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Why Does the Kronecker Model Result In

Misleading Capacity Estimates?

Vasanthan RaghavanJayesh H. Kotecha, and Akbar M. Sayeed

Abstract

Many recent works that study the performance of multi-inpudti-output (MIMO) systems in practice
assume a Kronecker model where the variances of the chantredse upon decomposition on to the
transmit and the receive eigen-bases, admit a separalote fdeasurement campaigns, however, show
that the Kronecker model results in poor estimates for dgpddotivated by these observations, a
channel model that does not impose a separable structurecleasrecently proposed and shown to fit
the capacity of measured channels better. In this work, vesvghat this recently proposed modeling
framework can be viewed as a natural consequence of chamgehybosition on to itcanonical
coordinatesthe transmit antbr the receive eigen-bases. Using tools from random méteary, we then
establish the theoretical basis behind the Kronecker mdmat the low- and the higBNR extremes:

1) Sparsityof the dominant statistical degrees of freedom (DoF) in the thannel at the lI0BNR
extreme, and 2Non-regularityof the sparsity structure (disparities in the distributafrthe DoF across

the rows and the columns) at the hi§NR extreme.

Index Terms

Correlation, fading channels, information rates, MIMO teyss, multiplexing, random matrix theory,

sparse systems.

. INTRODUCTION

Under the assumption of spatially independent and idditichstributed (i.i.d.) Rayleigh
fading between antenna pairs, multi-input multi-outputiND) systems achieve a linear growth
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in multiplexing gain and coherent capacity with the numbérantennas [1], [2]. However,
the rich scattering assumption is idealistic and most gaysthannels encountered in practice
exhibit clustered scattering and spatially correlateddif3]—-[5]. Correlated MIMO channels
have been theoretically studied mainly in the contexts efdbparable correlation model (also
known as theKronecker mod@l[3], [4], and the virtual representation framework for famm
linear arrays (ULAS) [6]-[9]. The Kronecker model assumegasability in correlation induced
by the transmitter and the receiver arrays which limits tegrdes of freedom (DoF) in modeling
the channel. Though this model has been shown to be accuratertain settings (especially
2 x 2 scenarios) [10]-[14], the separability assumption liniissapplicability to more realistic
settings where the gains accrued with MIMO make it a viablgich The virtual representation
does not assume such separability, but is applicable omJEASs.

Contributions

« i) In this paper, we develop a unified statistical modelingfework for Rayleigh fading
MIMO channels based on decomposition of the channel matrixsccanonical coordinates
the transmit andor the receive eigen-bases. Motivated by virtual reprediemt, these
models do not assume separable statistics and are applitalgleneral array geometries.
Like the Kronecker model, the eigen-modes of the scattenmwyonment decide the transmit
and the receive eigen-bases whereas the canonical chaatret embodies the statistically
independent DoF that govern channel capacity and diversity
Depending on the covariance structure of the channel, thredels arise in which all
the columngrows/channel entries are uncorrelated. The last Gadenoted here as the
canonical mode{or CM3 for short), has been proposed as Weichselberger modéh [18]
and studied from a capacity analysis viewpoint in [19]. Tee/rontribution in this work is
the unified development diM3 as a natural consequence of two other models, denoted as
CM1 andCM2. The development oEM1 (and CM?2) critically depends on two assumptions
about the covariance and the cross-covariance informafitime rows (and the columns) of
the channel matrix. We establish the criticality of thesarfassumptions in the development
of CM3. To the best of our knowledgéM1 andCM2 have not been proposed elsewhere in
the literature, and could provide useful intermediate n®é® certain asymmetric MIMO
systems.

« ii) Many recent works [18], [20]-[26] have shown that the Kexker model consistently
estimates the capacity of a large class of measured chgooally and hence they establish
the need for more accurate channel modeling. For example, [18],4@@] show that the
Kronecker model severely underestimates true capacityaslseunder certain conditions,

1Some of the earlier works of the authors [15], [16] have alsggested this model and developed it independently [17].

2In fact, the development oEM3 in [18] is motivated by these observations.
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it could also overestimate the true capacity [24], [26]. &l¢lveless, motivated by extensive
measurement studies, the popular belief is that the “pribtyabf overestimation decreases
with increasing antenna number” [26, Footnote 5]. The maiou$ of this work is to
theoretically explain these observations.

Towards this goal, we first note that recent measurement @igmp have also observed
that only a few of the statistical DoF are dominant enoughdotribute towards reliable
communications. That is, measured multi-antenna charer@sparsein the canonical
domain. Furthermore, the distribution of the sparse Dofosscithe spatial domain does
not observe anyegularity® structure. For example, see [26, Figs. 9 and 11], [20], [2H]
etc. which plot the sparse, non-regular structure of\ifeéchselberger coupling matrtkhat
reflects the statistical DoF iGM3.

Sparse
and regular Nec
Non-sparse
N~ Non-sparse
4" and regular (i.i.d.)
Sparse

and non-regular Non-sparse

% and non-regular
(Near-Kronecker)

Fig. 1. Partitioning of the space of all possible channekselaon sparsity and regularity.

The foundation for the above experimental evidence lieshigotetical electromagnetic
studies that explain sparsity of DoF in different contextsaireless communications [9],
[29]-[35]. Nevertheless, a simpler communication-th&ormotivation for sparsity is that
while there may be many channel coefficients whose energldere non-zero, they may
not be strong enough to be estimated accurately at the trdesneven statistically. It
becomes impossible or too costly to estimate such coeftgiaocurately and thus from
the transmitter’s viewpoint, it is reasonable to treat theantributions as noise. Thus,
we can partition the space of all possible channels into fdasses, as in Fig. 1, with
the class of sparse and non-regular channels being the megbmpinant. In this work,
we develop a mathematical framework for probabilisticatigdeling sparse multi-antenna

3Let H. be anN, x N; random matrix with independent entries and let the variasfcBl.[i, j] be given byP.[i, j]. A
channel is calleccolumn-regularif Efvzrl P.[i, 4] is equal for allj, row-regular if the above condition is true foHZ, and

regular if it is both row- and column-regular [27]. Otherwise, itri®n-regular.
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channels. The framework developed here allows us to adijastterage number of dominant
channel coefficients and theoretically study the impactiéf@aecker model on the capacity
mismatch.

« iii) We assume that the statistics of the true channel in #Heonical domain has a sparse,
non-separable structure. Based on recent works (see [86jed@rences therein) that estab-
lish the accuracy of a Gaussian approximation to outagectgpae also assume that the
ergodic capacity (., (p)) and the variance of capacity’(p)) are the key figures-of-merit.
The main results of this work are obtained for the low- andhlgh-SNR extremes in the
large-system (antenna) regime, and are summarized in Table

Table I: Summary of Main Results

Mismatch Metric Conclusions

Oerg, can (,0) = Oerg, kron (p) for all chan.

V;:an(p) 1 ﬁ
Vien?) 1 (1 + H2> where l.I.D. <= H, = Sparse

{p, u, o} are sparse model parametefsDecreases=— Mism. = Increases

p—0

(See Theorem 2 and Prop. 2 for detalils)

C1(—:‘rg, can(p) - Oerg, kron (P) i

ﬂ 10 AMow pow'AN[col pow
2 g2 GMrow pow'Gl\dcoI pow

where AM, and GM, are arithmetic Regular<= H. — Non-regular
and geometric means of row and | Decreases— Mism. —> Increases

column powers of the true channel

(See Theorem 4 for details)

We show that foralmost everysparse channel: a) Using marginal sum statistics to generat
a Kronecker fit results in an artificial increase in the numbileDoF, b) As a result, the
channel power is spread across the increased DoF, and ceHtre Kronecker model
offers a poor estimate for capacity. Towards establishngdonnection, we develop a tight
approximation for the mean of the log-determinant of randuoatrices (with independent
entries) which is of independent interest in MIMO analysisl alesign.

