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Abstract

In this paper, a novel analytical upper bound on the ergodic capacity of Multiple-Input Multiple-

Output (MIMO) communication systems is derived, based on a key power normalization. Given their high

practical usability, we are particularly interested in dual-branch configurations where both the transmitter

(Tx) and receiver (Rx) deploy two antenna elements. Contrary to the majority of related studies, where

only the common case of Rayleigh fading was considered, our analysis is extended to account for the

generalized case of Ricean fading where a deterministic Line-of-Sight (LoS) component exists in the

communication link and both ends are affected by spatial correlation. In the following, it is clearly

shown that the proposed bound is not only remarkably simple and efficient but also applicable for any

arbitrary system Signal-to-Noise Ratio (SNR) and rank of the mean channel matrix. The tightness of

the bound is also explored where it is demonstrated that as the SNR tends to zero the bound becomes

asymptotically tight; at high SNRs, the offset between empirical capacity and the proposed bound is

analytically computed which implies that an explicit asymptotic capacity expression can ultimately be

obtained.
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I. INTRODUCTION

Over the last years, a considerable amount of research interest has been devoted to the study of Multiple-

Input Multiple-Output (MIMO) systems in response to the increasing demand for higher data rates and

improved reliability in wireless communications. The pioneering works of Foschini [2] and Telatar [1]

demonstrated the dramatic performance enhancement when multiple antenna elements are employed at

both ends of a radio link; in fact, it was theoretically shownthat in rich scattering environments the ergodic

MIMO capacity can increase linearly with the minimum numberof transmit and receive antennas. In

order to comprehend in depth the advantages of this promising technology, one of the most interesting

topics that needs to be addressed is the derivation of efficient and elegant analytical capacity bounds.

By doing so, it is anticipated that the design of practical and simulated MIMO systems as well as the

construction of optimized space-time codes would be enriched.

The majority of related studies documented in literature consider the tractable case of Rayleigh fading

where no direct Line-of-Sight (LoS) is present in the radio channel and a high multipath activity occurs as

a result of the surrounding scattering environment. For this specific case of Rayleigh conditions, a plethora

of results is available for various scenarios spanning fromuncorrelated fading to double-sided spatial

correlation (see for instance [1]–[5] and references therein among others). In most real-time channels

though, the assumption of Rayleigh fading is often violateddue to either a specular wavefront or a strong

direct component. In such a case, the entries of the channel matrix can be more effectively modeled by the

Ricean rather than Rayleigh distribution. Surprisingly, despite their high practical relevance, significantly

fewer publications focusing on MIMO Ricean channels have been reported. This fact can be attributed

to the difficulty in manipulating hypergeometric functionswith two matrix arguments of non-central

Wishart matrices, as they appear in Ricean channel models, compared to the one matrix argument of

central (zero-mean) Wishart matrices tied to Rayleigh fading.

The most important investigations dealing with the ergodiccapacity of Ricean-fading MIMO channels

can be found in [6]–[20]. More specifically, in [6] the distribution of the ergodic capacity for independent

and identically distributed (i.i.d.) rank-1 Ricean-fading channels was explored at the high Signal-to-Noise

(SNR) regime. In [7], explicit closed-form expressions forthe ergodic capacity were presented via infinite

series while in [8] capacity statistics (mean and second-order moment) were expressed in integral form

for arbitrary rank of the mean channel matrix. An interesting approach is reported in [9] where upper and

lower numerical bounds were derived for the i.i.d. case, assuming that the transmit side has knowledge

of statistical properties of the fading process but not of the instantaneous channel state information (CSI).
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The first analytical bounds on MIMO Ricean capacity can be found in [10]–[12] where the assumption

of uncorrelated fading at both ends was adopted. In [13], [14], these results were extended to account

for spatial correlation at a single end of the MIMO link. The more general case of double-sided spatial

correlation was addressed in [15], [16], using elements of quadratic form theory. The main characteristic

of the above cited papers though ([10]–[16]), is that they are limited to the case of rank-1 LoS matrices.

While this condition occurs quite often in reality as a result of the excessive correlation of the LoS’ rays

phases, at the same time, is not sufficiently general since itlimits the applications of MIMO technology

to conventional configurations.

To the best of the authors’ knowledge, the derivation of capacity bounds in the general case of

arbitrary-rank mean matrices, has been separately assessed in [17], [18] and [19]. The former paper

proposed a very tight lower bound on the ergodic capacity of semi-correlated MIMO Ricean channels

after decomposing the channel correlation matrix into non-central Wishart submatrices and thereafter

applying the bounding technique originally proposed in [5]. In [18], the authors relied on the expected

values of elementary functions of complex non-central Wishart matrices to come up with an efficient

capacity upper bound of semi-correlated MIMO Ricean channels. The latter paper represents so far the

more general approach in the associated area since it derives several lower and upper bounds assuming

all different types of spatial correlation. However, the paper’s general upper bound is given as an infinite

summation of Hayakawa polynomials of one matrix argument, which the authors acknowledge as quite

involved and computationally inefficient. We also refer to the work presented by Lozanoet al. [20], who

considered the high-SNR capacity offsets in order to establish the key effect of the so-called power offset

on MIMO performance. Summarizing, it appears that no tractable analytical results exist in the literature

for the upper bound of double-sided correlated MIMO systemsin Ricean fading with arbitrary-rank of

the deterministic component.

