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Abstract

In this paper, a novel analytical upper bound on the ergodjacity of Multiple-Input Multiple-
Output (MIMO) communication systems is derived, based oayadower normalization. Given their high
practical usability, we are particularly interested in dboeanch configurations where both the transmitter
(Tx) and receiver (Rx) deploy two antenna elements. Coptiathe majority of related studies, where
only the common case of Rayleigh fading was considered, palyais is extended to account for the
generalized case of Ricean fading where a deterministie-bifrSight (LoS) component exists in the
communication link and both ends are affected by spatiatetation. In the following, it is clearly
shown that the proposed bound is not only remarkably simpteefficient but also applicable for any
arbitrary system Signal-to-Noise Ratio (SNR) and rank @& thean channel matrix. The tightness of
the bound is also explored where it is demonstrated that @SNR tends to zero the bound becomes
asymptotically tight; at high SNRs, the offset between eiogi capacity and the proposed bound is
analytically computed which implies that an explicit asyotjt capacity expression can ultimately be

obtained.
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. INTRODUCTION

Over the last years, a considerable amount of researclegiteas been devoted to the study of Multiple-
Input Multiple-Output (MIMO) systems in response to theremsing demand for higher data rates and
improved reliability in wireless communications. The péaming works of Foschini [2] and Telatar [1]
demonstrated the dramatic performance enhancement whéiplmantenna elements are employed at
both ends of a radio link; in fact, it was theoretically shathat in rich scattering environments the ergodic
MIMO capacity can increase linearly with the minimum numleértransmit and receive antennas. In
order to comprehend in depth the advantages of this progigiohnology, one of the most interesting
topics that needs to be addressed is the derivation of efficied elegant analytical capacity bounds.
By doing so, it is anticipated that the design of practicall simulated MIMO systems as well as the
construction of optimized space-time codes would be eadch

The majority of related studies documented in literaturesiger the tractable case of Rayleigh fading
where no direct Line-of-Sight (LoS) is present in the radi@enel and a high multipath activity occurs as
a result of the surrounding scattering environment. Far $ipiecific case of Rayleigh conditions, a plethora
of results is available for various scenarios spanning frameorrelated fading to double-sided spatial
correlation (see for instance [1]-[5] and references tineeanong others). In most real-time channels
though, the assumption of Rayleigh fading is often violatad to either a specular wavefront or a strong
direct component. In such a case, the entries of the charateknsan be more effectively modeled by the
Ricean rather than Rayleigh distribution. Surprisinglgspite their high practical relevance, significantly
fewer publications focusing on MIMO Ricean channels havenbeported. This fact can be attributed
to the difficulty in manipulating hypergeometric functiomsth two matrix arguments of non-central
Wishart matrices, as they appear in Ricean channel modetspared to the one matrix argument of
central (zero-mean) Wishart matrices tied to Rayleighrfgdi

The most important investigations dealing with the ergadipacity of Ricean-fading MIMO channels
can be found in [6]-[20]. More specifically, in [6] the digtion of the ergodic capacity for independent
and identically distributed (i.i.d.) rank-1 Ricean-fagiohannels was explored at the high Signal-to-Noise
(SNR) regime. In [7], explicit closed-form expressions floe ergodic capacity were presented via infinite
series while in [8] capacity statistics (mean and secomi@omoment) were expressed in integral form
for arbitrary rank of the mean channel matrix. An interegtapproach is reported in [9] where upper and
lower numerical bounds were derived for the i.i.d. caseumsg that the transmit side has knowledge

of statistical properties of the fading process but not efittstantaneous channel state information (CSlI).

July 31, 2008 DRAFT



Submitted tolEEE Transactions on Communications 3

The first analytical bounds on MIMO Ricean capacity can benébin [10]-[12] where the assumption
of uncorrelated fading at both ends was adopted. In [13]], [(ese results were extended to account
for spatial correlation at a single end of the MIMO link. Them general case of double-sided spatial
correlation was addressed in [15], [16], using elementsuafdgatic form theory. The main characteristic
of the above cited papers though ([10]-[16]), is that theyylamited to the case of rank-1 LoS matrices.
While this condition occurs quite often in reality as a résidlthe excessive correlation of the LoS’ rays
phases, at the same time, is not sufficiently general sinlmits the applications of MIMO technology
to conventional configurations.