In the highSNR extreme, the Kronecker modehderestimate€’.,(p) for all channels.
The level of underestimation decreases as the channel lescorare regular. In the low-
SNR extreme,Ce(p) is the same with either model. The Kronecker model undenestis
V(p) with the level of underestimation decreasing as the chabeebmes less sparse.
Thus, for a large class of channels that are sparse and gatarethe Kronecker model
underestimateshe outage capacity at all reliability levels (and also tke&ability at all
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data rates) in the medium- to higiNR regime. On the other hand, for any channel in the
low-SNR regime, and regular channels in the medium- to I8¢t regime, the Kronecker
model overestimatesapacity at high levels of reliability (and reliability aaw data rates),
andvice versa
Organization This paper is organized as follows. The canonical staiksthodeling framework
for correlated multi-antenna channels is developed ini@edt with the key properties of the
proposed model elucidated in Section Ill. In Section IV, wplere practical modeling issues
and show how the canonical and the Kronecker models are oséestribe realistic measured
channels. A brief summary of MIMO capacity issues is prodideSection V with a comparative
study of the two models performed in Section VI. Conclusiars drawn in Section VII.
Notation: We use upper-case and lower-case bold symbols for maamdsectors, respectively.
If X is an M x N matrix, x = vec(X) denotes theM N x 1 vector obtained by stacking
columns of X. The entry in them-th row andn-th column, and then-th diagonal entry of
X are denoted b |m,n] and X[m] = X[m, m|, respectively. The complex conjugate, regular
transpose and Hermitian transposeXofire denoted bX*, X” and X* while its inverse, trace
and determinant are denoted By !, Tr(X) and det(X), respectively. The operato®|-], ®
and ® stand for expectation, Kronecker and Hadamard products. ifitlicator function of a
set.A and its probability are given by(.A) and Pr(.4). We use the standard big-O) and
little-oh (o) notations,~ for equality in distribution, and¥ ~ CN (1, o?) to indicate thatX is
a complex Gaussian random variable with mgaand variancer>.

[I. CANONICAL MODELING OF CORRELATED MIMO CHANNELS

Consider a narrowband, Rayleigh fading MIMO channel wih transmit andN, receive
antennas. TheéV, x 1 received vectoy is related to theV, x 1 transmit vectorx by

y=Hx+n Q)

whereH is the N, x N, channel matrix andh is the independent, white Gaussian noise added
at the receiver. The entries &f are zero mean, complex Gaussian that satisfy

h £ vec(H) ~ CN(0,R) 2

for some positive semi-definite channel covariance magrix

We now describe three canonical decompositions of MIMO nketm LetQ; = E [H"H]|
andQ, £ F [HH"] denote the transmit and the receive covariance matricéshéie respective
eigen-decompositions be given by = U;A; U andQ, = U, A, U where the columns dfJ,
and U, are eigenvectors df); and Q, with the corresponding eigenvalues denoted by diagonal
entries of A, and A,.
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Lemma 1:Any channel matrixH can be written in the canonical forrH = H, U/ such
that £ [H{H,| = A, and

h, £ vec(H;) = vec(HU;) = (Ul @ I)h ~ CN(0,Ry) 3
R, £ E[hh] = (U @) R(U] o). (4)

Similarly, any channel matri can be written in the canonical fornd = U,.H, such that
E[H,H] = A, and

h, £ vec(H,)~ CN(0,R,) (5)
R, £ E[hhf]=1cUHRIU,). (6)

FurthermoreH can also be written in the canonical forid:= U, H.U¥ such that [Hf’ HC] =
Ay, EHH!] = A, and

h, £ vec(H.) ~CN(0,R,) (7)
R. £ F[hh!] = (U] @ U R (U} @ UH". (8)
Proof: The proof is immediate by using the relationic(ABC) = (C” @ A) vec(B). ®
It is possible to obtain interesting, yet realistic statet models that allow tractable per-
formance analysis if we make the following simplifying asgiions. The following notation is
used: The vectorg; (andh;) denote the-th (and thej-th) column of H” (andH), respectively,
ie.H=|h;...hy,]=[g...gn]".

A. Canonical Model 1(M1)

We denote byCM1 a channel that follows the following two assumptions.
Assumption 1:The covariance matrices of all rows &f have the columns otJ; as a set of
common eigenvectors. That i§; [gigf[] = U,;A%U¥H for some positive semi-definite diagonal
matrix A}’
Assumption 2: The cross-covariance matrices of the rowsHfalso have a set of common
eigenvectors, given by columns &f,, i.e. £ [gigl] = UA/U! for all i,j,i # j and
some diagonalA}. In general, Ay need not be positive semi-definite becaﬁégigﬂ is
not Hermitian.
Then,H can be written adl = H, U/’ with the following properties:
« The covariance matrix of each row &, (denoted by{g;}), given by E [gtigf{], IS
diagonal. This follows directly from Assumption 1 and thetfthatg, = Ufg,.
« The columns oftl; (denoted by{h,;}) are uncorrelated with each other, ife[h,;h/’] = 0
for all 4,7, i« # j. However, the columns may have arbitrary covariances. iBhizecause
the (m, n)-th entry of the cross-covariance between tfie and thej-th columns ofH; is
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given by F [g; [i]g:.[7]] which can be seen from Assumptions 1 and 2 t@fe- j) A} /]
with §(-) denoting the Kronecker delta.
We summarize these conclusions in the form of Lemma 2.
Lemma 2 CM1): Under Assumptions 1 and 2, any channel can be writtefilas H, U
where the columns oH, are uncorrelated with each other. [ |

B. Canonical Model 2@M?2)

We denote byCM2 a channel which follows the following two assumptions.
Assumption 3:The covariance matrix of the columns B, given by £ [hihﬂ, have a set of
common eigenvectors, independentiofVe assume that these eigenvectors are column$, of
Assumption 4: The cross-covariance matrices of columnskfalso have a common set of
eigenvectors, given by columns &f,, i.e. E [h;h?| = U, AYU/ for all i, j, i # j and some
diagonalA}.

Lemma 3 C(M2): Under Assumptions 3 and 4, any channel can be writteidas U,.H,
where the rows oH, are uncorrelated with each other. [ |
It is clear thatCM2 is the dual ofCM1. In CM1, the transmitter sees parallel channels in the
eigen-domain while irCM2, the receiver sees parallel channels in the eigen-domain.

C. Canonical Model 3(M3)

We denote a channel which follows Assumptidr$ asCM3. This model has been developed
independently in [17]-[19].

Lemma 4 CM3): Under Assumptiond-4, any channel can be written & = U,H.U?
where the entries oH,. are uncorrelated, but not necessarily identically disted.

Proof: See Appendix A. [ |
Exploiting the fact that the entries &, are uncorrelated undé€iM3, the channel covariance
matrix can be written as

R = (U] @ U)"R.(U} ® U) 9)
whereR. is diagonal. First, note that the right-hand side of (9) isesgen-decomposition of
R. The matricesU; and U,, which are a set of eigenvector matrices@f = £ [HHH} and
Q. =F [HHH } can be interpreted as transmit and receive eigen-matriegsectively. Clearly,
CM3 is a special case diM1 (and CM2) where the covariance matrices of the columns (rows)
of H, (H,) have the same eigen-mat¥; (U,). In fact, CM3 is an intersection ofM1 and
CM2. Our primary focus in the rest of the paper is©K3, which we will label as theanonical
model.We also define thepatial powermatrix P. by the relationship

P.[i.j] £ E [|H.[i, j]|] (10)

and note that the diagonal entriesRf correspond td{P.[7, j|}. Henceforth, we will use this
alternate characterization &f.. We now identify some of the key properties OM3.
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[1l. PROPERTIES OFTHE CANONICAL MODEL

A. Relation to Other Channel Models

We show how two well-known channel models, the Kronecker @h@ehd the virtual repre-
sentation framework, can be regarded as special cases oatiomical model.