On these grounds, in the present paper, using some recent results on the theory of Wishart matrices

and quadratic forms, we derive a novel and efficient upper bound on the ergodic capacity of dual-branch

MIMO systems, using the prevalent power constraint in the literature. Hereafter, the term dual-branch or

simply dual will stand for MIMO systems where both the transmitter (Tx) and receiver (Rx) are equipped

with two antenna elements. We put emphasis on the fact that these configurations are expected to be

employed in the majority of future practical systems (e.g. hand-held devices), thanks to their small size

and low complexity/implementation cost. Most importantly, several key simplifications are made possible

as a result of the compact matrix sizes involved in the mathematical derivations.

In order to formulate a broad framework, we consider the effects of spatial correlation at both ends
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and, further, allow the rank of the mean channel matrix to be arbitrary. More specifically, we explore

two different class of MIMO systems, namely a conventional low-rank (LR) and a specifically-designed

high-rank (HR) configuration, which benefits from the presence of LoS components and yields the highest

possible capacity for a given RiceanK-factor [21]–[23]. The tightness of the bound is also investigated

in detail and it is clearly shown that as the SNR tends to zero the bound becomes asymptotically tight

while the offset from true capacity is analytically determined as well, for infinitely high SNRs.

The remainder of the paper is organized as follows: In Section II, some basic definitions related

to non-central Wishart matrices and quadratic forms are outlined, since they are essential in order to

comprehend the following theoretical analysis. In SectionIII, the underlying MIMO Ricean channel

model used throughout the paper is discussed along with the statistics of the channel matrix. Section IV

presents new upper capacity bounds for different categories of MIMO systems. In Section V, we focus

on the tightness of the proposed bound while the numerical results are given in Section VI. Finally,

Section VII summarizes the key findings.

II. NOTATION AND DEFINITIONS

A. Notation

We use upper and lower case boldfaces to denote matrices and vectors, respectively while the symbol

C denotes the set of complex-valued numbers. The nomenclature ∼ CNm,n(A,B) stands for a(m×n)

complex normally distributed matrix with meanA and covarianceB. The entries of a(m×n) matrixA are

denoted as{A}i,j wherei = 1, . . . ,m andj = 1, . . . , n. An (m×m) identity matrix is expressed asIm

while the all-zero(m×n) matrix as0m×n. The symbols(·)T , (·)H and(·)−1 correspond to transposition,

Hermitian transposition and matrix inversion whereas⊗ is the Kronecker product; henceforth, we will

usedet and | · | to interchangeably denote the determinant operator while‖·‖F will return the Frobenius

norm of a matrix. Finally,etr(·) is a shorthand notation forexp(tr(·)).

B. Multivariate Statistics Definitions

Definition 1: Let’s assume that the(m× n) complex matrixX, with m ≤ n, is distributed according

to X ∼ CNm,n(M,Σ⊗ In), whereΣ ∈ C
m×m is a positive definite Hermitian matrix. Then, the matrix

S = XXH follows the complex non-central Wishart distribution withn degrees of freedom and non-

centrality matrixΩ = Σ−1MMH , commonly denoted asS ∼ CWm(n,Σ,Ω). The probability density

function (PDF) of a(m× n) complex non-central Wishart matrixS was given by James [24] as

f(S) =
etr(−Ω)

Γ̃m(n) det (Σ)n
det (S)n−m etr

(
Σ−1S

)
0F̃1

(
n;ΩΣ−1S

)
(1)
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whereΓ̃m(n) is the complex multivariate gamma function defined as

Γ̃m(n) , π
m(m−1)

2

m∏

j=1

Γ(n− j + 1) (2)

with Γ(·) being the standard gamma function and0F̃1(b,A) the complex Bessel hypergeometric function

of one matrix argument of a Hermitian matrixA.

Definition 2: Let’s assume that the(m× n) complex matrixX, with m ≤ n, is distributed according

to X ∼ CNm,n(M,Σ⊗Ψ), whereΣ ∈ C
m×m andΨ ∈ C

n×n are positive definite Hermitian matrices.

Then, the matrixQ = XΛXH , with Λ ∈ C
n×n, is said to be a non-central matrix-variate quadratic form

denoted asQ ∼ CQm,n(Λ,Σ,Ψ,M).