To the best of the authors’ knowledge, the derivation of cépabounds in the general case of
arbitrary-rank mean matrices, has been separately assasg&7], [18] and [19]. The former paper
proposed a very tight lower bound on the ergodic capacityeofiscorrelated MIMO Ricean channels
after decomposing the channel correlation matrix into nentral Wishart submatrices and thereafter
applying the bounding technique originally proposed in 8] [18], the authors relied on the expected
values of elementary functions of complex non-central \Afsimatrices to come up with an efficient
capacity upper bound of semi-correlated MIMO Ricean chimriehe latter paper represents so far the
more general approach in the associated area since it desaxeral lower and upper bounds assuming
all different types of spatial correlation. However, thggpds general upper bound is given as an infinite
summation of Hayakawa polynomials of one matrix argumethictyvthe authors acknowledge as quite
involved and computationally inefficient. We also refer e work presented by Lozared al. [20], who
considered the high-SNR capacity offsets in order to estalthe key effect of the so-called power offset
on MIMO performance. Summarizing, it appears that no ttaletanalytical results exist in the literature
for the upper bound of double-sided correlated MIMO systémRicean fading with arbitrary-rank of
the deterministic component.

On these grounds, in the present paper, using some receitisres the theory of Wishart matrices
and quadratic forms, we derive a novel and efficient uppentaan the ergodic capacity of dual-branch
MIMO systems, using the prevalent power constraint in ttexdiure. Hereafter, the term dual-branch or
simply dual will stand for MIMO systems where both the traitssn (Tx) and receiver (Rx) are equipped
with two antenna elements. We put emphasis on the fact tleseticonfigurations are expected to be
employed in the majority of future practical systems (e andirheld devices), thanks to their small size
and low complexity/implementation cost. Most importanigveral key simplifications are made possible
as a result of the compact matrix sizes involved in the matima derivations.

In order to formulate a broad framework, we consider the at$feof spatial correlation at both ends
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and, further, allow the rank of the mean channel matrix to Ha@trary. More specifically, we explore
two different class of MIMO systems, namely a conventiooal-fank (LR) and a specifically-designed
high-rank (HR) configuration, which benefits from the preseaf LoS components and yields the highest
possible capacity for a given Ricedt-factor [21]-[23]. The tightness of the bound is also inigeted

in detail and it is clearly shown that as the SNR tends to zeeobound becomes asymptotically tight
while the offset from true capacity is analytically detened as well, for infinitely high SNRs.

The remainder of the paper is organized as follows: In Sactip some basic definitions related
to non-central Wishart matrices and quadratic forms ardirmat, since they are essential in order to
comprehend the following theoretical analysis. In Sectibpthe underlying MIMO Ricean channel
model used throughout the paper is discussed along witht#tistecs of the channel matrix. Section IV
presents new upper capacity bounds for different categaieVIMO systems. In Section V, we focus
on the tightness of the proposed bound while the numericalli® are given in Section VI. Finally,

Section VIl summarizes the key findings.

[I. NOTATION AND DEFINITIONS
A. Notation

We use upper and lower case boldfaces to denote matricesemtars, respectively while the symbol
C denotes the set of complex-valued numbers. The nomenelat@\V,, (A, B) stands for am x n)
complex normally distributed matrix with meax and covarianc®. The entries of &n xn) matrix A are
denoted agA}, ; wherei =1,...,m andj = 1,...,n. An (m x m) identity matrix is expressed ds,
while the all-zera(m x n) matrix as0,,,. The symbolg-)”, (-)” and(-)~* correspond to transposition,
Hermitian transposition and matrix inversion whereass the Kronecker product; henceforth, we will
usedet and| - | to interchangeably denote the determinant operator whijlg will return the Frobenius

norm of a matrix. Finallyetr(-) is a shorthand notation faxp(tr(-)).

B. Multivariate Statistics Definitions

Definition 1: Let's assume that then x n) complex matrixX, with m < n, is distributed according
to X ~ CN (M, X ®1,), whereX € C™*™ is a positive definite Hermitian matrix. Then, the matrix
S = XX follows the complex non-central Wishart distribution withdegrees of freedom and non-
centrality matrixQ = S~'MM?*, commonly denoted a8 ~ CW,,(n, =, Q). The probability density

function (PDF) of a(m x n) complex non-central Wishart matri& was given by James [24] as

£(S) = . etr(—€)

———  _de Mty (21 [y (n: -1
(n) det (3)° det (S) t (E S) oF} ( 295> S) Q)
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wherel,,(n) is the complex multivariate gamma function defined as

Tp(n) 2 775 ﬁ T(n—j+1) ©)
j=1

with I'(-) being the standard gamma function ayfd (b, A) the complex Bessel hypergeometric function

of one matrix argument of a Hermitian matrix.

