiesX 7 X = 1. spatial domain. The spatial statistics Bf depend on the



operating frequency, the physical propagation envirortriex this is relevant as signaling moves towards @eGHz

controls the angular spreading function, and other factoch frequency regime. ¢) The case of specular (or line-of-
as the path distribution and antenna geometry (arrangement sight) scattering can be easily incorporated within the
and spacing). It is well-known that Rayleigh fading (zercame virtual representation framework [32]. In contrast to the
complex Gaussian) is an accurate modelEbin a non line- separable model, the virtual representation can support
of-sight setting, and hence the complete spatial staigtie up to N N,. independent parameters corresponding to the
described by the second-order moments. variances of{ H;nq(1, j) }

The most general, mathematically tractable spatial corre-while performance analysis is tractable in the i.i.d. cétse,
lation model is acanonical decompositiGnof the channel s unrealistic for applications where large antenna spgcor
along the transmit and receive covariance bases [6], [7]. &vich scattering environment are not possible. Even thegh
this model, we assume that the auto- and the cross-covariaggparable model may be an accurate fit under certain channel
matrices of all the rows and the columns BF have the conditions [33], deficiencies acquired by the separahjilityp-
same eigen-bases (denoted by unitary matridesand U,., erty result in misleading estimates of system performa6te |
respectively), and thus we can decompbbes [34], [35]. The readers are referred to [7], [31], [34], [36}

H = U, Hy,q U7 @) more details on how the canonigairtual models fit measured
data better.
where H;,4 has independent, but not necessarily identically
distributed entries. The transmit and the receive cova€iang channel State Information

matrices are given by If the fading is sufficiently slow, perfect CSI at the receive

S, =F [HHH} = U,E [Hfdeind] Uf =u,A, U is a reasonable assumption for practical communication ar-
S _F [HHH] - U E[H dH_Hd} UH — Uu.A.UuH  chitectures that use a “training followed by signaling” rebd

3 Even in scenarios where this may not be treeg(,a highly
() mobile setting), the performance with imperfect CSI at the
where A, = E [HﬁdHind] and A, = E [HindHﬁ{d} are receiver can be approximated reasonably accurately by the
diagonal. Under certain special cases, the model in (2)cesiuperfect CSI case along with &NR-offset corresponding to
to some well-known spatial correlation models [6]: channel estimation. Thus in this work, we will assume a per-
« The case ofideal channel modelingssumes that the fect CSI (coherent) receiver architecture. However, ointg
entries of Hi,q are i.id. standard complex Gaussiaferfect CSl at the transmitter is usually difficult due to tigh

random variables [2]. The i.i.d. model corresponds to St associated with channel feedbaekerse-link training
On the other hand, the statistics of the fading process

extreme where the channel is characterized by a single X
independent parameter, the common variance. chgnge over much longer time-scales and can be Ieamed

. When H,, is assumed to have the form\% . reliably at both the ends. Hence, we assume_th_at the traesmit

1/2 2 . | Vpe has perfect knowledge of the channel statistics. In additio

A" Hiq A," with Hiq an i.i.d. channel matrix and the rgcent technological advances have enabled the possibilit
channel power. = Tr(A;) = Tr(A,), the canonical 5 few pits of quantized channel information to be fed back
model reduces to the often-studied normaliseparable from the receiver to the transmitter at regular intervalse T
correlation frameworkwhere the correlation of channelygst common form of quantized channel information is via
entries is in the form of a Kronecker product of thg |imjted feedback codebook of 22 codewords known at
transmit and the receive covariance matrices [8]. Thgyh the ends. In this setup, the receiver estimates thenehan
separable model is described by no more tant- N 4t the start of a coherence block and computes the index
independent parameters corresponding to the eigenvalyeshe optimal codeword front for that realization of the
{A+(i)} and{A.(i)}. channel according to some optimality criterion. It thendtee

« When uniform linear arrays (ULAs) of antennas argack the index of the optimal codeword wifh bits over the
used at the transmitter and the receive, and U, are  |imited feedback link which is assumed to have negligible
well-approximated by discrete Fourier transform (DFTye|ay and essentially no errors (sinBeis usually small [3]).
matrices and the canonical model reduces to the virtughe transmitter exploits this information to convey usefata

representation framework [9], [10], [32]. In contrast tQyer the remaining symbols of the coherence block.
the general model in (2), the virtual representation offers

many attractive properties: a) The matridgs and U,. . .

" . ; ._C. Transceiver Architecture
are fixed and independent of the underlying scattering _ _
environment and the spatial eigenfunctions are beams inThe transmitted vectoF's (see (1)) has a power constraint
the virtual directions. Thus, the virtual representatisn - Assuming that the input symbols(k) have equal en-

physically more intuitive than the general model in (26r9Y %7, F satisfiesTr(F”F) < M. Non-linear maximum
b) It is only necessary that the entries #f,,q be likelihood (ML) decoding of the transmitted data symbols

mdependent, but not necessarily Gaussian, a CI’Itenoraln case of Time-Division Duplexed (TDD) systems, the rengity of the

important as antenna dimensions increase. For exampd@uard and the reverse links can be exploited to train thanokl on the

reverse link. In case of Frequency-Division Duplexed (FDdystems, the
5This model is referred to as the “eigenbedreamspace model” in [7].  channel information acquired at the receiver has to be fett.ba



using knowledge ofH at the receiver is optimal. However,M non-negative definite, diagonal power allocation matrix.
ML decoding suffers from exponential complexity, in bothWhile the structure of the optimal limited feedback coddboo
antenna dimensions and coherence length. Thus, a simpileB bits could involve allocating some fraction &f to the
linear MMSE receiver is preferred in practice. With thispower allocation component &f;, numerical studies [5], [30]
receiver, the symbol corresponding to theh data-stream is indicate that the degradation in performance is minimalwhe
recovered by projecting the received siggabn to theN,. x 1 A; is chosen to be fixed (Sap\star With Tr(Agiar) < M), but

vector designed appropriately, as a functionSiR if necessary, so
D[P o -1 that it can be adapted easily to statistical variations euith
8 = \// (MHFF H” + IN,,.) Hf,  (4) recourse to Monte Carlo methdds