In [19] and [15], the PDF ofQ was expressed through complex Hayakawa polynomials of two matrix

arguments which are very difficult to calculate numerically. A more tractable version of the associated

PDF as a product of hypergeometric functions, can be found in[25, Eq. (5)]. Please note that non-central

quadratic forms degenerate into non-central Wishart matrices whenΨ = In and when eitherΛ = In

or Λ is idempotent with rankL ≥ m [19], [26]. The following theorem returns theυth moment of the

determinant of(2 × 2) complex quadratic forms.

Theorem 1:Let Q ∼ CQ2,2(I2,Σ,Ψ,M). Then, theυth moment of its determinant|Q| is given by

E [|Q|υ] = |ΣΨ|υ

[
Γ̃2(υ + 2)

Γ̃2(2)

]
1F̃1 (−υ; 2;−Θ) (3)

where 1F̃1(a, b,A) is the hypergeometric function of a matrix argument,Θ = Ψ−1M̄M̄H and M̄ =

Σ−1/2M.

Proof: A detailed proof is given in Appendix A.

We underline the fact that the theorem is applicable only to(2 × 2) quadratic forms since for matrix

sizes of(m×n), a finite summation over a collection of
(n
m

)
subsets needs to take place. The interested

readers are referred to [15] for a detailed discussion. A simplified formula can now be obtained for the

first-order moment of the determinant after applying the determinant representation of the hypergeometric

function. In particular,

Corollary 1: For υ = 1, (3) reduces to

E [|Q|] = 2|ΣΨ|

(
1 +

1

2
tr(Θ) +

1

2
det (Θ)

)
. (4)

Proof: The authors in [19] showed that for any square matrixB ∈ C
m×m, its hypergeometric

function 1F̃1 (c; d;B) can be expressed according to

1F̃1 (c; d;B) =
det
(

1F̃1 (c−m+ j; d −m+ j; bi) b
j−1

i

)

∏
i<j(bj − bi)

(5)
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where b1, b2, . . . , bm is the set of non-zero eigenvalues ofB. After taking into account the following

properties for the scalar hypergeometric functions

1F̃1(−2, 1; z) = 1 − 2z +
1

2
z2 (6)

1F̃1(−1, 2; z) = 1 −
1

2
z2 (7)

it is trivial to show that for the dual case under consideration

1F̃1 (−1; 2;−Θ) =
1

2
(2 + θ1 + θ2 + θ1θ2) (8)

whereθ1, θ2 are the eigenvalues ofΘ. The proof concludes after recalling that the sum and product of

the eigenvalues return the trace and the determinant of a matrix, respectively.

It’s noteworthy that exactly the same result can be drawn if we represent the hypergeometric function

1F̃1 (−1; 2;−Θ) via its zonal polynomials, as originally proposed in [26] and amended for the MIMO

case in [18, Appendix I].

III. MIMO C HANNEL MODEL

A. Statistics of the channel matrix

As was previously highlighted, we are particularly interested in dual-branch MIMO configurations

where both the Tx and Rx are equipped with two antenna elements and spatial correlation is also present

at both ends. Under Ricean fading conditions, the channel transfer function matrixH consists of a spatially

deterministic specular componentHL and a randomly distributed componentHW which accounts for the

scattered signals. Then, the underlying model for a double-sided correlated Rician MIMO channel reads

as

H =

√
K

K + 1
HL +

√
1

K + 1
R1/2

r HWR
1/2

t (9)

whereK is the RiceanK-factor expressing the ratio of powers of the free-space signal and the scattered

waves. The receive and transmit correlation matrices are respectively defined as

Rr , EH

{
HHH

}
. (10)

Rt , EH

{(
HHH

)T}
(11)

and are commonly taken to be Hermitian positive definite withunit diagonal entries1. Please note that we

adopt this Kronecker-type of modelling, thanks to its inherent simplicity and the fact that is sufficiently

1This assumption originates from [28] where it was illustrated that the elements ofH are essentially samples of a two-

dimensional stationary random field and its diagonal entries correspond to the constant power in the spatial field.
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accurate when a small number of antenna is used [29]. Besides, it has been extensively used in the

corresponding literature to model the correlated structure of most MIMO systems, as for instance in [4],

[16], [19]. The entries ofHW are commonly modeled as i.i.d. zero-mean, unit variance complex Gaussian

random variables and under these circumstances the channelmatrix is distributed according to

H ∼ CN 2,2

(√
K/(K + 1)HL, (K + 1)−1Rr ⊗ Rt

)
. (12)

Throughout this paper, our purpose is to compare the MIMO gains of different configurations and therefore

the capacities should be analyzed independently of the average SNR. This is achieved by normalizing

the channel matrices so that following constraint is fulfilled

E
[
‖H‖2

F

]
= E

[
tr
(
HHH

)]
= 4. (13)

We recall that the key normalization in (13) has been widely adopted into the capacity characterization

of MIMO systems [1], [2], [9], [18]. From a physical viewpoint, the path-loss effects are removed and

the system is assumed to have perfect power control.