1) Kronecker Model: The Kronecker model has been used in [3], [4] and also in many
recent works under the assumption that the transmitter laadeiceiver are surrounded by local
scatterers. This model is verified by measurement campdgnsertain environments in [10]-
[14]. It assumes separable statistics at the transmitidittaa receiver and is given by

H=3X2H; =}, Ry 2 E [vec(H)vec(H)] = 2,0 2, (11)

where the entries oH;q4 are i.i.d.CN(0,1), andX; and X, are the transmit and the receive
covariance matrices, respectively.
Recall from the discussion in Sec. Il that

Q. = E [H"H] =UAU/, Q, = E[HH"] = U,A, U/, (12)
R = E [vec(H)vec(H)"], and Tr(R)= Tr(Q,) = Tr(Q,). (13)
From (11), we then have the following relations for the Krcker model:
Q =" B [HE S, Hy] 27 = 5, Tr(S,), (14)
Q =X’ E [HyuX HY] 57 =%, Tr(S,). (15)

The fact thaQ, andX, are scaled versions of each other implies that eigen-degsitgns of3:,
andX, are given byU; A, , U andU, A, ;U whereA,, = A;/Tr(X,) andA, , = A, /Tr (%)),
respectively. Further,

TH(Q) = T(Q,) = Te(S)Tr(S,) = Tr(R). (16)
Thus, we can write the channel in (11) in tG&3 form as

TH=U, A?U"H;y U, A,? U = U, H, U” (17)
wherer = [Tr(R)]"/%. The entries ofH, are uncorrelated with covariance mati. where

H. = AVUMH U A Y AYVZH A (18)

R. = E[hhl] =A,®A,, h. £ vec(H,). (19)

The equality in (a) of (18) arises from the invariance of th&ribution of H;y under left and
right unitary multiplications [1].
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The spatial power matrix for the Kronecker model is denoted®h. The Kronecker structure
of R. implies that thei-th column vector ofP;, (denoted byP;. ;) is

Pk:,i = At[l] ’ Ar[l]v AT[2]7 st 7A7‘[N7’] ]T' (20)

Note that this is a direct consequence of assuming sepastatistics forH and does not hold in
general. For the general case, separation of the transuhitesneive domains can be artificially
induced by using thenarginal sum statistics (see Prop. 1). This fact highlights the ltrains of
the Kronecker model. The canonical framework results irclen class of channels since it does
not assume separability and an arbitrarily diagdRalis needed to model a general channel.

2) ULAs and the Virtual Representatiom [6], a virtual representation framework is proposed
for systems with ULAs at both the transmitter and the receivethis caseH can be written
as A, H,A where A; and A, are discrete Fourier transform (DFT) matrices. It is argired
[6] that the entries oH, are approximately uncorrelated for finite number of antsrerad the
approximation becomes increasingly accurate as antemmangions increase. Thu4, and A,
serve as eigen-matrices in the virtual representationdvark:

E[H"H] = AALAf", A, =E[H/H,], (21)
E[HH"] = AA A7, A, =E[HH]]. (22)
Furthermore, Assumptions4 made in the context oEM3 are satisfied by virtual represen-

tation. An important point to note is that while the transaniid the receive basis IBM3 are a
function of the channel statistics and the entries of theooeral decomposition arexactly
uncorrelated, the eigen-matrices; and A, are fixed DFT matrices and entries ®f, are
approximatelyuncorrelatedThus, in addition to the fact that the virtual representatior ULAS
provides an intuitive physical interpretation where thgesivectorsA; and A, are beams in

fixed virtual directions, it also makes transmit signal d@seasier since the transmit and the
receive bases are fixed and do not change with the channétsiat

B. Transmit-Receive Eigen-spaces and Their Interaction

The decomposition o€EM3 provides an equivalent representation in the eigen domain:
ye = Hex. +n. (23)

where
ye = Ufly, X, 2 fo, and n, £ Ufln. (24)

Thus, a linear transformation at the transmitter and theivec results inH,. with independent
entries. We note the following points.
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« Joint statistics- H, captures thgoint transmitter-receiver statistics given B, which are
in general non-separable, in comparison with the sepasthtestics ofP,..

« Degrees of freedom Define the DoF available in the channel as the entrieBlpohaving
non-zerd variance. Thus,

DoF = rank(R.) = rank(R) < N;N,. (25)

The i.i.d. channel ha®oF = N;N, and all the DoF have equal power. In correlated
channels, however, the DoF is smaller and these DoF do net &aqual power.

« Parallel channels The parallel channels in the i.i.d. case have identicaissiizs and number
min(Ny, N,). In correlated channels, the non-zero columnsPpfexpose the number of
available parallel channels which is less tham(N;, N,), in general.

The last two observations signify the key differences irrgated versus i.i.d. channel modeling.
Since the DoF and parallel channels are unequal, they sheutdcited appropriately for optimal
transmissionWhile the canonical model does not provide the same phyisisigiht as the virtual
representation (e.g., path partitioning), the mathenstgmilarities between the two models can
be exploited.This is witnessed by many recent works that explore the itnpaidependent
entries in the case of virtual representation. See e.gl.f¢t&@hannel estimation; [7], [8], [19] and
Sec. VI of this paper for capacity analysis; [37]-[39] fanlted feedback system design; [40],
[41] for non-coherent signal design; [42], [43] for spated code design etc.

IV. STATISTICAL MODELS FORMEASURED CHANNELS

In this work, we adopt the standard channel power normabzatsed in the MIMO literature:
pe = N¢N,, wherep, is defined as

po 2 E[Ts(HH")] = E[Te(HH/)] = Tr(R) = Tr(R.) = Y Pelijl. (26)

A. Fitting Measured Channels with a Kronecker Model

Even though some initial studies [10]-[14] indicate that Kronecker model is a good fit for
2 x 2 scenarios, further studies [18], [20]-[26] show that a separable modeling framework is
more accurate. A non-separable framework in a Rayleignépsletting is characterized by, N,
statistical parameters, nam€l¥.[i, j|}. Initial difficulties on the tractability of the performaac
analysis of MIMO channels with such a general statisticalcdption has led to the popularity
of fitting the measured channel with a model characterizeteimer parameters. The following

“In practice, it is reasonable to defi®F as the number of entries iR, that are larger than aa priori-determined threshold.

The term “rank” in (25) should then be replaced with an appate definition of “effective rank.”
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proposition illustrates how a physical channel generas=siiming non-separable statistics can
be fitted with a Kronecker model.

Proposition 1: Consider a channel undéM3: H = U, H U with P.[i, j] = E [|H.[i, j]|?].
A Kronecker fit forH is of the formU,H, UX whereHy[i, j] ~ CN (0, Py[i, j]) with

.. ZZPC[Zul] ZkPC[k7]]
Zkl Pc[kv l]
Furthermore, the mapping in (2@waysincreases the DoF in the Kronecker fit for a scattering
environment described byM3.

Proof: Given a channeH that follows CM3, we attempt to fit a channdil that follows
the Kronecker model to it. From Sec. IlI-A, the general forfribis U, A'/* Hyq A}/* UZ for
some appropriate choice &f,;, U,;, Ay, and A,,. By comparing the transmit and the receive
covariance matrices with the two expansions, it can be dwthatU,, = U, U,, = U, and
P.[i, 7] £ A..[i] Ay [j] has to satisfy the relationship in (27). For the second pate that

oo (Peli )
Plijl 2 =577 (28)
Zkl Pc[k> l]
and henceP,[i, j] is non-zero ifP_[i, j] is. Thus, the DoF in the Kronecker fit is always larger
than the actual DoF with the canonical model. u

As an extreme artificial example of the above trend, consadex 4 system where th€M3
channel hadDoF = 4 and spatial power matri¥,. as in (29) below. It maps to a Kronecker
model withDoF = 16 and spatial power matri¥, as below:

100 0 1111
0100 1111

P, =4x . Pp= (29)
0010 1111
| 000 1| |11 1 1

In general, the Kronecker model spreads the degrees of draeaicross the resulting?, and
thereby ‘flattens’ it since its statistics are based only @tumn and row sum statistics of the
actual spatial power matrixNote that while the transformation froikR,. to R, could lead to a
change in rank, the transformatfoftom H, to H;, does not.

B. Modeling Sparsity Mathematically

Another property suggested by fundamental electromagsaidies [9], [29]-[35] as well as
recent measurement campaigns [26, Figs. 9 and 11], [20], [28] is that only a small subset

®As long as no row or column dP. (andP,, following Prop. 1) are completely zero, the event whEke (similarly for Hy)

is singular is a zero probability event [44].
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of the N, N, statistical parameters iGM3 are dominant enough to be leveraged towards reliable
communications over practic8NR ranges. That is, measured wireless channelspagse

In this work, we compare the trends of the canonical and then&cker models across a
large family of correlate@sparse channels. We provide two simple mathematical framento
generate large families of channel correlation informaumderCM3 and hence, from Prop. 1,
under the Kronecker model. For this, we wrie]i, j| as

P.fi,j] = NoV, - = (30)
> ij Di
where {p; ;} is a family of N;N, random variables supported df, 1] that correspond to
unnormalizefl variances.

