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Abstract— Recent results in the wideband/low-SNR regime
show that even one bit of perfect feedbackis suf cient to achieve
the samerate of capacity scaling as in the benchmark case of
perfect CSI at the transmitter. However, the capacity achieving
signals are peaky in the non-coheent scenario when CSI is
estimated at the recever. Signal peakinessis related to channel
coherence and recent measuement campaigns show that, in
contrast to previous assumptions,wideband channels exhibit a
sparse multipath structure that naturally leadsto coherencein
time and frequency With perfect recever CSI, we show that
limited feedback,evenwith an instantaneouspower constraint, is
suf cient to achieve the benchmark capacity in sparsemultipath
channels. Our analysis reveals the bene ts of channel sparsity
in the non-coheent scenario, where we employ a training-based
signaling scheme. With an average power constraint, it is shovn
that the benchmark is achievable, provided the channelcoherence
scalesat a sufciently fast rate with signal space dimension.
Furthermor e, in contrast to peaky signaling schemeghat violate
instantaneous power constraints, we show that the benchmark
is attainable in sparse channels even with nite instantaneous
transmit power. We present rules of thumb on choosing the
signaling parameters as a function of the channel parameters
sothat the full bene ts of sparsity can be realized.

I. INTRODUCTION

Recentresearchon the fundamentalperformancdimits of
wideband/lav-SNR communicatiorhasfocusedon the impact
of channelstateinformation (CSI), more speci cally the non-
coherentegime,whenthereis no CSl attherecever a priori.
From a capacity perspectie, it is shavn in [1] that peaky
signalingschemesrenecessaryo achieve the widebandimit
in the non-coherentegime. However theseresultshave been
derived basedon an implicit assumptionof rich multipath,
in which the independentdegreesof freedom (DoF) in the
channelscale linearly with signal spacedimension.Recent
work by Zhenget al [2] hasemphasizedhe crucial role of
channelcoherencen the low SNRregime andthe importance
of channellearningschemesn bridging the gap betweenthe
coherentand non-coherenextremes.

Motivatedby theseworks aswell asby recentmeasurement
campaigndor UWB [3], [4], [5], we recentlyintroducedthe
notion of multipath spaisity as a physical sourceof channel
coherenceandproposeda channelmodelingframework in [6]
thatcapturegshe effect of sparsityin delayandDoppler A key
implication of sparsemultipathis thatthe DoF in the channel
scale sub-linearly with the signal space dimension (time-
bandwidthproduct).Thisis in contrasto rich multipath,where
the DoF scalelinearly, and which is the assumptionn most
existingworks. Theanalysign [6] revealsthefundamentatole
of multipath sparsityin reducing/eliminatingpeaky signaling
to achieve widebandcapacity

Building on the resultsin [6], the focus of this paper
is on the impact of channel state feedbak on the ergodic
capacityof sparsewvidebandchannelsAlthough earlierworks
(for example [7], [8] and referencegherein) have explored
capacitywith transmitterCSlI, it is only recently[9], [10] that
the impactof feedbackin the low-SNR non-coherentegime
hasreceivedattention.In particulay it is shavn in [9] thatwith

an averagepower constraint,the capacity gain with perfect
transmitterandrecever CSI (over the casewhenthereis only

recever CSl) is approximatelylog ﬁ andis obtainedwith

thewell-known water lling solution[7]. More interestingly it

is shawvn thatthis gain canbe achieved with limited feedback:
whenthereis just onebit of CSI perchannelcoefcient atthe
transmitterand on-off signaling is employed. However, for

both water lling and on-off signaling,the capacityachieasing

input is peaky (or) bursty in time, leadingto a high peak-to-
averagepower ratio, and dif culties from an implementation
standpointThe peakinessaspects muchmorerelevantin the
non-coherenscenariofor which [9] proposegealy training

and communication.

Our mainfocusis on the casewhenthereis no recever CSI
a priori and training-basedsignalingis employed. Different
from [9], [10], we useorthogonalshort-timeFourier signaling
for jointly exploiting coherencen time and frequeng. The
analysisis performed under two types of transmit power
constraints:(i) averageor long-term and (ii) instantaneous
or short-term.We restrict our attentionto causal signaling
schemeslin Sec.lll, we considerthe coherentcasewhere
a thresholdgiven by hy = log ﬁ forary 2 (0;1)
directly provides a measureof capacity which behaes as
(1 + hy) SNRin the widebandlimit. Thuswith ! 1, we
achieve the perfect transmitter CS| capacity which is the
benchmarKor all limited feedbackschemeswWe derive a suf-
cientconditionunderwhich this benchmarlcanbe approached
evenwith aninstantaneoupower constraint A key parameter
that determineghis conditionis E [D¢ ], the averagenumber
of “active” coherencesubspacesthe numberof independent
channel coefcients (degrees of freedom) that exceed the
thresholdn the power allocationschemeln particulay with an
instantaneoupower constraint,the benchmarkcapacitygain
is achizsedwhenE [De ] h! 1 asSNR! 0.