B. Geometrical LoS MIMO configurations

Referring back to (9), we can now examine the structure of theLoS matrix component. In free-

space, the complex entries ofHL are of the forme−jkdm,n/dm,n, wherek = 2π/λ is the wavenumber

corresponding to the carrier wavelengthλ anddm,n is the distance between a receive elementm ∈ {1, 2}

and a transmit elementn ∈ {1, 2}. Please note that we have assumed, without loss of generality, isotropic

radiators and negligible differences in the path-losses. Then, we can write

HL =


 e−jkd1,1 e−jkd1,2

e−jkd2,1 e−jkd2,2


 . (14)

From a geometrical viewpoint, a side view of the MIMO system under investigation is depicted in Fig. 1,

where both ends employ 2-element Uniform Linear Arrays (ULAs) and the distance between the first

element of each array isD. The inter-element spacings are respectivelys1 (Tx) and s2 (Rx). An axis

rotation by an angleθ has been conducted around they axis in order to make the array origins lie on

the same axis and ease the post-processing.

In the following, we explore two different LoS configurations, namely a LR and an optimized HR

configuration. The former represents any conventional architecture with inter-element spacings of the

order of wavelength and arrays in the far-field region; this means that the LoS signals are basically plane

wavefronts which inherently suffer from excessive spatialcorrelation between their rays phases. These
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architectures offer a minimal spatial multiplexing gain since the transmitted LoS signals impinging on

the Rx carry almost identical spatial characteristics and therefore their differentiation is difficult and

susceptible to unavoidable detection errors.

The latter configuration, however, belongs in a family of specifically designed full-rank LoS configu-

rations which deliberately assign unique spatial signatures on the received signals by inserting a phase

difference ofπ/2 between them [21]–[23]. This is achieved by appropriately positioning the antenna

elements at both ends of the link, so that the LoS signals propagate as spherical wavefronts in the

near-field of the arrays. By doing so, subchannel orthogonality, which is a key condition for capacity

maximization, is achieved and two equal LoS eigenvalues areeventually obtained while the systems

delivers an enhanced MIMO capacity in the presence of strongdirect components. For the assumed

model, the optimum inter-element spacings were derived in [23]

s1 = s2 = sopt ≈

√
λD

2 cos2 θ
. (15)

We note that for optimized configurations the effects of spatial correlation are rather weak due to the

increased antenna spacings. However, in the following analysis the presence of correlation is considered

for the fairness of comparison with conventional configurations.

IV. ERGODIC CAPACITY UPPERBOUNDS

In this section, novel expressions for the upper bound of ergodic capacity based on a power constraint

are derived. Let’s assume firstly that the Rx has perfect CSI while the Tx knows neither the statistics

nor the instantaneous CSI. In this case, a sensible choice for the Tx is to split the total amount of power

equally among all data streams and, consequently, an equal-power transmission scheme takes place.

The justification for adopting this scheme, though not optimal, originates from the so-called “maxmin”

property [30] which demonstrated the robustness of the above mentioned technique for maximizing the

capacity of the worst fading correlation matrix [8]. Under these circumstances, the ergodic(2×2) MIMO

capacity (in bits/s/Hz), is given by the following well-known relationship [1], [2]

C = E
[
log2

(
det
(
I2 +

ρ

2
HHH

))]
(16)

where the expectation is taken across all the random realizations of H while ρ denotes the SNR per

receiver branch.
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A. Double-sided correlated Ricean and Rayleigh fading

In the general case of double-sided correlated Ricean fading, where the channel matrix is distributed

according to (12), the instantaneous MIMO correlation matrix W̃ = HHH exhibits non-central quadratic

form distribution with the following properties

W̃ ∼ CQ2,2

(
I2,Rr/(K + 1),Rt,

√
K/(K + 1)HL

)
. (17)

The following theorem returns an upper bound on the ergodic capacity of a double-sided correlated dual

MIMO Ricean system.

Theorem 2:The ergodic capacity in bits/s/Hz of a(2 × 2) double-sided correlated MIMO Ricean

channel with mean matrix
√

K
K+1

HL, receive correlation matrix(K + 1)−1Rr and transmit correlation

matrix Rt, is analytically upper bounded by

C ≤ log2

(
1 + 2ρ+

γρ2

2

)
(18)

where the parameterγ is given as

γ = (K + 1)−2|Rr||Rt|

(
1 +

1

2
tr(Θ) +

1

2
det (Θ)

)
(19)

with

Θ = KR−1
t R−1/2

r HLHL
H
(
R−1/2

r

)H
. (20)

Proof: An alternative way to express the ergodic MIMO capacity is through the real positive

eigenvaluesw̃1, w̃2 of W̃ which, in practice, represent the power carried by each spatial subchannel.