In sparse framework, we set {p;;} to be i.i.d. with common mean and variange and
o2, respectively. A typical rich environment (intuitively,‘aear-i.i.d.” environment) is obtained
by settingo? ~ 0 with an i.i.d. channel corresponding to the extreme case’of 0. As o2
increases, subject to the condition thdt< 1 — x? (sincep, ; are supported ofv, 1]), {p; ;} get
‘well-spread out’ around.:. That is, there exists a large variability in the values{®X.[i, j]},
which intuitively reflects a correlat¢dparse setting.

Despite a precise recipe for modeling in framewdrkt could be difficult to systematically
generate extremely sparse channels (where the fractiomrmfn@nt entries vanishes). In such
settings, we propose sparse framewbrky which we setp; ; as

Pij = Gi,jSi;j (31)
whereg, ; is generated as described above (in framewpdnds; ; is an i.i.d. family of binary
(0 or 1)- valued random variables with

Pr(s;;=1)=p=1—Pr(s;; =0). (32)

Sparse channels can be generated systematically by adjuke value ofp appropriately. As
p increases, the channel generated via (31) becom@® richer with the two frameworks
coinciding forp = 1.

Note that frameworkd and Il provide simple mathematical abstractions to model sparsit
and their applicability in practice needs to be substaediatith further measurement studies.
Nevertheless, as we will see, these simple models provigmeering intuition on the trends of
capacity behavior.

V. CAPACITY OF CORRELATED MIMO CHANNELS

Towards this goal, we now briefly summarize some of the resamks on MIMO capacity.
Prior to this summary, we state the channel state informgt@sl) assumptions of this work.

®That is, p; ; have to be normalized, as in (30), to ensure that N; N,.

"The i.i.d. assumption ofp; ;} is made to simplify further analysis.
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A. Channel State Information

We assume a coherent receiver architecture. That is, theveechas perfect CSI. This is
possible in practice by estimating the channel at the receaising training symbols over a
dedicated training period that lasts a significant portibthe channel coherence duration. We
further assume that the statistics of the channel do notgehamer a reasonably long duration
so that they can be acquired perfectly at the transmitter.

B. Ergodic Capacity

In this setting, the ergodic (or average) capacity at a tméinSNR of p is given by [2]
Ceog(p) = sup Ey [log, det (I+ HQH)] (33)
Q:Q>0, Tr(Q)<p
where the optimization is over the set of trace-constrgipeditive semi-definite matrices. While
uniform-power (or full rank) signaling is optimal when no IOS available at the transmitter, it
is shown in [27], [45], [46] that the optimdl to solve (33) has an eigen-decomposition

Qopt = UtAothfI (34)

whereU, is an eigen-matrix of; = £ [H”H] and A, is a positive semi-definite, diagonal
matrix obtained via a numerical search. Closed-form sohigtifor A,,. are not known; however,
an iterative algorithm has been proposed in [27].

For any correlated channel, this algorithm converges tonb@aning (orrank-1 signaling) in
the asymptotically lowsNR regime and uniform-power signalifign the asymptotically high-
SNR regime. Thus, the lo#\NR and the highSNR ergodic capacities (denoted Iy, (p) and
Chigh(p), respectively) are given by

Ciow(p) £ Cerg(p) = E

log, (1 - p; [HL[i, Jimas] })] (35)

P H
= FE|l I —HH
{og2 det ( N, + ank(P,) e )] (36)

where jn.x = argmax; y . P.[i,j] corresponds to the dominant transmit eigen-direction. In
general, at an intermediat\R, the optimal rank ofQ is non-decreasing (gsincreases) with
precise estimates available for the transi&NR's when a particular rank signaling scheme
becomes optimal [47].

Qopt a5 p — 0

Chigh (p) £ Cerg(p)

Qupt a5 p — 00

8without any loss in generality, we assume that no columi?pfhas all zero entries.
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C. Outage Capacity

It is also well-understood that the ergodic capacity is aufiicient metric to understand the
fundamental impact fading has on achievable data rateshanddtion of outage capacity [2],
[48] at an outage probability of % is relevant. The outage capacity is the maximum rate that
is guaranteed for at least00 — ¢)% of the channel realizations and is defined as

Cout a(p) £ sup (R)  s.t. P (logy det [T+ HQH"] < R) < . (37)
| f20 100

Many recent works have shown that Gaussian approximationS,: ,(p) with mean and
variance given byC.(p) and V' (p), the variance of capacity, are accurate in the large-system
limit; see [36] and references therein. Thus, in the lagggesn limit, C,,: ,(p) can be efficiently
approximated as

Cout, ¢(P) = Cerg(p) = 24/ V(p) + 0(1) (38)

wherez, is the unique solution to er(@q/\/i) = 2¢ with erfc(-) denoting the complementary
error function.

VI. COMPARATIVE STUDY OF CAPACITY OF KRONECKER AND CANONICAL MODELS

An important point to note from (38) is that the outage cafyaisidetermined upon knowledge
of Cerg(p) andV (p). The main focus of this section is thus on understanding(p) and V' (p)
when a MIMO channel (with non-separable statistics) isdittgth a Kronecker model as in
Prop. 1. We denote bfez can(p) andCerg, kron(p), the means of capacity under the two models
and by V.., (p) and Vi.on(p), the variances of capacity under these models.

In this section, we provide good estimates for the above tifismunder certain conditions.
While an analytical understanding of these quantities flo6HRs seems difficult, it is possible
to obtain engineering intuition by studying the mismatcfigstween the two capacities) at the
low- and the highsNR extremes under a large-system assumption. Since the gemeasr to the
large-system regime is typically fast (see e.g., [36] arfdremces therein which point out that
good agreement is possible even witlor 8 antennas) we expect this analysis to be useful in
making meaningful conclusions in the finite antenna regime.

A. LowSNR Extreme

As noted in Sec. V, beamforming to the statistically domtfidransmit eigen-mode (which
is the same irrespective of whether beamforming is donedbasehe statistics oH. or Hy) is
optimal from an ergodic capacity perspective in the MR regime. However, many works in

SWithout loss in generality, let all th&vV,. entries in the dominant columfiP.[i, jmax],i = 1,--- , N»} be non-zero.
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the literature define the lIowNR regimeimpreciselyas “p — 0.” It is useful to define a transient-
SNR, piow, Such that beamforming is capacity-optimalpif< p.,. Some works (see [8], [49]
and references therein) defipg, implicitly in terms of means of certain random variables that
are related td,, but are nevertheless difficult to compute in closed-form[4i7], using tool&®
from random matrix theory, it is shown that

1
ZNT P.[i, jmaX].
Capacity ComputationWe first develop a general [o8NR characterization of MIMO capacity
in the canonical case, and then leverage this result to tbedtker case. For this, we defthe

Plow =~ (39)

o -
plow, can-

~ 1 \/ Ny S (P, finax])?
Plow, can = 3 .
e ZNT P [Z ]maX] ’70 ZZNT P [Z ]maX]
The importance opiow, can IS that I(p), the average mutual information with statistical beam-
forming, is given by

(40)

](p) 10g2 P ZP { ]max : (1))a p<ﬁlow,can- (41)

It should be noted that),,(p) shows the same trends A%). This is the content of the following
theorem.