In Sec. IV, we discussthe achievable rates of training-
basedcommunicationschemeswith limited feedback.With
an average power constraint,it is shovn that as long as
the channel coherencedimension N. scaleswith SNR as
Nc = guz for some > 1, the rate achieable with the
training-basedschemecorvergesto the coherentcapacity the
performanceébenchmarkjn the widebandlimit. Furthermore,
this conditionis achiezable only when the channelis sparse
and we provide guidelineson choosingthe signaling para-
meters(signalingduration,bandwidthand transmitpower) so
that > 1 is satis ed. The critical role of channelsparsity
is further revealedwhen we imposean instantaneougpower
constraint.In contrastto pealy signaling that violates ary
nite constrainton the instantaneoupower, channelsparsity
is sufcient to achiere both > l1andE[De ] h! 1
and thus helps attain the benchmarkwith both averageand
instantaneoupower constraints.Proofs of all resultscan be
foundin [11], which are omitted heredueto lack of space.



Il. SYSTEM MODEL

We now briey summarizethe model developed in [6]
for sparsemultipath channels.Our results are basedon an
orthogonakhort-timeFourier (STF) signalingframework [12],
[13] that naturally relatesmultipath sparsityin delay-Doppler
to coherencein time and frequeng. We considersignaling
over a durationT andbandwidthW .

A. Spase Multipath ChannelModeling

We considera virtual representatiofil4] of the channelin
the delay-Dopplerdomain

XoW _
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wherex(t);y(t) andw(t) denotethe input, outputand noise,
Tm and Wy denote the delay and Doppler spreads,and

L = dizwWe and M = dTWy=2e denotethe number of

resohabledelayandDopplershifts. Distincth-r, 's correspond
to approximatelydisjoint subsetsof physical pathsand are
henceapproximatelystatistically independentin this work,

we assumehatf h-, g areperfectlyindependenandthatthey

are zero-meanGaussiarrandomvariables.

Let D denotethe numberof dominantnon-vanishingf h-, g
which representstatisticallyindependentegreesof freedom
in the channeland also signi es the delay-Dopplerdiversity
afforded by the channel[14]. We decomposeD as D =
DrDw with Dt and Dy denotingthe Doppler/time and
frequeng/delay diversity We have

D = DyDw Dmax = DT:max Dw;max

where Dy.max and Dw:max denotethe maximum Doppler
and delay diversity which increaselinearly with T and W,
respectiely, andrepresent rich multipath environment.

However, thereis strong experimental evidence ([3], [4]
andreferencegherein)that the dominantchannelcoefcients
getsparselin delay asthe bandwidthincreasesFurthermore,
we are also interestedin modeling scenarioswith Doppler
effects, due to motion. In such cases,as we considerlarge
bandwidthsand/orlong signalingdurations,the resolutionof
pathsin both delay and Doppler domainsgets ner (see(2))
and leadsto sparsityin delay and Doppler In this paper we
model multipath sparsityby a sub-linearscalingin D+ and
Dw with T andW:

DT;max =

Dw 0u(W); Dt g(T) 3

where g; and g, are arbitrary sub-linearfunctions. As a
concrete example, we will focus on a specic power-law
scalingfor the restof this paper:

Dr = (TWg)*; Dw = (WTy)? (4)

for 1; 2 2 (0;1]. But the resultsderived here hold true in
generalfor ary sub-linearscalinglaw. Note that (3) and (4)
imply that the total number of delay-DopplerDoF, D =

Dt Dw, scalessub-linearlywith the signal spacedimension
N = TW in sparsemultipath,asopposedo linear scalingin
rich multipath( 1 = 2= 1).