Definition 2: Let's assume that then x n) complex matrixX, with m < n, is distributed according
to X ~ CNp, (M, X ® ¥), whereX € C™*™ and ¥ € C"*" are positive definite Hermitian matrices.
Then, the matrixQ = XAX, with A € C"*", is said to be a non-central matrix-variate quadratic form
denoted a) ~ CQO,, n(A, X, ¥, M).

In [19] and [15], the PDF of) was expressed through complex Hayakawa polynomials of tatixn
arguments which are very difficult to calculate numericaflymore tractable version of the associated
PDF as a product of hypergeometric functions, can be foud@snEg. (5)]. Please note that non-central
guadratic forms degenerate into non-central Wishart wedrivhen® = I,, and when eithelA = T,
or A is idempotent with rank. > m [19], [26]. The following theorem returns theth moment of the
determinant of(2 x 2) complex quadratic forms.

Theorem 1:Let Q ~ CQ25(I2, X, ¥, M). Then, thevth moment of its determinan@| is given by
Ty(v +2)
I'y(2)
where | Fi (a,b, A) is the hypergeometric function of a matrix argume@t,= ¥ *MM¥# and M =

=-1/2M.

E[Q[] = |Z®[ 1By (—v;2;-©) ©)

Proof: A detailed proof is given in Appendix A. |
We underline the fact that the theorem is applicable only2te 2) quadratic forms since for matrix
sizes of(m x n), a finite summation over a collection ¢f') subsets needs to take place. The interested
readers are referred to [15] for a detailed discussion. Ap$ifirad formula can now be obtained for the
first-order moment of the determinant after applying theedatnant representation of the hypergeometric
function. In particular,

Corollary 1: Forv =1, (3) reduces to
E(Q) = 2/5¥| <1+%tr(®)+%det (@)). (4)
Proof: The authors in [19] showed that for any square malBxe C™*™, its hypergeometric
function  F; (c; d; B) can be expressed according to
det (1151 (c—m+j;d—m+7;b) bg_1>
Hi<j(bj —bi)

1 Fi (¢;d; B) = (5)
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where by, by, ..., b, is the set of non-zero eigenvalues Bf After taking into account the following

properties for the scalar hypergeometric functions

~ 1

1F1(=2,1;2) = 1—22+ §z2 (6)
~ 1

1F1(=1,22) = 1— 522 (7)

it is trivial to show that for the dual case under considemti
~ 1
171 (—1;2,—-0) = 5(2—#914—924—9192) (8)

whered, 6, are the eigenvalues @. The proof concludes after recalling that the sum and prbdtic
the eigenvalues return the trace and the determinant of exynaspectively. [ |
It's noteworthy that exactly the same result can be drawnéfrepresent the hypergeometric function
Fy (—1;2;—©) via its zonal polynomials, as originally proposed in [26]dammended for the MIMO

case in [18, Appendix I].

I11. MIMO C HANNEL MODEL
A. Statistics of the channel matrix

As was previously highlighted, we are particularly inteegsin dual-branch MIMO configurations
where both the Tx and Rx are equipped with two antenna elesvaatt spatial correlation is also present
at both ends. Under Ricean fading conditions, the chanaiester function matri consists of a spatially
deterministic specular componeHi, and a randomly distributed compondity which accounts for the

scattered signals. Then, the underlying model for a dosided correlated Rician MIMO channel reads

K 1 1/2
H=,/— H +/——RYHyR}/ 9
Kl v\ Hwky 9)

where K is the Riceank -factor expressing the ratio of powers of the free-spacealignd the scattered

as

waves. The receive and transmit correlation matrices apeadively defined as
R, £ FEu{HH"}. (10)

Ey { (B7H)"} (11)

(1>

R,

and are commonly taken to be Hermitian positive definite witkt diagonal entri€'s Please note that we

adopt this Kronecker-type of modelling, thanks to its irdmrsimplicity and the fact that is sufficiently