Theorem 1:There exist positive constants?¢ > 0,m > 1/2 (all independent oP., NV, and
N,) such that

25\/ c c

logQ(e) ) (1 - i - i 6) S C(erg, can(p) S 10g2(€> -0
Ny Y0

)

SN P, Jmas)

forall p= ,0<d<e (42)

wherek, is defined as
sz‘vll (P [Z jmax])2
- 5 (43)
(X Pefis ]
and~, is as in (40). Alternately, the above statement can be resast

C(erg, can (P) 10g2 Z P Z jmax (1)) (44)

ke =1+

10Also, see [50] which points this out from a reconfigurableeanis point-of-view.
"The difference betweePiow, can @Nd Piow, can IS that while beamforming isxactlycapacity-optimal belowiow, can, it is only
near-optimal belowbiow, can- Nevertheless, note that B.[i, jmax] = 1 for all 7, Piow,can reduces tos,]f,—T and thus the trends of

Diow, can are similar to that ofpiow, can-



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY 16

with the o(1) factor converging td as N, — oo andé — 0.
Proof: See Appendix B. [ |
From (27), it follows that if{P.[i, jmax|} @re non-zero, so ar€Pi, jmax|}- It is thus easy
to specialize Theorem 1 to the Kronecker case (associat#oi, «o,) and compare the two
results.
Capacity Comparison:
Theorem 2:Let the lowSNR regime be defined as < pi.. Where

b\low = min (b\low, can; ﬁlow7 kron) . (45)

In this regime, the following conclusions hold for the dosanih terms of the capacity quantities.

« (@) The dominant terms of the ergodic capacity under the tvemlets is the same. In
particular, we have

C(erg, can(p) = C(erg, kron (P) = 10g2(€)p ' Z Pc[iujmax]- (46)
o (b) The dominant terms of the variances satisfy
‘/can(p) .o 2 Vkron (P) . 2
NG (Pc[zujmax]) ) T N 2 (Pk[zujmax]) . (47)
(logy(e)p)’ Z (logz(e)p)’ Z
. (c) Let P, be row-permuted such thgt> ", P.[i,k], i = 1,---,N,} is arranged in
decreasing order. Further, if the entriesf satisfy
Zk;ﬁjmax PC[Z'7 k:] < Pc[i7 jmax]
Zk?éjmax PC[Z + 17 k'] - PC[Z + 17jmax]
then Vean(p) > Vion(p) @sp — 0.
Proof: See Appendix C. [ ]
The condition in (48) implies that the fraction of power aapd in the beamforming direction
by a receiver decreases in the same order agdta power captured by the receivers. For

example, in the case of regular channels (see Footnote B),eésy to check that (48) holds
trivially. In fact, for regular channels, it can be checkédtt

Vean(p) _ N, Zi\il (Pc{ivjmaX]f
VI(ron (p) <Zi\i“1 Pc[’i, jmax])

due to the Cauchy-Schwarz inequality. It also seems likectiveition in (48) is necessary to
ensure thal/,,(p) > Vion(p). For example, it can be checked tHat,(p) < Viwon(p) in the
following 2 x 2 case where

forall1 <:< N, —1, (48)

>1 (49)

1 A1+ 2
P, — It 4o 2 (50)
1 A 2+¢€
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and (48) does not hold. Nevertheless, in the large-systgimes we have the following con-
clusions for the probabilistic sparse framewotkand|l, introduced in Sec. I1V-B.

Proposition 2: First, recall thatl is a special case df with p = 1.

« (a) The probability with which the condition in (48) holdsm@rges tal as{N;, N,.} — oc.
Hence,Vean(p) > Vieon(p) for “almost all™? sparse scattering environments generated from
either framework.

« (b) In particular, if0 < m < ¢, ; < M with Elg; ;] = 1 and Var(g; ;) = 0%, we have

2
1< Venlp) 1 (M4m)" (51)
Vkron(p) p 4Mm

i can(p) 1 ﬁ
More specifically, we hav 0 <1 + ;ﬂ) .

« (c) Equality in the lower bound of (51) is achieved whHnis i.i.d. If N, = N, = N such
that ;7% and {**- are integers, equality in the upper bound is approachedl as co by

M + m m . m M e M
Mﬁil M
M+m M+m
0 M 0 0
N
PT = . 52
© M+m 0 M 0 --- 0 (52)
0 0 0 m
i 0 0 0 m ]
Proof: See Appendix D. [ |

Note that the channel corresponding® in (52) is such that; has at leastV (1 — %)
dominant eigenvalues whereas the eigenvalues,adre all equal taV/ +m. It is surprising that
channels that are ‘near-well-conditioned’ on both thegraitter and the receiver sideH{; and
the channel in (52)) could either maximize or minimi‘vfg% depending on the distribution of
non-zero entries iP..

Discussion: The above results show that the ergodic capacities rema&nsdme under the
canonical and the Kronecker models for all channels in theS8R regime. Thus, the dominant
factors in understanding outage capacity (rate vs. rditialiade-off) in (38) are the variances of
capacity. Sincd/.,(p) > Viron(p) for almost all sparse channels, the outage capacity under th
Kronecker model is always steeper than the outage capauitgrithe canonical model (except

2Technically, this statement has to be read as: “with prditabl on the probability space corresponding {p; ;}.”
Henceforth, we will not bother with this detail.
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for i.i.d. H. where they are equally steep). Furthermore, the diffembinti steepness increases
as the channel becomes more sparse.

In other words, at high levels of operational reliabilitiiet Kronecker model overestimates
capacity while it switches roles and underestimates cypatiow levels of reliability. However,
the smallness of the capacity values generally means thaettiends are not prominent when
we plot outage capacity in the lo8NR regime. For example, Fige-4 plot the cumulative
distribution function (CDF) of capacity (at10,10 and 30 dB SNRs) for three8 x 8 channels
generatetf to portray: i) A typical sparse setting, ii) A setting withtémmediate level of richness,
and iii) A typical rich setting. The spatial power matricag given by

43.2693 2.5367 0.4362 0.5569 0.1004 0.1805 0.1413 0.2009
3.1184 1.9519 2.4028 1.4193 0.1007 0.1635 0.2420 0.1864
0.4997 0.6135 0.5352 0.5998 0.0502 0.4960 0.1892 0.1532
0.0574 0.0671 0.3255 0.2233 0.0653 0.1082 0.1258 0.0695
Pc, sparse — (53)
0.0702 0.1138 0.1534 0.0767 0.0327 0.0482 0.1087 0.0426
0.0192 0.0564 0.0540 0.1060 0.0908 0.0608 0.0512 0.0426
0.0147 0.0174 0.0090 0.0132 0.0257 0.0266 0.0287 0.0181

0.0037 0.0032 0.0026 0.0034 0.0029 0.0050 0.0038 0.0036

while for rich scattering, it is

8.6986 3.7188 0.7361 1.1644 2.1912 1.4959 1.4674 1.6262
2.5481 3.5585 0.5683 0.7660 1.4141 1.3985 1.3766 1.2021
0.9910 2.1553 0.2217 0.3105 3.0150 0.6737 0.6415 1.7003
0.0793 0.1347 0.0685 0.0750 0.1279 0.1439 0.1218 0.0778
Pc, rich — 5 (54)
0.1651 0.1946 0.0952 0.2151 0.3063 0.2179 0.2742 0.2119
1.2612 0.9009 0.3837 0.6108 1.3185 0.7591 0.9227 1.7308
0.3696 1.0783 0.4618 0.7504 0.5129 0.5620 1.4507 0.7081

0.7332 0.2221 0.1895 0.3626 0.6765 0.4681 0.6841 0.7337

Pec, sparse+ P rich
and ].:)c7 intermediate — fﬂf'c

Note that) _,; P . = 64 for all the three channels and the ratio of the largest to thallgst
transmit eigenvalue decreases fraf.4 to 9.31 and5.45 as the channel becomes progressively
richer. The ratio of the largest to the smallest receive reigkeie decreases fron682 to 36.6
and25.5 as the channel becomes richer. The channel realizationgemerated as

Ho = I_Iiid ® (Pc, 0)1/2 (55)

13The spatial power matrices for this experiment have beerergézd artificially to mimic certain typical scattering

environments, and not using the sparse frameworks of SeB. IV
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Fig. 2. Capacity CDFs of aparsechannel with canonical and Kronecker models—-di, 10 and 30 dB SNRs.

whereH is an i.i.d. channel an¢P.. ,)'/? is the element-wise square-root of the spatial power
matrix.