. . Motivated by this heuristic, in this work, all th8 bits in
where f’“. IS the k-th coILumn of F That 1S, the recoven_ad limited feedback are allocated to quantize the eigenspéce o
symbol iss(k) = /% gi'y. The signal-to-interference-noise,,o channel. Thatis. the codebookis- (Vi : VIV, = 1))
ratio GINR) at the output of the linear filtegy, is and the index of thé codeword that is fe(Lj baék ié

1

1 ) M
Iy, + LFFHIHF) | T -3 ( Iy + 2
( 17 )k j arg max ;; og, ( (Inr + 3

SINR;, =

The outputss(k) are passed to the decoder and we assume
separate encpde/r@ecoders for eac_h data-stream, as well as Asth%VHHHHVinté%>71) } (10)
independent interleavers and de-interleavers, which cesiu J koK
the correlation among the interference terms at the outputs ) . ) )
of the receiver filters. The performance measure is the rhutfdthough computingj* is straightforward, the design of an
information betweers ands. Assuming that the interferenceOPtimal codebook to maximizé(s;s) is achieved via VQ-
plus noise at the output of the linear filter has a Gaussi#gSed codebook constructions in the literature [23], [T8f
distribution, which is true with Gaussian inputs and is agjodligh-complexity of such VQ designs leads us to adopt a

approximation in the non-Gaussian setting wHar, N, N,}  Suboptimal strategy in Sec. IV where the_ goal is to maximize
are large, the mutual information is given by the average projection of the best quantizer flormnto V.

Towards the precise mathematical formulation of this peobl
we need a metric to define distance between two semiunitary
matrices.

M
I(s;8) = ) log, (1+SINRy) (6)

k=1

M
P mHyrH -t
- _ZlogQ ((IM T MF H HF)k k) () E. Distance Metrics and Spherical Caps on the Grassmann
k=1 ’

Manifold

When perfect CSI is available at the transmitter and no
constraints are imposed on the structure of the precoder, th W& now recall some well-known facts about the Grassmann

; : N i
optimal precoderF,¢ is channel diagonalizing and is ofanifold. The unit sphere iC™, also known as the uni

the form Foe — ViAL? where Vg AV is an eigen- dimensiond complex Stiefel manifoldst(V;, 1), is defined

wf _ N¢ . _ i i
decomposition oH " H with the eigenvalues arranged in non&s St(N:, 1) = {X €C™ : [|x|| = 1}' The invariance of

- i IO i
ncreasing orderVs s the N, A prncpal submauof () YSC0T% 0 fensormatons o e form 1w
Vy, andA,s is anM x M matrix with non-negative entries P y 9

only along the leading diagonal and these entries are (miairmpdzlo 'thae;er??gvriamar% T|the-np?::atlonr:ﬁg-rﬁzgvﬁ% béra i
by waterfilling. In this setting, the mutual information ivegn IS equiv P resufts uni-di Sl SS

by mann manifoldG (N, 1). In short, a point on the Grassmann
manifold represents a linear subspace of an Euclidean space
i p Similarly, the class ofN; x M semiunitary matrices forms
Lpert(si8) = ) _ log, (1 + MAH(k)Awf(k)) - (8)  the M-dimensional complex Stiefel manifolét (N, M) and
k=1 points on theM-dimensional complex Grassmann manifold
The optimality of e, with other choices of objective func-g(n,, M) are identified modulo thé\/-dimensional unitary

tions is also known; see [11]-[19]. space.
A literature survey of packings afi(Vy, 1) [37]-[39] shows
D. Limited Feedback Framework that the dot-product metric defined as,
The focus of this work is on understanding the implica-
tions of partial CSI at the transmitter on the performance of d(x1,%x2) = /1 — [x{x,[2, (11)
the precoding scheme. In particular, there exists a precode ) ) ) )
codebook is the most natural metric from an engineering perspective.
Using this distance metric, for any < 1, we can define a
C={F;,i=1,---,28 : Tv(FFF;) < M}. 9)

7 . . ) . .
. . 1/2 The low-complexity design ofAsa: Will be described in Sec. IV.
The most general structure fdf; is F; = ViAz‘ where 8Uni-dimensional because its definition is based on the ndremaV; x 1

V; is an N; x M semiunitary matrix andA; is an M x  vector.



spherical capwith centero and radiugy (as asubmanifoldon V'V, is M x M, unitary and hencéy; = V, onG(N;, M).
G(MNy, 1)) as the open set The other direction of the statement follows trivially. Bdhe
directions of the upper bound follow from the expression in
0(0,7) = {x € G(N,, 1) : d (x,0) <7} 12 5 PP i
In the more general/ > 1 case, there is no unique distance Lemma 2:Let U be a fixedN; x N; unitary matrix. Then,
metric extension [38]. While various well-defined distancéproj, 2(UV1, UVa) = dproj, 2(V1, Va). o
metrics can be pursued depending on the space in which the Proof: The proof is obvious from the geometric interpre-
Grassmann manifold is embedded [38], [39], we will focus of@tion of (15) since rotation by does not change the relative
the projection 2-norm distance metrin this work. Here, the orientation of the subspaces and hence, the distance pesper
distance between twdV; x M semiunitary matriced/; and Alternately, using the fact that the eigenvalues\d8 andBA

V, is defined as

dproj, 2(V1, Va) ViV = VoV, (13)

max [; (Vivi = Vv,V [.(14)

If the principal angle¥ between the subspaces spanned by Q(0,7) ={X € G(N¢, M) : dproj, 2 (X, 0) <7}

columns ofV; andV; are denoted by6,,, m=1,--- ,M},
it is known that [38] the singular values &4V, VIV, are
{cos?(0,,), m = 1,---,M}. Furthermore, the projectio?-
norm distance can be written as

dproj, 2(V1,Va) = _ max | sin(6,,)|. (15)

are the same, the proof is also obvious from (13). [ |

Once a choice of distance metric has been settled, the notion
of a spherical cap in (12) can be generalized as a submanifold
on G(N:, M) with centerO and radiusy as the open set

(18)

The codebook design problem can now be simply stated as:
Construct C = {V;,i=1,---,25}

dproj, 2(Vi, VH)

min is minimized.

i=1,.,2B

s.t. EH

Towards a systematic solution to this problem, we now de-

A particular choice of the distance metric is not extremeltf ¢ scribe some related prior work [30].
ical in precoder optimization since codebooks designet wit

different choices of distance metrics result in near-igeht
performance foSNR regimes of practical interest [28], [30].