1This assumption originates from [28] where it was illustghtthat the elements df are essentially samples of a two-

dimensional stationary random field and its diagonal esitcierrespond to the constant power in the spatial field.
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accurate when a small number of antenna is used [29]. Besidbas been extensively used in the
corresponding literature to model the correlated striectefrmost MIMO systems, as for instance in [4],
[16], [19]. The entries oH\, are commonly modeled as i.i.d. zero-mean, unit varianceptexrGaussian

random variables and under these circumstances the charaix is distributed according to

H ~ CNa (VEJ(K + DHL (K +1) 'R @ Ry ). (12)

Throughout this paper, our purpose is to compare the MIM@gaf different configurations and therefore
the capacities should be analyzed independently of theageeBNR. This is achieved by normalizing

the channel matrices so that following constraint is fudfill
E[|H|?] = E [tr HH)] = 4. (13)

We recall that the key normalization in (13) has been widelg@ed into the capacity characterization
of MIMO systems [1], [2], [9], [18]. From a physical viewpdinthe path-loss effects are removed and

the system is assumed to have perfect power control.

B. Geometrical LoS MIMO configurations

Referring back to (9), we can now examine the structure of th& matrix component. In free-
space, the complex entries Bf, are of the forme—jkdmm/dmm, wherek = 27/ is the wavenumber
corresponding to the carrier wavelengtrandd,,, ,, is the distance between a receive element {1,2}
and a transmit element € {1, 2}. Please note that we have assumed, without loss of gegeisditropic
radiators and negligible differences in the path-lossé®n] we can write

e—dkdin  o—jkdi
H, = ey s | (14)
From a geometrical viewpoint, a side view of the MIMO systemaler investigation is depicted in Fig. 1,
where both ends employ 2-element Uniform Linear Arrays (WhAand the distance between the first
element of each array i®. The inter-element spacings are respectivaly(Tx) and sy (RX). An axis
rotation by an anglé has been conducted around thexis in order to make the array origins lie on
the same axis and ease the post-processing.

In the following, we explore two different LoS configurat®nnamely a LR and an optimized HR
configuration. The former represents any conventional isrcture with inter-element spacings of the
order of wavelength and arrays in the far-field region; thisams that the LoS signals are basically plane

wavefronts which inherently suffer from excessive spatiairelation between their rays phases. These
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architectures offer a minimal spatial multiplexing gaime the transmitted LoS signals impinging on
the Rx carry almost identical spatial characteristics amerdfore their differentiation is difficult and
susceptible to unavoidable detection errors.

The latter configuration, however, belongs in a family ofcdfieally designed full-rank LoS configu-
rations which deliberately assign unique spatial sigrestwon the received signals by inserting a phase
difference ofr/2 between them [21]-[23]. This is achieved by appropriatebgifioning the antenna
elements at both ends of the link, so that the LoS signalsqyate as spherical wavefronts in the
near-field of the arrays. By doing so, subchannel orthodtynathich is a key condition for capacity
maximization, is achieved and two equal LoS eigenvalueseasntually obtained while the systems
delivers an enhanced MIMO capacity in the presence of stdirect components. For the assumed

model, the optimum inter-element spacings were derive@8j [

[ AD
81 = S2 = Sopt =~ m (15)

We note that for optimized configurations the effects of spatorrelation are rather weak due to the
increased antenna spacings. However, in the followingyaisathe presence of correlation is considered

for the fairness of comparison with conventional configiaras.

IV. ERGODIC CAPACITY UPPERBOUNDS

In this section, novel expressions for the upper bound abdirgcapacity based on a power constraint
are derived. Let’'s assume firstly that the Rx has perfect Cllenthe Tx knows neither the statistics
nor the instantaneous CSI. In this case, a sensible chaidbdorx is to split the total amount of power
equally among all data streams and, consequently, an @guadr transmission scheme takes place.
The justification for adopting this scheme, though not optjnoriginates from the so-called “maxmin”
property [30] which demonstrated the robustness of the aloentioned technique for maximizing the
capacity of the worst fading correlation matrix [8]. Undeese circumstances, the ergotiic< 2) MIMO

capacity (in bits/s/Hz), is given by the following well-kwa relationship [1], [2]
= B H
C = E [1og2 (det (12 + CHH ))] (16)

where the expectation is taken across all the random reialimaof H while p denotes the SNR per

receiver branch.
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A. Double-sided correlated Ricean and Rayleigh fading

In the general case of double-sided correlated Ricean dadvhere the channel matrix is distributed
according to (12), the instantaneous MIMO correlation iraW = HH* exhibits non-central guadratic

form distribution with the following properties

W ~ CQs5 (Ig,Rr/(K +1),Re, VE/(K + 1)HL> . (17)

The following theorem returns an upper bound on the ergodjiacity of a double-sided correlated dual
MIMO Ricean system.