B. Orthogonal Short-Tme Fourier Signaling

We considersignalingusingan orthonormalSTF basis[12],
[13] thatis a naturalgeneralizatiorof OFDM for time-varying
channelsRepresentingl) with respecto the STF basisgives

®)

wherew representghe additive noise vector whose entries
are i.i.d. CN(0;1), andthe N N channelmatrix H is
diagonal.The STFbasisallows anintuitive block fadinginter-
pretationof the channelin termsof time-frequencycoheence
subspace$l2]. The channelmatrix is partitionedas
h i
) S U U e A

Subspace 1 Subspace D

y= Hx +w

Subspace 2

with N = TW = N.D whereD representgthe numberof
statisticallyindependentime-frequeng coherencesubspaces,
re ecting the independenDoF in the channel,and N repre-
sentsthe dimensionof eachcoherencesubspacewhich we
refer to as the coherence dimension In the block fading
modelabove, the channelcoefcients over thei-th coherence
subspacé;; ;hin . areassumedo be identical (denoted
by h;), whereasthe coefcients acrossdifferent coherence
subspacesre independentand identically distributed. Thus,
the channelis characterizedby the D distinct STF channel
coefcients, fh;g, thatarei.i.d. zero-meanGaussiarrandom
variables(Rayleighfading) with (normalized)varianceequal
to E[jhij?] = 1[12].

Usingthe DoF scalingfor sparsechannelsn (3), thescaling
behaior for the coherencaelimensioncan be computedas

W T
Weon = m f1(W);  Teon = ﬁ f2(T)
Ne = WoeonTeon f1(W)f2(T) (6)
whereTqon is the coheencetime and W,y is the coheence

bandwidth of the channel. As a consequencef the sub-
linearity of g; andg, in (3), f; andf, are also sub-linear
In particular correspondingo the power-law scalingin (4),
we obtain
Teon = T! l:Wdl; Weon = w! 2=T.2: (7)

Note thatwhenthe channelis sparsepothN. andD increase
sub-linearlywith N, whereaswhen the channelis rich, D
scaleglinearly with N, while N is x ed.

We assumethat the input symbolsthat form the transmit
codevord x satisfy an averagepower constraintE  kxk?
PT. Sincethereare N = TW symbolsper codevord, we
de ne the parameterSNR as SNR = IF- = = in this
work, thefocusis onthewidebandnoncoherentegime where
SNR! O(asW ! 1 fora xedP). As we will see,the
achivableratesarea function only of N and SNR In order
to analyzethe low-SNR asymptotics,the following relation
betweenN. and SNRis used:N. = SNR ; > 0 where
the parameter re ects the level of channelcoherenceWe
alsoassumeéhroughouthis paperthatboththetransmitterand
therecever have statisticalCSl - so thatthe scalingin D and

N. areknown.



I1l. COHERENT CAPACITY WITH LIMITED FEEDBACK

We rst studythe coherentscenario.On one extreme,with
no transmitterCSl, the coherentcapacity per dimension(in
b/s/Hz)is

E log,det In.p + HQH H

Ccoho(SNR) = N.D
c

sup
Q: Tr(Q)

It can be checled that uniform power allocation, Q =
%INCD = SNRIy,p, is optimal. The low-SNR capacity
(in nats/s/Hz)satis es

Ceono(SNR  SNR  SNR:

TP

(8)

Ontheotherextreme,with perfecttransmitterCSl, the optimal
power allocationis water lling [7] overthedifferentcoherence
subspacesHere, it can be shavn that the capacityscalesas
log ﬁ SNR[9]. Thatis, the capacitygain comparedwith
no transmitterCSl is directly proportionalto h,, log ﬁ ,
which is alsothe water lling threshold.

More interestingly it is shavn in [9] that this maximal
gain can be achieved with just one bit of feedback per
channelcoefcient. In the limited feedbackcase,both the
transmitter and the recever have a priori knowledge of a
commonthresholdh. In our setting therecever compareshe
channelstrength(jh;j%; i = 1,2; ;D) in eachcoherence
subspacewith h;, and feedsback b = 1 if jh;j? ht and
0 otherwise.At the transmittey power allocationis uniform
acrossthe coherencesubspacedor which b = 1 and no
power is allocatedto thosesubspacefor which by = 0. Thus,
conditionedon the fbgiD=1 , the input covariance matrix is
given by

Q(fhg) = diag ﬁiﬁzﬁ;ﬁfﬁ; ;ﬁiﬁzﬁ% 9)

G =Pob =Py (jhij®> hy):

wherethe indicatorfunction (A) = 1 if theeventA is true
and O otherwise.The choice of Py dependson the type of
power constraintand alsoon the choiceof h;. To explore this
further, de ne

)
De =
i=1

thatdenotegshenumberof “active” coherencsubspaceshose
which exceedthe threshold.lt canbe checledthatE [De ] =
De M.