Spectral Efficiency: Another characterization of loWNR performance is in the context of
spectral efficiency [51] (equivalently/... «(p) VS. p behavior). We now present the connections
between the canonical and the Kronecker models to the twdfigayes-of-merit in lowSNR
communications: i) Minimum energy per bit necessary foial#é communicationZ: , and

No min

i) Wideband slopeSy. For a multi-antenna channel, these two metrics are givefbbly

B log(2) and S — 2. (E [Tr (HQH)])”
Nowin  E[Tr (HQHH)]’ E[Tr (HQHH)?)]
where the input covariance matriQ = diag (Q[i]), is low-SNR capacity-achieving and unit
trace constrained.
When there i®only one dominant transmit eigen-mode, beamforming to this medpectral
efficiency-optimal. If there are dominant eigen-modes with > 1, any Q that excites any
of the r modes with any weightage is ergodic capacity-optimal. Haxe[51] points out that
uniform-power signaling over thesemodes is necessary to maximize spectral efficiency. We
consider these two cases separately in the following tineore

(56)
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Fig. 3. Capacity CDFs of a channel that has an intermediats té richness with canonical and Kronecker models-a0, 10
and 30 dB SNRs.

Theorem 3:If » = 1, the minimum energies per bit are given by
E E log, (2 a) log, (2
No min, can NO min, kron Zz PC[Z? jmax] Nrp:u

where the convergence in (a) is for the sparse framewviorRn application of the Gaussian

moment factoring theorem [52] with the optimal input shoWwatt

507 an = 2 A - (Zz ch [27 jmax])2 — >, (58)
22 (Peliy fmax])™ 4+ (32 Peli; fmax])
S o (2, Bilts fmas] (59

> (Pilis Jmax])” + (32, Pili, fmas])”
With frameworkll, we have
2N, pi%p 2N,
(N,p+ 1)p? + 0%’ and - 5o,iron = N, +1
If » > 1, the energies per bit are the same as in (57). The widebapdssigeneralize to
2N, ru?p 2N,r
N1+ (r—Dp)ror 4 o =y

(60)

SO, can —

(61)

SO, can —
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Fig. 4. Capacity CDFs of ach channel with canonical and Kronecker models—, 10 and30 dB SNRs.

Proof: With » = 1, the conclusion about energy per bit is straightforwarde €kpression
for the wideband slope follows immediately from the factya@od in Appendix C:

N,p*p? — Z (P i, jm])2 < Z (P4, jmx])2 — N,p (1 +0%). (62)

Forr > 1, see Appendix E. [ |
It can be checked thafy ..n < So kon IN €ither case. However, this conclusion is eatsily

reflected in Figs2-4 due to two reasons:

ﬁ—imm, which is the same for both the channel models (in both 1 andr > 1 cases), is

the most important figure of merit at lo8NR and corresponds to first order variation in

ergodic capacity witlbNR while S, corresponds to second order variation at [oMR.

« The discrepancy irb, for the two models is small. In fact, we have

3 (Pelisgna])” = (Palisdnad)”) 2 O( ! )

|SO,kr0n_SO,can| < — - — .
(Zz PC[Zvjmax])Q pNQ

for ther = 1 case, and

o? N,r
S ron — S can S 5 O - 64
50,1 nenl < 0 <(Nr +T)2) (64

(63)
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for the r > 1 case. In the second case, the difference in wideband slep@g-) for
finite values ofr.

B. High-SNR Extreme

We now make two assumptions on the random matrix chaHpeb aid# in capacity analysis:
1) N, = N, = N, and 2)rank(H.) = N a.s. Note that the second condition is equivalent to
assuming that none dfy_, P.[i, ]} and{}_, P.[i,j]} are zero. From the discussion following
Prop. 1, we also havenk(H;) = N as..

In this setting, the capacity random variables under thervealels are given by

; 1
Coan(p, H) 2 log, det (IN n %HHH> “ log, det (H,HY) + N log, (%) +o <;) (65)

P (b) P 1
Chron(p, H) 2 log, det (IN + L HH]! ) Y log, det (H H!) + N log, (N) O <;> (66)

where in (a) we have used both Assumptions 1) and 2), and jnv@)have used the fact that
rank (Hy) = N = rank (H,) a.s. Hence the statistics @f..,(p, H) andCy,on(p, H) at highSNR

are related to the moments ofg, det (H.H) and log, det (H,H/'), respectively. We now
perform a large-system analysis of these random log-dé&tants.

Stochastic Approximation for the Canonical Casén the case oH;y (P.[¢, j] = 1 for all 4, j),
this analysis is simplified by what is known as tBartlett decomposition (or bidiagonaliza-
tion) of a sample covariance matrjd4], [53], [54]. The decomposition states that there exist
independent random variabl&s on some probability space such that

Z 2 det (Hyq HE) ~ HZZ,Z~Z|H,,d2j|~— 2(2(N —i+1)) (67)

where x?(2k) is a central chi-squared random variable withdegrees of freedom.

On the other hand, computifigg, det (H.H) in closed-form is extremely difficult because
{P.[i, 5]}, in general, possess no structure and a Bartlett-type dewsition for det (H H)
is not known. Nevertheless, a tight stochastic approxionafdr Ceg, can(p) is still possible and
for this, we need the following notation from [55].

We say that a random variabl€, upper bounds a random variab®¥; (and denote it by
X1 3 Xo) if

Pr(X; <z) > Pr(Xy; <) forallz € R. (68)

The first condition can be relaxed with some advanced randamixtheory techniques that are out-of-scope here. If this
is done and we obtain results for arbitraky and NV,., then the second condition can be assumed without any logsnerality
since we can always ignore those colurmesvs with zero power. Nevertheless, for simplicity of arsédy we assume both

conditions.
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The following lemma provides a statistical “bound” and afukstochastic approximation for
det (H.HE).
Lemma 5 (Girko):Let HJi, j|] be independent and distributed @&/ (0, p; ;). Then,

N N
Z - H mjinpl-’j < det (ﬁﬁH> < Z- Hmjaxpi,j (69)
i=1 =1

whereZ is as in (67). Moreover, there exist independent randonabmrsii, i=1--- Non
some probability space such that: (HH) can be well-approximated as

N
21

2

Hi, j]
N

N
det (AH") ~ [[ Z:, Zi ~ i (70)
i=1

Proof: See Appendix F. [ |

40 T T T T T T T T T
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Fig. 5. Comparison of means &; (as a function ofV) for a typical scattering environment and averaged overynsaattering

environments.

Numerical studies indicate that the approximation in Lenbnia close for a large class of
random matricesvenfor small values ofV. Furthermore, this approximation gets more accurate
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as N increases for a large class of random matrices. This fatiustrated in Fig. 5 where we
plot E[Z,| and E[Z,] as a function of matrix dimensio¥ with

HJi
Z, = log, det(HH") and Z, = Zlog2< i L, 7)1 ) (71)

N

The first set corresponds to a typical scattering environmrere{p, ;} are chosen i.i.d. from
a uniform distribution on0, 1] (in particular,y = % ando? = 1—12). The second set corresponds
to a smoothed version of the first set where we also average maay different scattering
environments. Here, we have averaged cM#10 independent scattering environments and the
plot shows that the approximation is very accurate on aeeréy the rest of the paper, we
assume that the approximation in (70) is accurate. Nevedbgits rigorous use is contingent
on further studies that have to establish its precisendss.Will be the subject of future work.
Capacity Computation and Comparison:

Theorem 4:With the sparse frameworks of Sec. IV-B, good estimates eamhiained for
ergodic capacity in the higBNR extreme.