Theorem 2:The ergodic capacity in bits/s/Hz of @ x 2) double-sided correlated MIMO Ricean
channel with mean matri KLHHL, receive correlation matrixk + 1)~!R,. and transmit correlation

matrix R;, is analytically upper bounded by

2
C < log, (1 +2p+ %) (18)
where the parametey is given as
1 1
v = (K +1)"3R,||Ry| <1 + §tr(®) + 5 det (@)> (19)

with
H

© = KR'R;7V?H H " (R,Tl/z) (20)

Proof: An alternative way to express the ergodic MIMO capacity isotigh the real positive
eigenvaluesw, wy of W which, in practice, represent the power carried by eachiapsitibchannel.

Then, (16) can be rewritten as

C = B [os, (1+ L) (1+ 2a)]. @

If we expand (21), we can easily get
2 __
C=E [mg2 <l—l—g(zﬂ1+@2)+%det (W))] (22)
Taking into account thdbg(-) is a concave function and making use of the Jensen’s inéguedi obtain

C < log, (1 + gE (@1 + @) + %2]5 [det (W)D

log, (1 Tyt %2]5 [det (\7\7)]) : (23)
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The second line follows from the power constraint in (13)equivalently

B [ir (HH")] = B [t (W) | = Bl + ] = 4. (24)

The upper bound in (18) follows immediately after introchgiCorollary 1 and simplifying. |

With regard to the novel upper bound derived in (18), two imgat remarks should be made. The first
one is that the bound is strictly applicable to dual-branchfigurations since for larger MIMO setups,
we end up with a series of eigenvalue cross-products thatrasged after expanding (21). Secondly, by
inspection of (18), it can be inferred that the proposed ufiq@eind is rather simple as it just requires
the computation of the elementary functions of three d#iférdeterministic matricesR(,., R; and ®)
only once. Comparatively, the bound in [19, Eq. (66)] foritewy rank of the LoS component, relies
on an infinite summation of Hayakawa polynomials and theesfe hard to evaluate either analytically
or numerically.

In the case of double-sided correlated Rayleigh fadiAg =€ 0), the channel matrix is distributed

according toH ~ CN3 2 (02, R, ® R;) and the upper bound in (18) reduces to
2
C < log, (1 2+ %\RrRtO (25)

which is in perfect agreement with the bound derived in [4, &%)].

B. Uncorrelated Ricean and Rayleigh fading

For the sake of brevity, the case of single-side correlaigoomitted in this paper since the derivation
is based on exactly the same concept as before. Therefoneoweonsider the special case of both ends
exhibiting uncorrelated i.i.d. Ricean fading. Under theBeumstances, the channel matrix is distributed

according to

K 1
HNCN2,2< K+1HL’K+112®I2>' (26)

Corollary 2: The ergodic capacity in bits/s/Hz of(@ x 2) uncorrelated MIMO Ricean channel with

mean matrix, / z=<H, and receive correlation matriR, = I is analytically upper bounded by

2
C < log, (1 pyt %) 27)

where3 = (1+ 2K +0.5K%det (T)) /(K +1)? andT = H H".
Proof: This corollary is a direct consequence of (18) after takimg iaccount tha® = KT for the
case of uncorrelated fading at both ends. FurthermoreJdshtbattr (K'T) = K'tr (T) and given that the

entries of the deterministic LoS component matrix are aniplitude complex exponentials, it is trivial
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to show thatr (T) = 4. Likewise, the determinant &€ T may be expressed det (KT) = K2 det (T)
which concludes the proof. |

The case of i.i.d. Rayleigh fading is obtained directly fr@@), by settingk’ = 0 andR,, = R, = Is.
The upper bound in (27) then reduces = 1)

2
C < log, (1 pyt %) (28)

which is identical with the results presented in [18, Eq],(B, Theorem 2] and [4, Eq. (22)].

V. TIGHTNESS OF THEUPPERBOUND

In this section, we show that the upper bound converges tdrtigecapacity at low SNRs whereas at
high SNRs, the offset from the true capacity is analyticalétermined. In general, the absolute eror
inserted by an upper bourid is given asc = U — C.

Corollary 3: The upper bound in (18) becomes asymptotically tight as tRR &nds to zero.