We now state some properties of the projectemorm metric.
Lemma 1:Inthe M = 1 case, the projectioR-norm metric
reduces to the standard dot-product metric.
Proof: Let v; and vy be two unit-normedN; x 1
vectors. The proof follows trivially from the principal aleg

interpretation ofdp.oj,2(-) in (15). In the M = 1 case,
cos(6y) = [vHv,| and from (15), it follows that
dpr0j72(V17V2) = |sin(91)| =4/ 1-— |V{{V2|2. (16)

In Appendix A, we present an alternate proof of the above

claim rooted in matrix algebra. ]
Proposition 1: The following are true.
1) 0 § dproj,Q(VI;V2> S 11
2) More precisely,
V1A

dprOJ 2 Vl,VQ mln VHVQVHV1) and (17)

3) Equality in the lower bound of 1) occurs if and only if
Vi =V, onG(Ny, M) while equality is possible in the upper

bound if and only ifAyi (VI Vo VIV, = 0.

Proof: The proof is obvious following the geometric in-
terpretation ofd,,.;,2(-). The first claim follows immediately

since the principal angles are [0, 7/2] by definition. The

The case of unconstrained precoding with genle -aided
perfect CSI and the optimality oF ,er = VHA was
summarized in Sec. II-C. Knowledge dVH and A wf at
the transmitter necessitate the tracking of the evolutibilo
which is difficult in practice. To avoid this problem and to
reduce the complexity of precodingtructured precodingy
was introduced in [30]. The readers are referred to [30] for
the following results.

o When the precoder is assumed to be structured, the
optimal choice of V under perfect CSI is stillVy.
This optimality is assured for many different classes of
objective functions apart from the case of maximizing
mutual information. When only statistical information is
available at the transmitter, the optimal choice bfis
Vst Where

M ATCHED VERSUSMISMATCHED CHANNELS

Vit = [ul ce U, = [ul (19)

where ; = U;A, U is as in (3). We call these
two schemesptimal structuredandstatistical structured
precoding schemesespectively.

« We studied the performance loss between these two
schemes as a function of the channel statistics. The notion
of matchedandmismatched channelmtroduced in [30],

uM]v 'uNt]v

second claim follows from the connection between singular
values and the principal angles in (15). See Appendix A for
an alternate proof of the above claims. For the third claioten
that if dpr0j72(V1, Vg) =0, thenV{{VgiVl =1I,. Thus,

9The principal angles are quantities [0, /2] describing the relative
orientation of one subspace with the other, more preciselytheir bi-
orthogonal basis expansions (see [40]), which are indepenaof the given
representation of the subspaces. We thank one of the regiefoe this
observation.

\%

0 structured precoding, the precoder has the f#m= VA /;

correspond to the cases where the relative performance of
the statistical structured precoder is closest to anddatth
from the perfect CSI structured precoder, respectively.
Even knowledge of only channel statistics at the trans-
mitter results in near-optimality for the matched channel

1/2 where

is an N; x M semiunitary matrix that can be optimized, alg.: is an

M x M fixed, rank-M power allocation matrix choses priori.



case! Thus, it is important to note that any feedbac®atistical Component: We first need to identify the dominant
(limited or otherwise) is helpfubnlyin mismatched chan- M-dimensional subspaces &f;. Note that this identification
nels. This conclusion is a generalization of our earlier@annot be based on distance metrics becaudé, ifand V,
beamforming result [26], [41]. denote any two distinck/-dimensional subspaces Bf;, then
« More specifically, a matched channel is one where tliem Prop. 1 we have

channel is effectively matched to the precoding scheme

(in particular, the precoding rank/) with the fol- dproj,2(V1, V) = 1. (20)
lowing two conditioning properties being true: 1) Th
M-dominant eigenvalues aE, are well-conditioned?,
whereas the remainingN; — M) eigenvalues ardll-
conditionedaway from the dominant ones, and %),
is alsowell-conditioned A mismatched channel is one

%Since there exists no granularity in subspace dominaneabas
on distance metrics, we define thgeneralized eigenvalue
of a M-dimensional subspacas follows. The generalized
eigenvalue of the subspa¢e;, - - - u;,,] of X, is

where bothX; and X, are ill-conditioned, with the M
additional condition thatank(H) > M with probability Hug, iy, ] £ H Ay(ij). (21)
1. We also proposed metrics to capture the degree of j=1

channel-to-precoder scheme matching continuously apndthe above definition{iy, - - ,i)} is a distinctM -tuple of
showed that these metrics can be used to compare two R AN
. . : 31,---, Ny} which implies that there arg’;/) distinct M-
channels in terms of their average mutual informatioh. .
. dimensional subspaces Bf;. Note that the subspace spanned
performance [30, Fig. 2].

_ ) by Vga = [u1---uy] results in the largest generalized
Henceforth, the focus is on mismatched channels p”ma@’genvalue and we will denot@., ..., by 1 (for short)
. . 1 1 M .
because the potential to bridge the performance gap betweghjlarly, when necessary, we will use to denote the-th
the statistical and perfect CSI schemes is maximum (see Rigminant generalized eigenvalue ¥.
merical studies in [30] for performgnce of statistical stles _The precise probability distribution dpmm(vstat,{,H)
over matched channels). Our goal is to construct a systemald gependent on the separation (gap) between the generalize
statistics-dependent codebook (of a fixed €28 that ensures eigenvalues ofs,. For example, if; and s are close to
this bridging. each other, there is a non-negligible probability for thergv
that the best quantizer is the subspace corresponding and
IV. QUANTIZED FEEDBACK DESIGNS TOBRIDGE THE hence, the distance betwe®h.,; andVy could be arbitrarily
PERFORMANCEGAP close (follows from Prop. 1 and the triangle inequality foe t
roi. 2(+) metric) tol. On the other hand, ifi; is much larger
proj,
the other generalized eigenvalues, it is intuitivexjoeet
thatd,ro;j, 2(Vstat, Vi) IS concentrated around zero and hence,
statistical precoding is near-optimal. Thus the gap betwee

statistics-only case and its near-optimality in the matché'l and_ the rest of_th_e generalized eigenvalues heuristically
channel case suggests that when we have the freedom to Higfermines the statistical component.