« (a) The ergodic capacity under the Kronecker model congetge

Cerg, kron(p) — Nlog, <Z ) + Zlogg ( ) + Kyron + O(p) (72)

N
Zzpuzkpm)
Kyon = E lo = =R 73

“ i1 g2< > ki Pril (73)

whereas under the canonical model, it is well-approximdteith the approximation ap-
proaching an equality a& — oo following the previous discussion) by

Cerg, can ~ Nlo + lo +Kcan+(9( ) 74
g, can(P) 82 (szp”> Z gz( ) P (74)

=1

K = {Zlogz( j= lpzﬂ)+ilog2 (#)} (75)

« (b) In the large-system regime, the following expressiamsteue:

N AMrow pow * AMCOl pow
— log,

2 GMrow pow * G'NIcoI pow

whereAM, andGM, correspond to the arithmetic and geometric means of row aharm
powers ofP.. Further, we also have

Cefgv can(p) - CYerg, kron (p) -

(76)

0 S Oerg, can (,0) - C1erg, kron (P) S 2N logz(N) (77)
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« (c) Equality in the lower bound holds if and onlyH. is regular. While it seems difficult
to construct aP, that meets the upper bound, the following choice is ord¢irad and
results iNCerg, can(p) — Cerg, kron(P) N N log,(N):

PC:diag[NQ—NH, 1,---,1]. (78)

N-1

Proof: See Appendix G. [ ]
Variance of Capacity:Closed-form results are difficult to obtain féf(p) asp — oco. How-
ever, numerical studies indicate that for most scatterimgrenments,/Ve..(p) and \/Vieon (p)
are sub-dominafit when compared WithCe g can(p) @nd Cerg kron(p), respectively. Thus, for a
typical scattering environment, the outage capacitiespaim@arily determined byCer can(p)
and Ceq kon(p). The smoothing effect of the Kronecker model as can be seen {7), the
low-SNR trends ofV,(p), and numerical studies (see Fi@s4) lend credence to the following
conjecture proving which will be the subject of future work.

Conjecture 1:The following are true for a large class of channels in theiomadto highSNR
regime:

7@3:“(&)) =0 7063::”(@) V=20, and Vean(p) = Vison ) (79)
Discussion:From (76), we first note that the mismatch accrued by the Kokeremodel increases
as the ratio of arithmetic and geometric means of the row &edcblumn powers increases.
The ratio of arithmetic and geometric means is a measure ehtimogeneity of the vector
(under consideration) or lack of disparities [56], [57].e€Ttegularity ofP. in our context. That
is, the smaller the ratio, the more regular the channehdcel versa Thus, we see that the more
non-regular the channel, the larger the mismatch with thenkcker model. This conclusion
is reflected in the structure of the choices Bf (in Theorem 4) that lead to a large and a
small mismatch. It is also reflected in Figs4 where the channels become more regular as
they become richer (This is because both the transmit andetteve sides become more well-
conditioned as the channel becomes richer), and the mibnba&titveen the Kronecker and the
canonical models decreases.

We also note the following trends. In the case of non-regtliannels, the fact thét.,; c.n(p) >
Cerg, kron(p) @nd the sub-dominance conjecturelqfp) implies that the Kronecker model un-
derestimates capacity confirming the observations madecent measurement campaigns [18],
[20]-[25]. Note that theSNR range of most of these observations lie betwéérand 20 dB,
which can be viewed as the hig@NR regime. The choice of thBNR range also explains why
the popular belief on the decreasing probability of ovemestion (see e.g., [26, Footnote 5]) has

®For example, in the i.i.d. case, it can be seen @@t can(p) = Cerg kron(p) = O(N) while Vean(p) = Vivon(p) =
O(log(N)) [54].
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come about. The case of regular (or near-regular) charm#éig ihighSNR regime has a behavior
similar to that of channels in the loBNR regime. Finally, note that the theory developed in this
work is useful in the context of the probabilistic sparserfeavork of Sec. IV-B where it holds
with probability 1. Since the class of sparse channels forms the most predonulzss in the
space of all possible channels (Fig. 1), the utility of thiedry is immense.

VIlI. CONCLUSION

In this paper, we have unified existing statistical modetssfmatially correlated multi-antenna
channels by considering a canonical decomposition of tlamél along the transmit apor the
receive eigen-bases. This framework generalizes the KKkamanodel, the virtual representation
and the Weichselberger model, and as a by-product developsother classes of statistical
models. In addition, we have developed an abstract franleteomodel spatial sparsity that has
been observed in many recent measurement campaigns.

These campaigns have also demonstrated that the Kroneab@el mesults in misleading
estimates for the capacity of realistic scattering envitents. However, the reasons for these
observations have not been well-understood so far. In thikwve have rigorously established
the connection between spatial sparsity of the true chaninelnon-regularity of the sparsity
structure, and the impact they have on the capacity estinatevided by a Kronecker model
fit. The Kronecker model fit uses the marginal sum statistios this spreads the sparse DoF
in the spatial domain. The consequent redistribution ofctiennel power is responsible for the
mismatch in capacity estimation. In particular, we havewshthat in the case of non-regular
channels, the Kronecker model underestimates capacitiiegmtedium- to higteNR regime.
On the other hand, in the lo&NR regime and regular channels in the highR regime, the
Kronecker model overestimates capacity at high levels efatpnal reliability andvice versa

Possible extensions to this work include the developmerd afore systematic framework
for the generation of correlatggparse multi-antenna channels, the impact sparsity hakeon t
over/underestimation of capacity and reliability, establighitigorously the approximation in
Lemma 5 and Conjecture 1, computation of closed-form eswas for the mean and the vari-
ance of capacity under the canonical and the Kronecker rm@lajenerabNRs, understanding
the impact on capacity of different channel power normélze that are consistent with physical
intuition etc.

APPENDIX

A. Proof of Lemma 4

Consider the matriH,. = UYHU,. From Assumptions 1 and 2, we can wrke. = U”H,.
Then, the cross-covariance of the columndhf (denoted by{h,;}) satisfies

E [h;hl] = U'E [hy;h{l] U, = 0 for all 4, j, i # j, (80)
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which follows from the column uncorrelatednesdhfin Lemma 2. Similarly, from Assumptions
3 and 4, we can writdd. = H,U,. Then, the cross-covariance of the rowskf (denoted by
{g.i}) satisfies

which follows from the row uncorrelatedness Hi. in Lemma 3. Thus, the columns and the
rows of H, are uncorrelated. This necessarily implies that all estoieH,. are uncorrelatedm

B. Proof of Theorem 1

Preliminaries The following result concerning the tail probabilities wkighted sums of i.i.d.
random variables would lead us towards the estimatioh(pf.

Lemma 6 (Lanzinger and Stadtmueller, [58[Ponsider i.i.d. random variables, X;, X5, - - -
with E[X] =0, E[X?] = ¢. Let 3 > 0 andv > 2 with F[X"] < co. Define the weighted sum

T, 2 Xk, t >0, and o) =0p » 1. (82)

k=1 k=1
Also, suppose for some > 1,

02X T a

==n < — for all n. 83
p SN or all n (83)

v/2—1

v/2—1 i E[|_/\/|V+ B8 ]
Then, lim %75 ) p/@+/272 pr(|T,, Yo, 84
en, lim e n:1n r (|T,] > en’a,) ST 12) =1 (84)
whereV is a standard Gaussian random variable. [ |

Note that the conclusion of Lemma 6 can be suitably modifiethencase ok - 0+, but is
sufficiently small, by increasing the right-hand side of )(8propriately. The crucial point is
that this would not alter our conclusion since the above fieadion can be done, by keeping
the right-hand side in (84) still finite.

Application of Lemma 6 Lemma 6 is applied in our setting as follows. Lét = |H;y [z’,jmax]\z—
Lt = Pl s T = S0y ([FLLima]|* = Pelis ] ), 8 = 3,0 = 2 andn = N,. Then
Lemma 6 implies that

ZPr Z \/Zz 1 Z ]max]) Z Pn[l ] ] < % < 0 (85)
k= 1 i=1 max

n

for n appropriately small. The conclusion in (85) implies thagrthexistsn > 1/2 and/ > 0
such that

1
>n N Z Z jmax S NGYEN S (86)
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Proof of Theorem:Let Y = Y(N,) denote the random variab@:fgl Hc[z',jmax]}Q. Setting

— 1 .m 1\ _ ‘ \/NT EZN:H(Pc[i,jmaXP]
(> A R S 5 S e

Nr
U 3 -
Pr (pY > 77) = Pr (pY — pZPC[Z,jmaX > pZP Ty Jmax ) (87)

i=1

and using (86), we get

. 2 1
S Pr p|Y—E[Y]| >77p NTZ(PC[ZajmaXD S W
=1 r
An upper bound td (p) follows easily from the log-inequality:
I(p) & Ellogy(1+pY)] < plogy(e) E[Y] = plogy(e ZP i\ jmad.  (88)
We now establish a tight lower bound fé(p):
El 1 Y) @ [ pY
log,(€) |14+ pY
[ oY n [ pY
= F Y < —— E Y > ——
_1+pYX(p _1—n)]+ _1+pYX(p e 77)}(90)
Z Z
® [ 2v2 n ]
> E|(pY —p*Y?) x Y < (91)
N ~- L
_ Ui 2 Ui
Zy = E[pY]—E{pr(pY>—)}—E{pY (pY<—)]
1—n 1—n
Z Zs

where (a) follows from the inequalityg, (1+2) > 1= and (b) follows from using the inequality
1+z > (1 — z). An application of the Cauchy-Schwarz inequality showg tha

Ellogy (1+pY)] p~§:Pc[z‘ . [1_ EYT 1 E[Y?]