Then, (16) can be rewritten as

C = E
[
log2

(
1 +

ρ

2
w̃1

)(
1 +

ρ

2
w̃2

)]
. (21)

If we expand (21), we can easily get

C = E

[
log2

(
1 +

ρ

2
(w̃1 + w̃2) +

ρ2

4
det
(
W̃
))]

. (22)

Taking into account thatlog(·) is a concave function and making use of the Jensen’s inequality we obtain

C ≤ log2

(
1 +

ρ

2
E [w̃1 + w̃2] +

ρ2

4
E
[
det
(
W̃
)])

= log2

(
1 + 2ρ+

ρ2

4
E
[
det
(
W̃
)])

. (23)
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The second line follows from the power constraint in (13), orequivalently

E
[
tr
(
HHH

)]
= E

[
tr
(
W̃
)]

= E [w̃1 + w̃2] = 4. (24)

The upper bound in (18) follows immediately after introducing Corollary 1 and simplifying.

With regard to the novel upper bound derived in (18), two important remarks should be made. The first

one is that the bound is strictly applicable to dual-branch configurations since for larger MIMO setups,

we end up with a series of eigenvalue cross-products that arecreated after expanding (21). Secondly, by

inspection of (18), it can be inferred that the proposed upper bound is rather simple as it just requires

the computation of the elementary functions of three different deterministic matrices (Rr, Rt andΘ)

only once. Comparatively, the bound in [19, Eq. (66)] for arbitrary rank of the LoS component, relies

on an infinite summation of Hayakawa polynomials and therefore is hard to evaluate either analytically

or numerically.

In the case of double-sided correlated Rayleigh fading (K = 0), the channel matrix is distributed

according toH ∼ CN 2,2 (02,Rr ⊗ Rt) and the upper bound in (18) reduces to

C ≤ log2

(
1 + 2ρ+

ρ2

2
|RrRt|

)
(25)

which is in perfect agreement with the bound derived in [4, Eq. (25)].

B. Uncorrelated Ricean and Rayleigh fading

For the sake of brevity, the case of single-side correlationis omitted in this paper since the derivation

is based on exactly the same concept as before. Therefore, wenow consider the special case of both ends

exhibiting uncorrelated i.i.d. Ricean fading. Under thesecircumstances, the channel matrix is distributed

according to

H ∼ CN 2,2

(√
K

K + 1
HL,

1

K + 1
I2 ⊗ I2

)
. (26)

Corollary 2: The ergodic capacity in bits/s/Hz of a(2 × 2) uncorrelated MIMO Ricean channel with

mean matrix
√

K
K+1

HL and receive correlation matrixRr = 1

K+1
I2 is analytically upper bounded by

C ≤ log2

(
1 + 2ρ+

βρ2

2

)
(27)

whereβ =
(
1 + 2K + 0.5K2 det (T)

)
/(K + 1)2 andT = HLH

H
L .

Proof: This corollary is a direct consequence of (18) after taking into account thatΘ ≡ KT for the

case of uncorrelated fading at both ends. Furthermore, it holds thattr (KT) = Ktr (T) and given that the

entries of the deterministic LoS component matrix are unit-amplitude complex exponentials, it is trivial
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to show thattr (T) = 4. Likewise, the determinant ofKT may be expressed asdet (KT) = K2 det (T)

which concludes the proof.

The case of i.i.d. Rayleigh fading is obtained directly from(9), by settingK = 0 andRr = Rt = I2.

The upper bound in (27) then reduces to (β = 1)

C ≤ log2

(
1 + 2ρ+

ρ2

2

)
(28)

which is identical with the results presented in [18, Eq. (5)], [3, Theorem 2] and [4, Eq. (22)].

V. T IGHTNESS OF THEUPPERBOUND

In this section, we show that the upper bound converges to thetrue capacity at low SNRs whereas at

high SNRs, the offset from the true capacity is analyticallydetermined. In general, the absolute errorǫ

inserted by an upper boundU is given asǫ = U − C.

Corollary 3: The upper bound in (18) becomes asymptotically tight as the SNR tends to zero.

Proof: We begin with further upper bounding the ergodic capacity in(18) according to

C ≤
1

ln 2

(
2ρ+

γρ2

2

)
(29)

where we have made use of the propertyln(1 + x) ≤ x. Following [18] and [31], we can lower bound

the ergodic capacity according to [31, Eq. (23)]

C ≥ E
[
log2

(
1 +

ρ

2
‖H‖2

F

)]

≥
ρ

2 ln 2
E
[
‖H‖2

F

]
−

1

2 ln 2

(ρ
2

)2

E
[
‖H‖4

F

]

=
2ρ

ln 2
−

ρ2

8 ln 2
E
[
‖H‖4

F

]
. (30)

The second line follows from the propertyln(1 + x) ≥ x − 1

2
x2. We can now subtract (30) from (29)

and then the absolute errorǫ of the proposed upper bound becomes

ǫ =
ρ2

2 ln 2

(
γ +

1

4
E
[
‖H‖4

F

])
(31)

which asymptotically tends to zero asρ→ 0.