more than one codewordB( > 0), the codewords should !N our work, a thresholds is chosena priori and the sta-
correspond to a local quantizatidrof V... This heuristic is tistical componens consists of allM/-dimensional subspaces
also motivated by numerical studies [26, Figs. 1 and 2], [36}'Ch that their generalized eigenvalues excéed@ihat is,

that show that for most reasonable channels, the prohabilit

density function o0, 2( Vi, Vstat) iS concentrated around S = { W, - wy,] 1< <idg <o <ipy < Ny

0, suggesting that a local quantization could lead to impdove

_In contrast to the i.i.d. case where the isotropicity
Vy leads to a design [28] based on Grassmannian subsp
packings [39], spatial correlation skews this isotropicnd
poses fundamental challenges. The optimalityVaf,; in the

performance. B, g ] Aq(ij)
Building on our prior work in the beamforming case [26], and ——— = y (j.) > B (22)
[41] where we designed codebooks on a local quantization H =1 Ot

principle, we now develop a multi-mode generalization. The o cardinality ofS is denoted byV...:. Note that if3 is large,

main difference here is in packing subspaces instead Qf is small andS may not accurately quantize the space of

lines and in the choice of an appropriate distance melriGasistical eigenvectors @. On the other hand, if is small,

The proposed design has three components: 1) A statistigal teednhack overhead for the statistical component may be
component, 2) Local perturbation components, and 3) An RV, |arge. This heuristical trade-off governs the choicesof

component. The cardinalities of these components are €@enqt, ,,r numerical studies. we found settifig 0.2 to result
by Nstat, Nioc and Nrq With the feedback rate (per channely 5 g60d trade-off. Future work will study this optimizatio
use) defined byB = logy (Nstat + Nioc + Nivq)- problem more carefully.

L A¢(1) > --- > A(M) denote the first\ eigenvalues ofs; and Lfi?lticﬂmp?:ent: r;etr;ﬁ ldenIOtentqhez;]tgame:nbi;\c;f tihe
11\\,:’((1&1)) is (or is not) significantly larger than, we loosely say that these statisical component. e local compo L, arou 118

eigenvalues are ill-(or well-)conditioned. defined as
12The notion of local quantization will be made mathematicaitecise

shortly. L;= {Vja.j =2, Nj +1: vaj = IM} (23)




such that theséV. . codewords are localized and well-packettansmit eigenspaces with/ = 2 are those spanned by
aroundV;. The notions ofocalized and well-packeare made [u; us], [u; us] and[us us]. The “directions” corresponding
mathematically precise in Sec. V. The heuristic here is to these subspaces are symbolically represented in theefigur
chooseN,._ in proportion toy,. The following observation with dashed lines. The first local component consists of two
motivates this heuristic: the larger the separationuof(cor- codewords aroundu; us] and so on. Since there are eight
responding toV.:) from po or the more matche®; is, the codewords in our design, this codebook can be parameterized
lesser the relevance of the sub-dominant subspaces in tdrmwith B = 3 bits.

precoding and hence, the smaller the value§®f_},i > 1

need to be. Thes&,. = vajf‘ N _ codewords form the A. Power Allocation

loc

local componenbf our codebook design. It is preferred that the power allocation matrix..: be only
While £; can be constructed brute-force via VQ or a Montgependent on the channel statistics and be easily adaptable
Carlo method as theoretically conceived in [23], [29], W statistical variation. The optimal choice &f,,; needs to
provide low-complexity alternatives in Sec. V. be constructed via a Monte Carlo algorithm [29] which is
RVQ Component: If B is sufficiently large, there is a needdifficult to implement as well as adapt to statistical vari-
to refine the quantization oVy. This is because while ations with low-complexity. As an alternative, we consider
the statistical and the local components lead to significaifree low-complexity power allocations: 1) uniform power
limited feedback gains wheR is small, their marginal utility allocation across the excited modes, 2) waterfilling based o
diminishes as3 increases. Empirical observations suggest thAtt(i% i=1,---, M, and 3) power allocation proportional
the addition of a few codewords obtained via RVQ can hetp the transmit eigenvalues. The last two schemes have near-
in boosting performance significantly. In this context, vé¢ s identical performances and are near-optimal in the $dvR
regime while uniform power allocation is more useful in the

A oB
Nvg =27 = Ntar = Nioc. (24) " high-SNR regime [5], [30].
Random channel matricegH;, i = 1,---,N.q} are gen-
erated according to the relationship in (2) and the Rv8. Codeword Selection
componentRVQ, is given as The receiver acquires the channel information at the start
~ H ~ of a coherence block and it computes the index of the optimal
RVQ = {VH t Hi = Un, An, Vg, and Vg, is the codeword from the codebook that maximizes the instantaeou

mutual information. The receiver then communicates to the
transmitter the index of the optimal codeword with bits.

Note that the RVQ component can be generated with lowWhe transmitter uses the optimal codeword along with an ap-
complexity once the statistics are known perfectly. propriate power allocation to communicate over the remaini

In practice, the choice a8 is determined by the application.period in the coherence block.

For example, in the design of Third Generation wireless

systems,B is on the order ofl to 4 per sub-carrier chunk V- ROTATING AND SCALING SPHERICAL CAPS ON

(which usually consists of 20-30 OFDM tones) [3]. The choice G(Ne, M)

of 3 determines what valué/,.,; should take, wheread/,. We now construct mathematical maps to ensure that the
is determined by the relative strength of the eigen-modes agpdebook design proposed in Sec. IV can be realized with low-
the above guidelines. The choice Bfthen dictatesN,,, as complexity. For this, we need the notion ofr@ot codesef.

per the relationship in (24). A root codesetR(V1, N, 6,v), is a set ofN semiunitary ma-
trices (V;,i = 1,--- , N) satisfying the following properties
that signify a ‘good’ local quantization:

1) Localization: The root codeset is localized (centered)
around V1, which is labeled as thecenter of the
root codeset There exists & € (0,7/2) such that
dproj, 2(V1,V;) < sin(f) for all ¢ # 1. The smaller
the value off, the more localized a packing. This is
illustrated in Fig. 2 where a set aV = 5 precoders
form the localized root codeset in th€, = 3, M = 2
setting.