Proof: We begin with further upper bounding the ergodic capacityli@) according to

—_ 1 vp?
< (2p4 2 29
C_ln2<p+2> (29)

where we have made use of the propéaryl + x) < z. Following [18] and [31], we can lower bound
the ergodic capacity according to [31, Eq. (23)]

Yai P 2

C > E|log (1+ 5 1HI})]

> L[] - s (8) B[]

21n 2 2In2 \2
20 p° s

= F E|[H|L]. 30
In2 8In2 [H HF] (30)

The second line follows from the property(1 + z) > = — %xz. We can now subtract (30) from (29)

and then the absolute errerof the proposed upper bound becomes

2
= s (v+ 1 i) (31)

which asymptotically tends to zero as— 0. ]

Corollary 4: As the SNRp — oo, the absolute error inserted by the upper bound in (18) témds

e =1logy(2y) — F [logQ (det (W))] . (32)

Proof: As p — oo, the upper bound/ in (18), simplifies to
U =~ logy (27) + 2log, (g) . (33)
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In (21), the quadratic term becomes significantly largeiim high SNR-regime and therefore the ergodic

capacity may be approximated as

C ~ E [logz <%2 det (W))]
— 2log, (g) VE [mg2 (det (W))] . (34)

Subtracting (34) from (33), yields (32). [ |
From the above equation, it is apparent that the bound’s &rgiven in a non-analytical form; in this
light, the crucial issue is to determine the expectationhef libgdet function of a complex non-central

guadratic matrix, which involves a nonlinear log function.
Theorem 3:Let's assume thaW ~ Qs (IQ,RT/(K +1),Ry, \/mHL> Then the first-

order moment of the logarithm of its determinant is given as
— 1
E [1og2 (det (W))] = =5 {1/1(1) +(2) — 2In(K + 1) + In [R,Ry|
B 1
1 — 62

wheref, 0, are the eigenvalues of the mat® which was given in (20) while the well-known digamma

(A1(©) + Aﬂ@))} (35)

functionsi(x) are defined as
d I(z)

P(z) = %lnf(x) = )

(36)

The polynomial terms\;(®) and A»(®) are essentially functions of the eigenval¥gsand 6, and, in

particular
AL®) = Oahi(01) — ho(01) (37)
As(©) = ha(0) — 01k (05) (38)
where
hi(x) = ip(’;;’w) (39)
k=0
hafe) = xgi(i’f) (40)

with P(a,x) being the reguralized gamma function [32, 6.5.1].
Proof: A detailed proof is given in Appendix B. [ |
Please note that the derivation of this formula relies, athloss of generality, on the assumption of

two non-zero eigenvalues of the mat®. For the case of rank-1 matrices, a similar analysis shoald b
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followed; this is however beyond the scope of the paper ardriterested readers are referred to [19]
for a thorough discussion. Evidently, after replacing (Bp (32), we can obtain an analytical formula
for the bound’s offset at high SNRs, for the general case obtssided correlated Ricean fading. Most
importantly, this result can be further used to deduce egapacity expressions in the high-SNR regime.

When the channel exhibits i.i.d. Ricean fading and both emwdsemployed with optimally designed
arrays as discussed in Section 1lI-B, the LoS componentdyiélvo equal eigenvalues and thus, the
following corollary should be introduced.

Corollary 5: As the SNRp — oo, the absolute error inserted by the upper bound for the chsedo
Ricean fading and optimized LoS configurations tends to

(2k + 1)y(k,w) — we™“wh1
k1 1)

(1) +(2) — 2In(K +1) +Z (41)

k=1

€= 10g2(25) 1 2

wherew = w; = wy represents any of the two equal eigenvalueQaet K'T andv(a,x) = fox teletdt
is the lower incomplete gamma function.
Proof: The proof starts by noting that for i.i.d. Ricean fadi®should be replaced b§2 = KT in
all manipulations. Further, in the specific case of optirdiz®nfigurations, the equality of eigenvalues
leads to a division by zero in (35). In order to circumvensthingularity, we employle I'Hopital’s rule

to get a solution at the limifw; — w2). In particular, the last term in (35) can be rewritten as

d
€ =lim | — (whi(w+e) —ha(w+e)) —hi(w)]. (42)
e—0 | de
Taking into account that
d e—:cxa—l
%P(a,x) = W (43)
and after some algebraic manipulations we end up with
d e~ w k 1
igrl d—hl(w +e) = Z Tk (44)
tim L, (wt+e) = Z e Wt T ha(w) (45)
20 de 2\ I =R N (R
Substituting (44)—(45) into (42), factorizing and simpiifg yields (41).
[ |