Corollary 4: As the SNRρ→ ∞, the absolute error inserted by the upper bound in (18) tendsto

ǫ = log2(2γ) − E
[
log2

(
det
(
W̃
))]

. (32)

Proof: As ρ→ ∞, the upper boundU in (18), simplifies to

U ≈ log2 (2γ) + 2 log2

(ρ
2

)
. (33)
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In (21), the quadratic term becomes significantly larger in the high SNR-regime and therefore the ergodic

capacity may be approximated as

C ≈ E

[
log2

(
ρ2

4
det
(
W̃
))]

= 2 log2

(ρ
2

)
+ E

[
log2

(
det
(
W̃
))]

. (34)

Subtracting (34) from (33), yields (32).

From the above equation, it is apparent that the bound’s error is given in a non-analytical form; in this

light, the crucial issue is to determine the expectation of the logdet function of a complex non-central

quadratic matrix, which involves a nonlinear log function.

Theorem 3:Let’s assume that̃W ∼ CQ2,2

(
I2,Rr/(K + 1),Rt,

√
K/(K + 1)HL

)
. Then the first-

order moment of the logarithm of its determinant is given as

E
[
log2

(
det
(
W̃
))]

=
1

ln 2

[
ψ(1) + ψ(2) − 2 ln(K + 1) + ln |RrRt|

−
1

θ1 − θ2
(Λ1(Θ) + Λ2(Θ))

]
(35)

whereθ1, θ2 are the eigenvalues of the matrixΘ which was given in (20) while the well-known digamma

functionsψ(x) are defined as

ψ(x) ,
d

dx
ln Γ(x) =

Γ′(x)

Γ(x)
. (36)

The polynomial termsΛ1(Θ) andΛ2(Θ) are essentially functions of the eigenvaluesθ1 andθ2 and, in

particular

Λ1(Θ) = θ2h1(θ1) − h2(θ1) (37)

Λ2(Θ) = h2(θ2) − θ1h1(θ2) (38)

where

h1(x) =

∞∑

k=0

P(k, x)

k
(39)

h2(x) = x

∞∑

k=0

P(k, x)

k + 1
(40)

with P(a, x) being the reguralized gamma function [32, 6.5.1].

Proof: A detailed proof is given in Appendix B.

Please note that the derivation of this formula relies, without loss of generality, on the assumption of

two non-zero eigenvalues of the matrixΘ. For the case of rank-1 matrices, a similar analysis should be
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followed; this is however beyond the scope of the paper and the interested readers are referred to [19]

for a thorough discussion. Evidently, after replacing (35)into (32), we can obtain an analytical formula

for the bound’s offset at high SNRs, for the general case of double-sided correlated Ricean fading. Most

importantly, this result can be further used to deduce exactcapacity expressions in the high-SNR regime.

When the channel exhibits i.i.d. Ricean fading and both endsare employed with optimally designed

arrays as discussed in Section III-B, the LoS component yields two equal eigenvalues and thus, the

following corollary should be introduced.

Corollary 5: As the SNRρ→ ∞, the absolute error inserted by the upper bound for the case of i.i.d.

Ricean fading and optimized LoS configurations tends to

ǫ = log2(2β) −
1

ln 2

[
ψ(1) + ψ(2) − 2 ln(K + 1) +

∞∑

k=1

(2k + 1)γ(k, ω) − ωe−ωωk−1

(k + 1)!

]
(41)

whereω = ω1 = ω2 represents any of the two equal eigenvalues ofΩ ≡ KT andγ(a, x) =
∫ x
0
ta−1e−tdt

is the lower incomplete gamma function.

Proof: The proof starts by noting that for i.i.d. Ricean fadingΘ should be replaced byΩ ≡ KT in

all manipulations. Further, in the specific case of optimized configurations, the equality of eigenvalues

leads to a division by zero in (35). In order to circumvent this singularity, we employde l’Hôpital’s rule

to get a solution at the limit(ω1 → ω2). In particular, the last term in (35) can be rewritten as

ξ = lim
ε→0

[
d

dε
(ωh1(ω + ε) − h2(ω + ε)) − h1(ω)

]
. (42)

Taking into account that
d

dx
P(a, x) =

e−xxa−1

Γ(a)
(43)

and after some algebraic manipulations we end up with

lim
ε→0

d

dε
h1(ω + ε) =

∞∑

k=1

e−ωωk−1

kΓ(k)
(44)

lim
ε→0

d

dε
h2(ω + ε) =

∞∑

k=1

e−ωωk−1

(k + 1)Γ(k)
+
h2(ω)

ω
. (45)

Substituting (44)–(45) into (42), factorizing and simplifying yields (41).