2) Well-Packing: The codewords inR(Vy,N,0,~) are

well-packed (well-separated). That is, the minimum dis-

Fig. 1. Proposed Codebook Design fdt = 3, M = 2, and B = 3 with i . iofi
only the statistical and local components. tance of the packingmin(R) satisfies

principal N; x M submatrix of VH} (25)

dmin(R) é 1’1’1111 dproj,Q(Vivvj) Z Y
In Fig. 1, we illustrate the design of a codebook with i
statistical and local components (no RVQ component) for
Ny = 3, M = 2, Noar = 3, Nléc = lec = 2 f"m_d B3we use the term root codeset to indicate that the construatfoC is
N2, = 1. If Uy = [u; uz ugl, then the three statistical rooted in the design of a ‘goodR.

loc

fOI‘ some 7y S (07 ')/max(Nta M; Na 9)) (26)



doroj2(V3, Viy) > dproj2(V1, Vi) scaled by a

(b)

Fig. 2. (a) Rotation of a root codeset of semiunitary precodd;, i = 1,--- ,5} with N; = 3 and M = 2. The root codeset satisfies the localization
and well-packing properties described in Sec. V. The digdmetween any two precoders remains unchanged afterorotdli) Scaling of the root codeset
by «. The position ofV; remains unchanged after scaling.

The larger the value of;, the more well-packe® is. type codebook constructicagain? That is, we seek a map to
Hence~ can also be viewed as an abstract measuratate the center 0R to Vi, Without changing the packing
of the packing density. Herey,.x(N:, M, N, 6) is the density, and

maximum possible packing densifyachievable in the 2) GivenR(Vy, N, 6,~) and some fixedv € (0,1), how can
Grassmann manifold (N, M) with N codewords lo- we scaleR to obtainR(V 1, N, 6«a,~') for somey’ < 4? That
calized in a cap of radiusin(9). is, we seek a map to reduce the radiusWwithout changing

Note that for any fixed choice a¥;, M and N, it is intuitive 'S Center. ,
to expect thaty,,..(N;, M, N, §) decreases a decreases. In While we develop. such maps for spht_encal
other words, the above two properties are in some sense ce@Py submanifolds, we will state the results as applicable
flicting with a root codeset that is more localized necesgarit© finite element subsets of(N:, M). But prior to that,
forced to have a small packing density avide versa we recall results from recent work [42], [43] where rotation
Despite this apparent difficulty, it is important to notettaa Nd scaling maps to solve 1) and 2) (as above) have been
packing with the above properties calwaysbe constructed, ProPosed in the beamforming casg/ (= 1). The rotation
either via algebraic methods or via a vector quantizati@j,[2 MaP iS straightforward and is effected by an appropriately
[23] approach (that is, a brute-force search via Monte CafflSen unitary matrix. In contrast to the rotation operatio
methods). FurthermoreR needs to be constructed (offline)the scaling map requires some care due to the constraints of
just once, and once this has been dafiezan be designed € space. For example, an operation of the form- ax
for any statistics starting from. For this, we now show how (Wheréa € R) yields a vector that is not unit-norm. It is to be
mathematical operations can be constructed to perform fhted that both rotation and scaling maps are non-unique. \We
following two tasks: summarize the maps of [42], [43] in the following lemina
1) GivenR(V1, N, 6, ), how can we centeR aroundVigee " M = 1.

to obtainR (Viarget, N, 6,y) without having to resort to a VQ- Lemma 3 (See [42], [43])Let R(vi, N, 0,7) = {vi,i =
1,---,N} be a root codeset i (V;, 1). Rotation of R to
L4While the exact characterization §fnax(Nt, M, N, §) remains an open Viarge: 1S trivially achieved by the map(vi) = UtargerVi
problem for general values aW;, M, N and 6, some bounds have been
established; see [20], [25], [38], [39] and referenceseimer 15The readers are referred to [26] for details of the proof.



with Utarget Sat'sfy'nde Viarget — Utargetvl- Sca“ng byOé
is achieved by the composition
(27)

_ .1
Sbf = Tyertex © Svertex © T'vertex

spf(Vi) = v \/1 —a?(1- |vai|2)ejévai +avivi v,

(28)

[ ]

In (27), rvertex (+) is the map that induces the rotation Bf
t0 Vyertex = [1, 0, -+, 0]7 (a vertex of the unit cubekyertex :
O(Vvertex, ) — O(Vyertex, @) IS a vertex scaling map with

sy e’ )
T
Jary, el (29)

/9 ,’9
Svertex ([rlej RS AGEE

[\/1 —a?(1 —713)ed% | arged®2 ...

and the argument in the above equation is in its polar form.
We now generalize the above result to the precoding scenario

M > 1.

Theorem 1:Let R(V1,N,0,v) = {V;i = 1,--- ,N}
be a root codeset ig(N;, M). Rotation of R to Vtarget is
achieved by

R(Vtarget; Na 9; 7)
where G;

{G;,i=1,--- ,N}

Uv,.. Uy, Vi (30)

with unitary matricesUy, and Uy, defined asUvy, =
[Vi VIl andUy,,,.. = [Viarget Vimget| Here,Vi“! and
V{:]aurléet aI’eNt X (Nt —

null-spaces oV and Vg, respectively.

Proposition 2: We also have dpoj, 2(s(V1),
adproj,2(V17
of R by a.

s(Vi))

V,) for anyi # 1. Thus,s(-) induces the scaling

Proof : Note that dproj,2(s(V1),s(Vi))

(@)
- dPFOL
()

— Inax
i

(V1,s(V,)) = max X (ViVT = s(Vi)s(Vi)T)]

|)\i (VMV]I\_I4 — (kv 4+ 0varer)(kvr + 5VM+1)H)‘

where in (a) we have used(V;) = V; and (b) follows
from (31). Using the eigenvalue computation trick of Lemma 1
in Appendix A, observe that the square wfx; |\;| in the
above equation satisfies

max|\* = 1 [vi(rvar + Svarin)|® =1 - k%32)
= (1= dain(VI'ViV'VY)) (33)

= (adproj, 2(V1, Vi))*. (34)

| |

The choice ofvy41 is not unique and it is not clear
whether the map in (31) is unique modulo the choice gf; ;.
Furthermore, note that whedv, — M) > M, s(V;) can be
written as

s(Vi) = ViA; + VIUIB, (35)

whereA,; = diag([1,--- , 1, «]) andB; has only one non-zero
entry which is at thg M, M)-th location and its value i8.