If we assumeknowledgeof all flbyg?, at the beginning of
eachcodevord (albeit noncausally) then we can uniformly
divide power amongthe active subspacesrlhatis,

(ihii* by 11)

TP
Po:nc = : 12
0;nc NcDe ( )
The achiezablerate with this power allocationis
Ccoh;l;LT(SNR h i
Po TP ip 2 o '
= mhax% iz E log, 1+ glg— jhij jhij=  he
t

The power allocationin (12) satis es the power constraint
instantaneouslaswell ason average.However, noncausality
implies that the abose schemecannotbe realizedin practice.
This is especiallytrue in the more practical scenariowhen

(10

the recever estimatesthe channelcoefcients fhingl and
feedsbackfhb g2, basedon theseestimatesThis motivates
us to insteadconsidera causalpower allocationschemepne
in whichfor alli = 1, ;D, ¢ in (10) dependsnly on b
and Py is independenbf fbhg?, . From (10), we have

P
E kxk2 = Ne ' E[G] 2 NePoE [De ]
i

=1

where (a) follows from the de nition of D, . To satisfy the
averagepower constraint,we need

Poie = NCET[FI;e ] - NCTD: A (13)
The achiezablerate hereis
@coh;l;LT(SPNR) h |
=maxg 2, E logy 1+ yhbwihi®  (hi® h)

While Py satis esthe averagepower constraint,jt may have
a large instantaneoupower. This is because

— N TP
Pinst;c = ?C N.De N
i=1

hiz ho= Rac P

5 (14)

ThusE [Pinstc] P, but unlike the noncausakase,Pinst.c 2
[0;1 ). We will addresghis importantissuein Sec.llI-B.

A. Capacitywith Average Power Constaint

The main resultof this sectionis asfollows.

Theorem1: Given ary 2 (0;1), the causalsignaling
scheme(see (10) and (13)) satisfying the average power
constraintresultsin

@coh;l;LT(SNQ CCOh;l;LT(SNQ

lim = 0 (15
SNR! 0 Ceoh;1;L.T(SNR (13)

by usinga thresholdsatisfying
lim h =1 (16)

SNR' 0 log o

In the limit of low SNR the capacity gain for the D-
bit feedback,causal power allocation schemeover the no
transmitterCSI caseis

Ocon1:7(SNR) _

=1+h)= 1+
Ccoh;O(SNR) ( t)

log s
|
The capacitygain due to feedbackis directly proportional
to h; andthe highestgain is obtainedby choosing ! 1, and
equalsthe perfect CSI benchmark.Note from (11) and (14)
thatasD ! 1, Pistc ! P asa consequencef the law
of large numbers However, for ary large but nite D, Pinst:c
may be muchlargerthanP . Thisis a seriousissuein practical
systemsthat typically operatewith peak power limitations.
Thusit is importantto analyzethe impact of constraintson
the instantaneoupower in (14).



B. Capacitywith Instantaneou$ower Constaint

In addition to the averagepower constraint,we imposea
constrainton the instantaneousransmitpower of the form

as:

AP (17)

where A > 1 and nite. With this short-termconstraint,we
calculatethe capacity @wh;l;ST(SNR), of the causalsignaling

inst;c

schemeTothisend,wedeneq;i=1;, ;D inQ (see(9))
as

!
G = Poc (jhij®>  ho) (ihjji> ) ADe™

j=1
The secondndicatorfunction above checksfor the constraint
in (17) causally during eachtime-frequeng coherenceslot,
and allocatespower only if this constraintis satis ed. IE can
be shavn that (%Qh;l;ST(SNR) = Ouniit(SNR —2 P
wherep; , Pr — _ (jhjj? ) ADe ™ [11]. Thus,
characterizing@coh;1;3T(SNR) is equivalentto characterizing
D )
pi.In particularunderwhatconditiondoesiailp' I 1?This
is discussedn the following proposition.
Proposition1: If A > 1andE[De, ] h; = DSNR +
log(SNR ! 1 asSNR! 0, then ®,n1.57(SNR !
Ocon1:17(SNR) . n

C. Discussion:Rich vs. Spase Multipath

We now discussthe feasibility of satisfyingthe conditions
in Theoreml andProp.1 whenthe channelis rich andwhen
it is sparse.