VI. NUMERICAL RESULTS

In this section, the theoretical analysis presented in Sections IV and V is validated through a set of

Monte-Carlo simulations. Assuming a carrier frequency of 5.9 GHz,D = 5.3852 m andθ = 21.80◦ the
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optimum inter-element spacings via (15) ares1 = s2 = 39.85 cm (7.83λ) whereas for the conventional

configuration the spacings becomes1 = s2 = 2.54 cm (0.5λ). The LoS matrix components are given as

H
opt
L =


 0.8384 + j0.5451 0.9074 − j0.4202

0.0160 − j0.9999 0.8384 + j0.5451


 . (46)

Hconv
L =


 0.8384 + j0.5451 0.8272 − j0.5618

−0.1653 + j0.9862 0.8384 + j0.5451


 (47)

with the Los eigenvalues ofT being equal to(2, 2) and(4, 4.08 × 10−5), respectively. Please note that,

in practice, we simulate a system suitable for Dedicated Short Range Communications (DSRC) which

have recently emerged to provide a plethora of safety on-the-road applications; a supporting protocol has

also been developed for the case of Intelligent Transportation Systems (ITS), that is the IEEE 802.11p

protocol [33].

Throughout the simulations, we adopt the widely used constant correlation model thanks to its inherent

simplicity. In this context, the entries ofRr andRt in (9) can be modeled as{Rr}i,j = (δR)|i−j| and,

in analogy,{Rt}i,j = (δT )|i−j|, whereδR, δT ∈ [0, 1). After generating 50,000 Monte-Carlo realizations

of the channel matrix according to (9) and settingδR = 0.2 and δT = 0.5, the proposed bound in

(18) is firstly evaluated against the operating SNR for different values of theK-factor. From Figs. 2(a)

and 2(b), it can be easily seen that the bound is remarkably tight for the optimized configuration and,

likewise, performs satisfactorily for conventional configurations. As anticipated, in the low-SNR regime

both bounds converge asymptotically to the empirical values of ergodic capacity. Generally speaking, the

bound becomes tighter asK increases and SNR decreases which is line with the conclusions in [14],

[16], [18]. Most importantly, ergodic capacity benefits from the presence of strong non-fading components

when both ends are equipped with specifically designed arrays. This is a result of the two orthogonal LoS

MIMO subchannels, as was initially demonstrated in [21]–[23] and contradicts the common belief that

higherK-factors always result in a decrease in MIMO capacity since the beneficial effects of scattering

are cancelled [11], [12], [14].

As a next step, the effects of theK-factor on the performance of the proposed bound are investigated

in Fig. 3, where it is again apparent that both bounds become tighter with an increasingK-factor. For

Rayleigh-fading conditions though, orK ≤ 0 dB, the achieved tightness is degraded and, under these

circumstances, it is sensible to use more efficient bounds which are inherently tied to Rayleigh channels,

like the ones presented in [3]–[5]. Once more, the superiority of the optimized configurations is illustrated

asK gets larger whereas in the limit (K → ∞), conventional configurations degenerate into a single-path
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link. On the other hand, forK ≤ 0 dB the advantages of optimized configurations diminish and in the

limit (K → −∞ dB) the LoS component vanishes and we end up with a pure i.i.d.Rayleigh channel.

In Fig. 4, the relationship between practical values of spatial correlation and MIMO capacity is

addressed. Clearly, the effects of correlation on ergodic capacity become less significant (smaller dynamic

range) as theK-factor gets higher for both configurations under investigation, i.e. highK-factors provide

robustness against spatial correlation. As expected, the large inter-element spacings make the optimized

setup remain unaffected by the level of correlation; hence,it offers almost the same ergodic capacity

regardless of the values ofδR and δT . The conventional configuration, however, suffers from spatial

correlation with the ergodic capacity decreasing as correlation gets higher. Intuitively, the tightness of the

corresponding bound is relatively improved in the high-correlation regime. Please note that this outcome

is in agreement with the results given in [4], [16], [18].

At the last stage of the evaluation process, we consider the high-SNR deviation between the ergodic

capacity and the proposed upper bound using the closed-formformulae in (32) and (35). In Fig. 5,

these analytical curves are overlaid with the outputs of a Monte-Carlo simulator with the match being

remarkably good. The error associated with optimized configurations is systematically lower than that

of conventional ones, as a result of the rank-deficiency of the former. What’s more, it appears that the

latter error has a much smaller dynamic range revealing thata highK-factor does not have an extensive

impact on its value. On the other hand, the bound for the optimized configuration yields an enhanced

tightness asK increases and under strong Ricean conditions, its absoluteerror is minimized.

VII. CONCLUSION

In this paper, we considered the derivation of a tractable upper bound for the ergodic capacity of dual-

branch MIMO Ricean systems with the key concept originatingfrom a widely used power constraint.