M)-dimensional representatives of thean Appendix B, we resolve the uniqueness issue and construct

the most general form of(-). We also show that the most

Proof: The proof follows trivially from Lemma 2 since general form ofs(V;) is of the form in (35) for a suitable

rotation by a common unitary matrilv,, ., U4 does not
alter the distance properties of the root codeset. ]

choice of A; andB,;.
Corollary 1: It can also be easily checked that in the special

Note that there exists more than one basis for the null-spagge of M/ = 1, the scaling map proposed in (31) (and
and therefore the usage of the term “representative” in tegtended in Theorem 2 of Appendix B) is a generalization

statement of the theorem. The lack of a unique represeetaf the map proposed in Lemma 3 (see (28)).

for the null-space is responsible for the non-uniquenesgbef
rotation map that can effect a desired rotation.

Before we get into the most general form of the scallng

Low-Complexity Generation of Local Components

map in Appendix B, we illustrate a special case of it so as toWe now illustrate how the theory of rotation and scaling

provide insights into its construction. L&f; = [vy -+ V]
wherev; is an N; x 1 vector and is the-th column of V;.
Define the map(-) by

(V) = [ Vi V2 Vv—1 KVMm OV ]

k= 1= 02 (1= Auin (VEV,VEVY)), 6= /1— 52

and vy, 41 is orthogonal toV; (that is, v, Vi = 01,u).
We illustrate three properties satisfied bly) which ensures
that it can scale submanifolds. A straightforward consaqae
of the orthonormality ofv;,i = 1,---, M 4+ 1 in C™* and
k24 6% = 1is thats(V;)7s(V,;) = I,s. Fors(V;), note that

k=1 andé = 0 which results ins(Vy) = V;.
10ne  possible  choice  of Utarget IS Utarget =
[Vearget Vibger] [ V1 VT 17 where Visger @nd vi- refer to matrix

representatives from th®; x (N; — 1) dimensional null-space oftarget and

v1, respectively. That isy; vt = Iy, 1 andvi” ¥vi = 0n, _1x1.

maps can be used to construct precoding codebooks with low-
complexity.

Root Codeset Generation: A root codeset that satisfies the
localization and well-packing conditions as describedvabo

is constructed via VQ and stored offline. The number of
codewords in the root codeset is larger thaf}, so as to
ensure that any local component has a cardinality smaller
than that of the root codeset. Furthermore, since the gralin
map can only ensure that the output packing is more localized
than the input packing, we need to piéksufficiently large,

but smaller thanr/2. The quantityymax(N¢, M, N, 6) corre-
sponding to the choices df;, M, N and#@ is determined via
Monte Carlo techniques and somds chosen in the interval

(Oa Vmax(Nta M; Na 9))

Local Components: For each member of the statistical com-
ponent, we rotate the root codeset (via the rotation map of
Theorem 1) to theN; x M matrix corresponding to the
subspace oL, in the statistical component. Then, each rotated
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Fig. 3. (a) Average mutual information with Gaussian inpimsa 4 x 4 mismatchedchannel following a separable model. Two data-streams seel u
in signaling and a limited feedback codebook designed atbegprinciple elucidated in Sec. IV is used. (b) Error praligbperformance with the same
codebook under QPSK inputs.

codeset is scaled by a shrinking factor £ ﬁ—l That is, we  Thus, we strongly generalize the maps of [42], [43] and
scale each rotated codeset in proportion to the generalizsda by-product observe that even in thé = 1 case, a
eigenvalue of that subspace. From each rotated codes€t ofich family of maps can effect the scaling operation other
codewords, we retaiiV;._,i = 1,---, Ny codewords. The than (28). Additional structure in the codebook can also be
heuristic behind the choice df’ . has been explained in theaccommodated to ease implementation complexity.

loc

previous section. The same heuristic can be used to jusfy t
choice ofa; as well. VI. NUMERICAL RESULTS

We now illustrate via numerical studies the performance
B. Exploiting the General Structure of the Scaling and Rotgmins possible with our codebook construction and the conse
tion Maps quent bridging of the gap between statistical and optimed pr
We now delve into why a general form of the maps igoding. In the first study, we consideda 4 channel under the
Appendix B is useful. In many practical systems, it is dédizga separable model with\; = diag ([14.98 0.50 0.26 0.26])
for the precoder codebook to have more structure so asa@d A, = diag([15.5 0.25 0.15 0.10]). This choice en-
facilitate implementation [3]. For example, two commonlpures that the transniieceive covariance matrices are both

desired properties are: ill-conditioned and with)M = 2, note that the channel isot
1) Bounded Gain Power Amplifier Architecturehere we matched to the precoder. We first generate a root codeset of
require N = 4 codewords withsin(f) ~ 0.76 and~y =~ 0.75 via
VQ. Let {u;, i = 1,---,4} denote the column vectors of
max 2 [Vilm, )l (36) U,. The codebook used faB = 1 satisfiesNyae = 1 with
Vi €€ mityy, [Vi(m, n) the codeword corresponding fa; us] and N,q = 1 while

The above condition is useful in ensuring that the powaith B = 2, the codebook has an additional RVQ codeword
amplifiers used in the RF link chain are not driven to thelind a local codeword arourd; us]. Similarly, with B = 4,
operational limits. The most general form of the rotatiod anNe,: = 3, N, = N2, = 3, N3. = 2 and N,,q = 5. The
scaling maps allows one to search for a codebook that satisBgatistical codewords correspond fa; w;], i = 2,--- ,4.

the above property in addition to the localization and welBince we are mainly interested in illustrating the perfanoea
packing properties, gains in the higttNR regime, uniform power allocation is
2) RecursivéNested Codebook Structundere a codebook of used forAgat.