Al) Rich multipath: For a rich channel,we note from (2)
that D scaleslinearly with T andW. Therefore,for a x ed
T,D SNR! (sinceSNR= &) ThusgE[De] h =
D SNR + Ilog(SNR = SNR V¥+ log(SNR ! 1 for
0< < 1. Weconcludethatfor rich multipaththe benchmark
is trivially attainedwith both averageandinstantaneoupower
constraints.

A2) Sparsemultipath : Fromtherelationin (4), we have D

TWz2andE[De ] hy T:*SNR 2+ log(SNR: For
a xedT, we have
21 0< < ,
E[De ] h! S constant = (18)
0 1> > 5

Thus althoughwe can approachthe benchmarkfor average
power constraint,(18) suggestacap( ! 2(0< ;< 1))
on the highestachievable gain with an instantaneoupower
constraint.

We proposethe following solutionto getaroundthis restric-
tion. Insteadof signalingwith a x ed T, supposeve maintain
a scalingrelationshipfor T asa function of W, thatis, T
W for some > 0.ConsequenthyD T W 2 W 2* 1
andwe hase E[D¢ ] hy SNR 2 *+ log(SNR:
The asymptoticbehagor is then

21 0<
h ! S constant =
0 1>
1()

1 for all

< 2+ 1

E [De ] 2+ 1 (19)
> 2+ gl

1 >

We have ,+
E[De] hi!

, andin sucha case
2 (0;1). Thusthe benchmark

capacity is achiezable even under an instantaneougpower
constraint.

IV. FEEDBACK CAPACITY WITH CHANNEL LEARNING

We now considerthe more realistic case where CSl is
learnedat the recever via a training schemeThe total enegy
available for training and communicationis PT, of which
a fraction is usedfor training and the remaining fraction
(1 ) is usedin communication.Due to the block fading
model, our schemeusesone signal spacedimensionin each
coherencesubspacdor training and the remaining(N; 1)
for communication.We consider MMSE estimation at the
recever. See[6, Sec.ll(c)] for details.

A. Capacitywith Average Power Constaint

Thefollowing theoremdescribeghe conditionsunderwhich
the achievable rate with the training schemecorvergesto the
coherentcapacity

Theorem?2: Let @tram;l;LT(SNR) denotethe averagemu-
tual information achiezable (perdimension)with the causal
training-basedchemesatisfyingthe averagepower constraint
(appropriatelymodi ed versionsof (10) and (13)). If N, =
for some > 1, we have

Oyain; 1.7 (SNR -1
SNR'0 dgcoh;l:LT(SNR)

SNR
(20)

B. Capacitywith Instantaneousower Constaint
With a constrainton the instantaneousgransmitpower asin
(17) and the samepower allocationschemeasin Sec.lll-B,
we have
b _
i1 pitraln (21)

|
hiain 1+ N ¢ SNR)

in _ . 2 N ¢ SNR

wherep!™@" = Pr . (R ] a )

Orgcetagain the problem reduces to checking whether
1. It canbe shawn thatif E[De ] h¢! 1

i=1 Pi 1
B) !
and > 11 then@train;l;ST(Sl\lR) ! @train;l;LT(SNR-

C. Discussionof Results

dgtrain;l;ST(SNR) = dgtrain;l;LT (SNR

htrain) AD e
t

We therefore presentthe following two conditions for
achiezing the benchmarkcapacityin the noncoherentase.

C1) ThechannelcoherencalimensionN, scaleswith SNR
accordingto N¢ g with > 1, and

C2) Theindependentiegreesof freedom,D, in the channel
scaleswith SNRsuchthatE [De ] h; = DSNR +

log(SNR! 1 asSNR! 0.
With only an average power constraint, C1 is necessary
and sufcient so that Guain:1..71(SNR ! Geon1.07(SNR). In
particular with ! 1, we approachthe benchmark- the
capacity with perfect CSIl. When there is an instantaneous
power constraint,we needto satisfy both C1 and C2 so that
the benchmarkcan be attained.

Note that C1 predicatesa certainminimum channelcoher
encelevel to ensurethe delity of the training performance.
Ontheotherhand,C2 describesherequiredgronth ratein the
DoF so that the instantaneoupower constraintis satis ed. It
is clearthat the two conditionsare con icting in naturesince



for aricher channeliit is easierto increaseD but dif cult to
increaseN., while for a sparserchannel,it is vice versa.Can
they be satis ed simultaneously?

We rst analyzethe achievability of C1. We study the
conditionson the channelparameterdT,, Wy, 1 and »)
and their interactionwith the signal space(T, W andP) so
that > 1is feasible.