The proposed bound depends merely on the SNR and the expectedvalue of the determinant of either

a non-central quadratic form or, in special cases, a non-central Wishart matrix. The main advantage of

this novel bound is its simplicity and the fact that it is not confined to the common case of rank-1

deterministic LoS components. For the sake of completeness, we explored two different classes of LoS

configurations, these are a conventional and an optimized architecture which benefits from the presence

of strong deterministic components by offering two equal LoS eigenvalues. It was demonstrated that the

bound is remarkably tight for the optimized case and marginally looser for the conventional setups. The

tightness of the bound was finally assessed in the low and high-SNR regions; in the former, the bound

becomes asymptotically tight whereas in the latter, the absolute error tends to a constant value that was
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analytically determined and validated through Monte-Carlo simulations.

APPENDIX A

PROOF OFTHEOREM 1

We begin by expressing the determinant of the quadratic formQ ∼ CQ2,2(I2,Σ,Ψ,M) as

E [det (Q)υ] = E
[
det
(
XXH

)υ]

= E
[
det
(
Σ1/2X̄X̄HΣ1/2

)υ]

= det (Σ)υ E
[
det
(
X̄X̄H

)υ]
(48)

where the complex normal matrix̄X is distributed according to

X ∼ CN 2,2(M̄, I2 ⊗ Ψ). (49)

Using a result from [15] through the aid of the Cauchy-Binet formula, we can show that

X̄HX̄ ∼ CW2(2,Ψ,Θ) (50)

and the expectation of the determinant in (48) can now be evaluated through [19, Theorem 1] to obtain

E
[
det
(
X̄X̄H

)υ]
= det (Ψ)υ

[
Γ̃2(υ + 2)

Γ̃2(2)

]
etr(Θ)1F̃1 (υ + 2; 2;Θ) (51)

where we have made use of the following property for the determinant of the product of square matrices

det (CD) = det (DC) . (52)

The proof concludes after introducing the well-known Kummer relation for hypergeometric functions of

one matrix argument [34]

1F̃1 (a; b;S) = etr(S)1F̃1 (b− a; b;−S) (53)

APPENDIX B

PROOF OFTHEOREM 3

The proof begins with the following key transformation

E [lnx] =
d

dυ
E [xυ] |υ=0 (54)

which holds since, by definition,xυ = eυ ln x. By combining (54) and (3) and denoting

ζ = E
[
log2

(
det
(
W̃
))]

=
1

ln 2
E
[
ln
(
det
(
W̃
))]

(55)
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we can directly get

ζ =
1

ln 2

d

dυ

{
|(K + 1)−1RrRt|

υ

[
Γ̃2(υ + 2)

Γ̃2(2)

]
1F̃1 (−υ; 2;−Θ)

}∣∣∣∣∣
υ=0

. (56)

We can easily observe that the above differentiation consists of three multiplicative terms. Treating each

one separately due to the chain rule, it is trivial to show that the first term results inln |RrRt|−2 ln(K+1).

The second one, may be rearranged according to

d

dυ

{
Γ̃2(υ + 2)

Γ̃2(2)

}∣∣∣∣∣
υ=0

=
Γ̃2(υ + 2)

Γ̃2(2)

d

dυ

{
ln
(
Γ̃2(υ + 2)

)}∣∣∣∣
υ=0

=
d

dυ

{
2∑

i=1

ln (Γ(υ + 2 − i+ 1))

}∣∣∣∣∣
υ=0

(57)

which, after invoking the definition of digamma functions (36), readily yieldsψ(1)+ψ(2). Focusing now

on the last term, we get

d

dυ

{
1F̃1 (−υ; 2;−Θ)

}∣∣∣∣
υ=0

=
d

dυ

{
etr(−Θ)1F̃1 (υ + 2;υ + 2;Θ)

}∣∣∣∣
υ=0

=

d
dυ 1F̃1 (υ + 2;υ;Θ)

∣∣∣
υ=0

1F̃1 (υ;υ;Θ)
. (58)

where the second line follows from the property1F̃1 (α;α;x) = exp(x). The proof concludes after intro-

ducing a very useful result from [19, Appendix II] for the nominator in the above equation. Substituting

(57) and (58) into (56) and simplifying yields (35).
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Fig. 1. A general architecture of a2× 2 MIMO system with ULAs at both ends (side view). The coordinates of all elements

with regard to the new coordinate systemx′yz′ are also included.
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(a) Optimized configuration.
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(b) Conventional configuration.

Fig. 2. Upper bound and ergodic capacity as a function of the SNR
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Fig. 3. Upper bound and ergodic capacity as a function of theK-factor (δR = 0.2, δT = 0.5 andρ = 20 dB).
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Fig. 4. Upper bound and ergodic capacity as a function of the correlation coefficientsδR andδT (ρ = 20 dB).
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Fig. 5. Analytical and simulated absolute error of the upperbound in the high-SNR regime as a function of theK-factor

(δR = 0.2 andδT = 0.5).
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