rank-Nsman can be generated from a codebookrafk-Niarge Fig. 3(a) shows the average mutual information with a
(With Niarge > Nsman) by retaining only a subset oV Gaussian input for statistical and limited feedback préaugd
columns from every precoder in thenk-Ni,g codebook. In addition to the mutual information, raw bit error rate
This property is desired so as to minimize the algorithmi@ER) is useful as well. Fig 3(b) shows the improvement
complexity of generating a family of codebooks of differenin error probability for the same channel with QPSK inputs.
rankson the fly The low-complexity property of the proposedn the error probability case, the index of the codeword that
maps and thefflinegeneration of the root codesets of differentinimizes the distance to the instantanedlg is fed back.
ranks ensure that this issue is redundant with our codebddéte that while the performance gap between the optimal and
design. the statistical schemes is significantly bridged in the rerro
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probability case, further improvement in mutual inforroatis of spatial correlation when perfect CSl is available at the r
possible. Nevertheless, both the figures show that sultanteiver, statistical information is available at both thelgrand
gains are possible with a few bits of feedback. For examplgyantized channel information is fed back from the receiver
with B = 4 bits of feedback, & dB gain is possible at a rateto the transmitter. While initial works on precoding assume
of 10 bps/Hz while a dB gain is possible at a BER af)~2. perfect CSI at both the ends and hence do not impose any
Also, note that an i.i.d. codebook design incurs a dramasis | particular structure on the precoder matrices, under thaeino

in performance in correlated channels. studied here, we see that structure can help in minimizieg th
reverse-link feedback as well as reduce the implementation
25 , : complexity.
—— Perfect CS_I )
BV R A We further developed the notions of matched and mis-
20 —6—3;21 matched channels, introduced in [30], in this work. The gtud
----- B = 4 (Grassmannian) of statistical precoding in [30] motivates the proposeditkh

feedback design where we quantize the space of semiunitary
matrices with a non-uniform bias towards the statistically
dominant eigen-modes. The design as well as its adaptabilit
are rendered practical by the construction of mathematical
maps (operations) that can be used to rotate and scale subman
ifolds on the Grassmann manifold. More importantly, numer-

8 ical studies show that the proposed designs yield significan
improvement in performance when the channel is mismatched
to the communication scheme.

o
@
T

Average Mutual Information (bps/Hz)
5

o
T

-15 -10 -5 0 5 10 15 20 25 ) i . i

SNR (dB) This work is a first attempt at systematic precoder codebook

Fig. 4. Average mutual information with Gaussian inputs id & 4 des'g” In Smg_le'user multi-antenna channels_ _that exploit

mismatchecthannel with non-separable correlation ahti= 3. spatial correlation and channel structure explicitly. $tole
extensions are the study of more complex receiver architec-

In the second study, we considerdax 4 channel with tures and performance analysis in the finite antenna, arpitr
non-separable correlation following the virtual repréatian  SNR setting, along the lines of [30]. More work also needs to
framework. The variance matrix(i,j) = E [|Hinq(i,5)[?] be done to understand the impact of spatial correlation en th

used in the study is performance of the proposed limited feedback scheme which
could in turn drive the development of more efficient code-
124 142 749 023 book constructions. Other open issues that need furthdy stu
_ | 04l 0.14 042 003 i 37) Iinclude practical aspects such as codebook designs for wide
71 072 139 007 0.02 (37) : -
‘ : ‘ ‘ band channels, codebook designs based on Fgtidetamard
0.28 0.13 0.50 1.51 matrices that are useful in achieving the bounded gain power

) ) ~amplifier architecture and hence, have found much interest

Note that the channel has a single dominant transmit @Sthe standardization community, incorporating the cdst o
well as receive) eigen-mode and is hence mismatched whghiistics acquisition in performance analysis [44], anaten
M = 3 data-streams are used in signaling. The parametersy@feral scattering environment-independent channehogco
the root codeset ar&/’ = 4, sin(0) ~ 0.87 andy ~ 0.84.  jtions [45] that mimic the physical model closely. The case
As before, let{u;, i = 1,---,4} denote the column vectorsyf myiti-user systems with feedback, where the impact of
of the DFT matrixU,. The codebook forB = 1 has the gifferent users’ channel structure is more critical in eyst
two statistical codewords$us uz u;] and [us us uy]. For performance, is another area for study.
B = 2, we use two additional RVQ codewords and for
B = 4, we useNgs = 3,NL. = N2_=3,N2_. =2 and  We close the paper by drawing attention to the philosophy
Nnq = 5. The third statistical codeword wheB = 4 is that has guided this work. While deducing the structure of
[us u; wy). Fig. 4 illustrates the bridging of the gap in mutuathe optimal signaling scheme under general assumptions on
information between the optimal and the statistical screrte spatial correlation and channel information seems extieme
is important to note that both the channels studied herearedifficult, an alternative approach that partitions this ke
constructed to result in a substantial performance gapdstw into smaller sub-problems could be quite fruitful. The gahe
perfect CSI and statistical signaling. Thus our studiessitate idea of matching the rank of the precoding scheme to the
that substantial gains can be achieved even with few bits mimber of dominant transmit eigenvalues with the resatutio
feedback. necessary to decide whether an eigenvalue is “dominant” or
not being a function of th€ NR reminds one of the classical
source-channel matching paradigm [46]. Initial evideneens
in this paper also suggests that this partitioning provides

In this work, we have studied linear precoding under @atural framework to understand the performance of limited
realistic system model. In particular, the focus is on thpast feedback schemes.

VIl. CONCLUDING REMARKS
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T'min £ min; T;(j) > 0. Then, defineB; as Up A113/2WH

We would like to thank the anonymous reviewers fofith the principal(n; — M) x (N; — M) component ofAg
suggesting the use of the geometrical (principal angle) iREINGL:- DefineA; asA; = Ua Ax W with the principal

terpretation of the projectio2-norm distance metric. This

Ny — M) x (N — M) component ofAa beingIy,_n — T

approach considerably simplified the exposition of thisguap @"d the principal southeast component beiag -,

APPENDIX
A. Matrix-Algebraic Proofs of Distance Properties

Proof of Lemma 1. The projection 2-norm distance
between v; and vy is defined asdproj,2(vi,Vv2)
max; |A; (vivi’ — vovi)|. We can write the matrix within
the above operation ds; va|[vi — vz]H. Since the non-

trivial eigenvalues of a matrix produ&B are the same as

those of BA, we need the largest eigenvalue of

H H
vy . 1 Vi Vo
X = [ o ] [vi va]= { vy -1 (38)

Expanding the characteristic equationfdet(X —AIz) = 0,
we havemax; |\;|?> = 1 — |[viTvy|2. Using the positive root
for Amax, the lemma follows immediately. [ |
Proof of Prop. 1: The matrix-algebraic proof is as follows.
1) Note that

N(ViVE = VoV < A(ViV) <1 and  (39)
NV VE v vEYy = Ay, i (Vo VE — v V)
< Av—in(VaVyl) < 1. (40)

The claim in 1) follows from the above two inequalities.

Theorem 2:The map s(-) that
R(V1,N,0,v) by « is given by

S(V,‘) =V A, + V?u” B;

leads to scaling of

(42)

whereV 7! is a representative of the null-space corresponding
to V.