VI. NUMERICAL RESULTS

In this section, the theoretical analysis presented ini@estV and V is validated through a set of

Monte-Carlo simulations. Assuming a carrier frequency & 6Hz, D = 5.3852 m andf = 21.80° the
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optimum inter-element spacings via (15) afe= s» = 39.85 cm (7.83\) whereas for the conventional

configuration the spacings becomg= sy = 2.54 cm (0.5\). The LoS matrix components are given as

ont 0.8384 4 70.5451 0.9074 — 50.4202
H" = . (46)
0.0160 — 70.9999 0.8384 + 50.5451

0.8384 + j0.5451  0.8272 — 70.5618
H{™ — (47)
—0.1653 + 70.9862 0.8384 + ;0.5451

with the Los eigenvalues ¢f being equal tq2,2) and (4, 4.08 x 10~7), respectively. Please note that,
in practice, we simulate a system suitable for DedicatedtSRange Communications (DSRC) which
have recently emerged to provide a plethora of safety ofrdhd applications; a supporting protocol has
also been developed for the case of Intelligent Transpontadystems (ITS), that is the IEEE 802.11p
protocol [33].

Throughout the simulations, we adopt the widely used consiarrelation model thanks to its inherent
simplicity. In this context, the entries d&, andR; in (9) can be modeled afR. }, ; = (6r)I"7! and,
in analogy,{R}, ; = (67)1°771, wheredg, o7 € [0,1). After generating 50,000 Monte-Carlo realizations
of the channel matrix according to (9) and settiig = 0.2 and 67 = 0.5, the proposed bound in
(18) is firstly evaluated against the operating SNR for ddfe values of the/(-factor. From Figs. 2(a)
and 2(b), it can be easily seen that the bound is remarkatpy for the optimized configuration and,
likewise, performs satisfactorily for conventional configtions. As anticipated, in the low-SNR regime
both bounds converge asymptotically to the empirical valoieergodic capacity. Generally speaking, the
bound becomes tighter & increases and SNR decreases which is line with the conalsisio[14],
[16], [18]. Most importantly, ergodic capacity benefitsrfighe presence of strong non-fading components
when both ends are equipped with specifically designed suilyis is a result of the two orthogonal LoS
MIMO subchannels, as was initially demonstrated in [213}[@nd contradicts the common belief that
higher K -factors always result in a decrease in MIMO capacity simeetieneficial effects of scattering
are cancelled [11], [12], [14].

As a next step, the effects of thé-factor on the performance of the proposed bound are inyestil
in Fig. 3, where it is again apparent that both bounds becagmet with an increasind(-factor. For
Rayleigh-fading conditions though, df < 0 dB, the achieved tightness is degraded and, under these
circumstances, it is sensible to use more efficient boundshndre inherently tied to Rayleigh channels,
like the ones presented in [3]-[5]. Once more, the supéyiofithe optimized configurations is illustrated

asK gets larger whereas in the limiks{ — oo0), conventional configurations degenerate into a singta-pa
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link. On the other hand, fof{ < 0 dB the advantages of optimized configurations diminish anthe
limit (K — —oo dB) the LoS component vanishes and we end up with a pure Ragleigh channel.

In Fig. 4, the relationship between practical values of igpatorrelation and MIMO capacity is
addressed. Clearly, the effects of correlation on ergodpacity become less significant (smaller dynamic
range) as thd(-factor gets higher for both configurations under invediarg i.e. highK-factors provide
robustness against spatial correlation. As expected atye linter-element spacings make the optimized
setup remain unaffected by the level of correlation; hetiiceffers almost the same ergodic capacity
regardless of the values @iz and ér. The conventional configuration, however, suffers fromtisppa
correlation with the ergodic capacity decreasing as catiat gets higher. Intuitively, the tightness of the
corresponding bound is relatively improved in the highretation regime. Please note that this outcome
is in agreement with the results given in [4], [16], [18].