B1) Rich multipath: In this caseN: = - is x ed and
doesnot scalewith SNR Thus we can never maintain the
scalingrelationshipin N; asin Theorem2 and C1 cannever
be satis ed. Therefore,we cannotattain the benchmarkeven
with an averagepower constraint.

B2) Doppler sparsity only: In this caseWo, = % is x ed
andthe scalingin N¢ is only throughTeon  f2(T) (see(6)).
Therefore by scalingT with W accordingto T f, (W )
andchoosing > 1,wehaeN; Teon fo fo Y(W )
SNR . For the powerlaw scalingin (7), we obtain T
WT 1

B3) Delay sparsity only: In this case,T¢on = w% andN; =
Weon Teon Scaleswith SNR only throughWeon 1 i
Therefore,for ary sub-linearf;, we cannotsatisfy > 1.
A solution to this is to use pealy signaling where training
and communicationis performedonly on a subsetof the D
coherencesubspacesWe model peakinesssimilar to [2], [6]
anddene = SNR; > 0asthefractionof D overwhich
signalingis performed.It can be shavn in this scenario[6,
Lemma 3] that the condition for asymptoticcoherencegets

relaxedto N = SNR e from the original N = SNR
where peay = + . Thusnow we require peaxy > 1,
thatis > 1 . For the powerlaw scalingin (7), we have
Ne fi(W)=W?! 2 SNR M 2 (thatis, =1 ).
Thuswith > ,, we cansatisfy the desiredcondition.

B4) Delay and Doppler sparsity: Using (6), we have Weon
f1(W) andTeon  2(T). Therefore,if we scaleT with W
accordingto

X
T fa(W) with fg(x)=f, ¥ —— 22
3(W) 3(x) = f2 .00 (22)
implying Ne = WeonTeon fl(W)fZ(f3(W)) =
fr(W)f2 fo b s SNR . Thuswith > 1in

(22), we attain the desiredscalingof N, with SNR For the
powerlaw scalingin (7), the desiredscalingin N. can be
obtainedby choosingT, W and P satisfying the following
canonicalrelationshipthat is obtainedusing (7) in (22)

1
1

1+ 5

T= T2W,2 @ 'WT 1 =PT 1 (23)

From the abore discussionijt is clearthat channelsparsity
is necessaryndin additionwe alsorequirea speci ¢ scaling
relationshipbetweenT andW asde ned in (23). How does
this relationshipimpact the scaling of D with SNR? This
is critical in determiningthe achievability of C2, which we
discussnext. Recallthat D = TW SNR : Using (23), we

@ )
T Thereforewehave E[De ] h; =

obtainD SNR

( )
DSNR + log(SNR = SNR* T+ log(SNR and
consequently
1)
21 0< < 25—
E[De] hi! _ constant = 2+(1 11) ! (24)
"0 1> > 2+( 1) L

1

It is easily seenthatif 221 > 1 thatis, > 12,
E[De] h! 1 forall 2 (0;1) andC2is satis ed. The
specialcasesof delaysparsityonly and Dopplersparsityonly
(asin B2 andB3) are simple extensionsand naturally follow.
In summary the rate achievable with the training-based
schemecorvergesto the coherentcapacityand achieves the
benchmarkprovided (i) the channelis sparseand (ii) the
canonicalscalinglaw in (23) is satis ed. With only anaverage
power constraint,we require > 1, whereaswith an instan-

taneouspower constraintwe require > max 1;1 2

V. CONCLUDING REMARKS

We contrastthe resultsof this work with the conclusions
in [9], [10]. The focus in [9] is on pealy training-based
signaling schemesand on scenarioswhen T¢o, increasesas
SNR decreasesalthoughthere is no mention of how such
scalinglaws would hold in general.ln particular the authors
shav that capacity scalesas log (Tcon) SNR if 109(Tcon)
log 55z and equalsthe coherentcapacity log =iz SNR

SNR
whenlog(Teon)  log i . On the other hand, we have

shavn that channelcoherencescalesnaturallywith T andW

with multipath sparsity and the benchmarkgain, log i

can always be attained by appropriately choosing T and
W. Furthermorewhile [9], [10] consideredonly an average
power constraintwe have establishedchievability underboth
average and instantaneougpower constraints.Our ndings
reveal that channelsparsityis a nev degree of freedomthat
canbe exploited in obtainingnearcoherentperformancewith
non-pealt training-baseccommunicationschemes.
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