Proof: As in the beamforming case, we can decompose
s() ass(-) = TUy, © Svertex © TU\P§1 (+) with

Ugls(Vz) = Svertex(U\h/rlvi) (43)

where ryz (1) rotates R to the canonical precoder
[Irr Onrs(nv,—an)? while siene(-) scales (shrinks) the
canonical codeset by a factar and ruy, rotates it back to
the direction corresponding ;.
Let A; be anM x M full rank matrix andB, be an(N; —

M) x M matrix such that

_ | A

= B.

ands(V;) is as in (42). We now show that; andB; have
to be as in the statement of the theorem so #{atresults in
scaling bya. First, note that the semiunitarity a{V;) and
the facts thatvi’Vvy = I, VIV = Oy (n,— ) and

Svertex (IJ\}L‘/{1 Vz) (44)

2) We the need the following result [47] that helps in comVi" " ViUl = Iy,  imply that AFA; + BB, = I,.

puting the determinant of partitioned matrices.
Lemma 4:1f X,Y,Z and W aren x n matrices andwW
is invertible, we have

X 'Y

det{z W

} =det(X — YW 'Z) - det(W).  (41)

Thus, we have

1 Amax (AT A; + BIB;))
)\max(AzHAi) + Amln(BfIBz)

max (Amax (AT A;), Amax (B B;)) .

(AVARAYS

(45)
The maps(-) should satisfy

Using this fact and the trick (in the above version of the froo 1) s(V1) = Vi, and

of Lemma 1) of rewriting the eigenvalues &fB in terms of
eigenvalues oBA, 2) follows trivially. ]

B. Generalized Scaling Map

Let R(V1, N, 0,v) be aroot codeset afi( Ny, M). LetUx
andW be arbitraryM x M unitary matrices and |eUg be
an arbitrary(N; — M) x (N, — M) unitary matrix. Given
a € (0,1)and M < (N; — M), for anyV; € R, generate an
M x M diagonal, positive-definite matriA; with

Asin Amin (VI ViVIVY))

min A;(j) =1—a” (1 —
J

Amax max Az(]) < 1.

J
Then, defineA; asA; = Ua A}/ WH  Define theM x M
principal component of thé N, — M) x M diagonal matrix
Ap as(Iy —A;)"/? andB, asB; = Ug A WH.

If M > (N, — M), for any V; € R, generate aifN; —
M) x(N;— M) diagonal, positive-semidefinite matd with:
Iax £ max; Fz(]) = a? (1 —)\mm(V{{VLVf{Vl)) and

2) dproLg(S(Vl), S(VZ)) = OédprOLQ(Vl,Vi) for all <.
First, let us consider the distance scaling property. Wel nee

in(0
'rrL=Inl,E~%~}~(,1\/I | Sln( m)|

adproj, 2(V1, Vi) = dproj, 2(s(V1), (Vi)
dproj,2 (U, 5(V1), Uy, 5(Vi))

—
S]
=

()

—
3}
~

(i) dproj, 2 (Svertex(lj\]rl/r1 V1), Svertex (U{ill VL))
< Loy S | [ 5 )

’ On,—mxm || Bi
(é)

(46)

mex | sin(7m)|

where{6,,} and {n,,} are the principal angles betwedmn

andV;, and Tne :
ON,—Mxm | B
In the above series of equations, (a) and (f) follow from (15)

(b) from the distance scaling property af-), (c) from
Lemma 2, (d) from (43), and (e) from (44). Now using the
property that{cos(,,,)} and{cos(n,,)} are the singular values

and , respectively.



of VEV,; andA;, respectively, and the relation between sines4]

and cosines, we have

Amin =minA;(j) =1 —a® (1 = Anin(VIV, VI VY)) . (47)
J

The constraints elucidated above are the only constrairie t
imposed on the singular values 4f;.

(5]

(6]

We now describe the complete decomposition as in the
statement of the theorem. Assume a singular value decony

position for A; andB; of the form: A; = UAAXQW§ and
B; = UBA}13/2wg, respectively wherdJo, Wa and Wy
are M x M unitary matrices, andJg is an (N; — M) x
(N; — M) unitary matrix. The full-rankness o&; means that
the M x M diagonal matrixA 5 is positive definite while the

(8]

(9

(N — M) x M matrix Ag has non-negative entries only along10]

the leading diagonal. SincAA; + BEB,; = I, we have
Iy — Aa = WHWgR(ALAR)/?WEHW 4. Comparing the
two sides, we see thalVa, = Wg (we set both to béw)

andI; — Aa = (ALZAB)'/2. Note that since there are no

constraints ofrelationship betweefJa andUg, the leading

[11]

[12]

diagonal entries oA o and Ag can be in any order. This is [13]

because either unitary matrix can be appropriately adjusye
a permutation matrix.

[14]

If M < (N;— M), without loss in generality assume that

the diagonal entries aA o are in non-increasing order while

those ofAg may be not. Given a choice &, the condition

[15]

Ins—Aa = (AL Ag)'/? can be met by choosing the principal

M x M component ofAg to be (I,; — Aa)Y?. If M >
(N:— M), assume that the diagonal entriesAo§ are in non-

increasing order while those acf4 may be not. Then, the

conditionIy; — Aa = (AZAB)'/? can be met i2M — N,

[16]

[17]

entries of Ao arel. The additional constraint on the smallest
diagonal entry (see discussion above) ensures distaniiegscall8]

To close the theorem, it is necessary to verify th@f;) =
V3. This can be done by checking thAt can be computed
in closed-form. For this, note thaA,;, = 1 and since
Anax < 1, we haveA; = I,,. From here, it can be
checked thatB; = O(n,_axm and from (42), we thus

have s(V;) = V;Ux W, On the Grassmann manifold

G(Ny, M), multiplication by anM x M unitary matrix results
in the same “point.” Thuss(V;) = V; and the proof is
complete. u

[19]

[20]

[21]

Note that the choice of the scaling map is non-unique dif&!

to freedom in the choice oo, Ug and W as well as the
eigenvalues ofA; andT';. The case ofV; = V; is special

where A; turns out to bel,,. With almost any other choice

(23]

of V;, these matrices are non-identity, in general. Besidgs

these choices, non-uniqueness of the representativésf
also leads to non-uniqueness of the map.
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