At the last stage of the evaluation process, we consider iffie SNR deviation between the ergodic
capacity and the proposed upper bound using the closed-formulae in (32) and (35). In Fig. 5,
these analytical curves are overlaid with the outputs of antddCarlo simulator with the match being
remarkably good. The error associated with optimized caméitions is systematically lower than that
of conventional ones, as a result of the rank-deficiency efftrmer. What's more, it appears that the
latter error has a much smaller dynamic range revealingdahagh K -factor does not have an extensive
impact on its value. On the other hand, the bound for the ap¢ichconfiguration yields an enhanced

tightness ads increases and under strong Ricean conditions, its absefute is minimized.

VIlI. CONCLUSION

In this paper, we considered the derivation of a tractabjgeupound for the ergodic capacity of dual-
branch MIMO Ricean systems with the key concept originafimgn a widely used power constraint.
The proposed bound depends merely on the SNR and the expsdteriof the determinant of either
a non-central quadratic form or, in special cases, a notraeWishart matrix. The main advantage of
this novel bound is its simplicity and the fact that it is nainfined to the common case of rank-1
deterministic LoS components. For the sake of completewessexplored two different classes of LoS
configurations, these are a conventional and an optimizehitacture which benefits from the presence
of strong deterministic components by offering two equaSleigenvalues. It was demonstrated that the
bound is remarkably tight for the optimized case and maityitaoser for the conventional setups. The
tightness of the bound was finally assessed in the low and 3R regions; in the former, the bound

becomes asymptotically tight whereas in the latter, thelals error tends to a constant value that was
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analytically determined and validated through Monte-Gailmulations.

APPENDIXA

PROOF OFTHEOREM 1

We begin by expressing the determinant of the quadratic iQ@w CQs»(I>, X, ¥, M) as

E[det(Q)"] = E [det (xxH )“]
— B [det (21/250'(1{21/2)”]
— det (%) B et (XX")"| (48)
where the complex normal matriX is distributed according to
X ~ CNop(M, I, @ ®). (49)
Using a result from [15] through the aid of the Cauchy-Binenhfula, we can show that
XX ~ COWs(2, %, 0) (50)
and the expectation of the determinant in (48) can now beuated through [19, Theorem 1] to obtain
Ty(v+2)

E [det (X)‘(H)”] — det (¥)" [ 1 etr(©)1 F (v + 2;2; ©) (51)

['2(2)

where we have made use of the following property for the deiteant of the product of square matrices

det (CD) = det (DC). (52)

The proof concludes after introducing the well-known Kunnmedation for hypergeometric functions of
one matrix argument [34]
1P (a;0;8) = etr(S)1 Fy (b — a;b; —S) (53)

APPENDIX B

PROOF OFTHEOREM 3

The proof begins with the following key transformation
d
E[lnz] = %E (Y] |v=0 (54)
which holds since, by definition;” = e”'#. By combining (54) and (3) and denoting

¢ = [log, (det (W))] = ﬁE 10 (det (W))] (55)
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we can directly get

1 d _ o [Ta(v +2)
<—E%{|(K+1) 'R, R, [T(?) (56)

VB (—v; 2 —@)}

v=0

We can easily observe that the above differentiation ctsmsisthree multiplicative terms. Treating each
one separately due to the chain rule, it is trivial to show tha first term results itn |R, R¢|—2In(K+1).

The second one, may be rearranged according to

d | Tov+2) Do(v+2) d -
%{F%{; }'vzo = ()

d 2
= %{Zln(F(v+2—i+1))}
=1

which, after invoking the definition of digamma function$)3readily yieldsy (1) +1(2). Focusing now

v=0

(57)

v=0

on the last term, we get

% {1151 (_U;z;—@)} - % {etr(—@))lﬁl (v+2;v+2;®)}

v=0 v=0

LR (v+20;0)
_ _ v=0. (58)
151 (v;v;©)

where the second line follows from the propert; (a; ;) = exp(z). The proof concludes after intro-
ducing a very useful result from [19, Appendix 1] for the novator in the above equation. Substituting
(57) and (58) into (56) and simplifying yields (35).
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v

S~ [D-s,s1né, 0, s,cosd]

Fig. 1. A general architecture of ax 2 MIMO system with ULAs at both ends (side view). The coordasabf all elements

with regard to the new coordinate systeriyz’ are also included.

July 31, 2008 DRAFT



Submitted tolEEE Transactions on Communications

Ergodic capacity (bits/s/Hz)

Ergodic capacity (bits/s/Hz)

35

30

25

20

15

10

35

30

25

20

15

10

21

(b) Conventional configuration.

Fig. 2. Upper bound and ergodic capacity as a function of tR& S
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