(92)

EY] Ny 7 UEY]

-~

Zg
Now, the quantityZs makes meaningful sense as a lower bound(i9 only if it is positive.
Plugging in the expression for, we see that this can be ensufei  is constrained tdq0, 1/2].
Further,n = 1/2 maximizes the lower bound tf(p). EvaluatingE[Y?], substituting the value

log,(e) N

J

of k. and noting thap = W for § < Wio where~, is as in (40), we get
2Z C (&
1(p) 2 togy(e) -5+ (1= 20 = ). (93)
N Yo

5The choice ofl /2 for the upper bound of the valid interval gfis more or less arbitrary and we have not optimized over

this choice.
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To complete the proof, we observe from [47] that beamformsniipe optimal signaling strategy
for all p < piow, can @nd there exists a constafit> 0 (independent oP., N, and N;) such that

d
Plow, can > N, .. :
Zz‘zl PC[Z, ]max]

The constant in the statement of the theorem can be chosen tming€d, 1/v,). It is important
to note that the tightness of the upper bound in (88) and tverldound in (89) critically hinge
on the lowSNR assumption. Thus the theorem is complete. [ |

(94)

C. Proof of Theorem 2

« (a) From (35), the ergodic capacities in the ISNR regime are given by

Cerg,can(ﬂ) = FE logQ <1 +pz ’Hc[iujmaXHQ)] ) (95)

Oerg, kron (,0) = K 1Og2 (]- + PZ ‘Hk[i7jmax] ‘2)] (96)

where ji.x = argmax; » . P.[i, j| = argmax; ) |, P[i, j]. Estimating these quantities is a
straightforward consequence of Theorem 1.
o (b) For the variance, we have

Van(p) £ E[(logy (14 pY))*] = (E[log, (1+ pY)))” (97)
whereY = Zﬁvzrl Hc[i,jmax]\z. Proceeding along similar lines as in App. B, we have
2! 2
Vean(p) < m&@fﬂ”’“_c__l@_ﬁﬁ> (98)
Ny Yo
41 . ot . 3
Vanlp) = (logy(e))?-0* - [ wo—1— — VA2 20 PV

(S Pelisnad) N (S Pl )

where the constants are as in the statement of Theorem 1, Weusan recasV,,,(p) as

Vean(p) = (10g5(€))* - p* - > (Peli, jumax])* - (14 0(1)) (99)
where theo(1) factor in the above expression converged tas N, — oo andp — 0. The
critical assumption in the above proof is thHL[:, j| are independent random variables.
Thus, the same proof technique can be adapted to compui€p) as well.

« (c) The relationship betweel.,(p) and Vi,on(p) is not obvious. For this, we need the
following result on the monotonicity of ratios of means [ff. 129-130].
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Lemma 7 (Marshall, Olkin and Proschan}et x = [z, ,xz,] andy = [y1, -, y,]| be
two vectors such thay "  z; = > v If £ is decreasing i andz; > --- > x,, > 0,
thenx is majorized byy, and
n r\ 1/
a (i ¥ )

a\r)=\<=n - (100)
Is decreasing i for r > 0. [ |
Application of Lemma 7:We set

N, . .o
¢ PC k PC 9 J1max
r o 2 Dbl oy s el nad (101)
Pc k=1 Pc[k7 ]max]

andn = N,. From the assumption in the statement of the theorem, natecth> 0 for all
i and are in decreasing order. The fact thatis decreasing is a consequence of (48). A
straightforward consequence of Lemma 7 is that (p) > Viron(p)- [ ]

D. Proof of Prop. 2

« (a) With frameworkl, the main goal is to compute the probability of failure of Y4Bowards
this computation, we first condition upen;,... andp;., ;... (in particular,s, andg,) where
i is such thatl <i < N, — 1. Define the conditional probability;:

j PC Z.’ k Pc , Jmax
PR (I DIEA N UL NS U (102)
Zk#jmax PC[Z _'_ 17 k] PC[Z + 17 jmax]

= Pr <pz'+1,jmx Z Qi kSisk — Pijimax Z Qit 1, kSit1k > 0) : (103)

k#jmax k#jmax

Hence, the conditional probability of failure of (48) is— Hfﬁfl(l — p;). We intend to
show that the above probability convergesitas N, — oc.

Without loss in generality, we can assume that = sii1,... = 1 (Otherwisep, = 0.).

Similarly, we can assume thdy; ;.. } is decreasing iri. Note thatp; can be written as

Z
pi = Pr ( Mo o) where (104)
Ny
ZN, = Qit1,jmax Z QikSik = Bijmax Z Qit1,6Si+1,k- (105)
ki jmax k#jmax
Using the independence &f; .} and{s;} and their statistics, it can be checked that
E\Zy,| N—
% = (@41 gmax — Bisimae) PH <0, (106)
t

Var (ﬂ) Ni— ((q +1,me) (q ,Jmax) )pa 0 (107)

N N
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That is,Z—N: hardens around its mean (which is negativelNas— oo and hencep; converges
to 0. Averaging over{p; . }, we see that for “almost all” sparse scattering environsient
the condition in (48) holds and hencé,,(p) > Vion(p)-

« (b) We now compare the dominant terms of the variances ofatigpaith the two models.

We have
2
can N 1
V (p) > — Z p »Jmax . . (108)
N, (logy(e)p) N; (Ekzpk,l)
NN,
After using (27), we can also Writ€..(p) in terms of {p; ;} as
2 Pk jmax 2 o1 2P 2
) (B) 45 (5 .
N, (log,(e)p)* <zklpk,l>4
N¢N,

In the large-system regime, sinée; ; = ¢;;s;;} and{¢; ;} is a realization from an i.i.d.
family of meanu and variancer?, we can use the law of large numbers [59] to check that
Vean(p) - E[(Qi,j)Q] Viron (p)
N, (logy(e)p)®  (Elgis))’p”  N. (logy(e)p)’
The fact thatV.,,(p) > Vion(p) follows from the Cauchy-Schwarz inequality. The upper

(110)

bound for% follows from the reverse Cauchy-Schwarz inequality [6Qyatpn 24, p.
208] due to Cassels, which is stated here for convenience.
Lemma 8:If x = [z, - ,2z,), ¥y = [y1,-- ,yn] @ndw = [wy,---,w,| are positiven-
tuples such thath < m; < x; < M; and0 < my < y; < M, for all i with mymo < M7 M,
then
iy i) - (i yiwy) o (mams + M, My)? (111)
o, xiyiwf)Q = Amymo MM,
[ |

« (c) Equality in the lower bound is possible if and onlygjf; is constant with probabilityt
andp = 1. That is,H. and H,, are i.i.d. WithP. as in (52), it can be checked that

- M 2 qgpmMo g 2
Viron (p) AMm (1 + %) AMm

Thus the proposition is complete. [ |

E. Proof of Theorem 3

Whenr > 1, we assume that the dominant columns have been relabeled as coluinns
throughr. We then have

@ _ E rloge(Q) . loge(Q) (113)

NO min, can NO min, kron 25\21 Z;:1 PC[Z7]:| Zi\;rl Pc[iajmax]
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with the last equality following because all theolumns have the same sums. Using the uniform
input overr modes and the Gaussian moment factoring theorem, the widetlapes can be
checked to be

(S Sy Pelingl)

SO, can — 2 PR (114)
NT r r . . . . r NT . .
Dot 2ji1 2ajeet Pelis jilPe[t, o] + 305 (Zi:l P.[i, ]])
2
(0 5y Puliv i)
SO, kron — 2- 5. (115)
N, r r .. .. r N, ..
> it Zj1=1 ngzl Pili, j1]Pli, 2] + Zj:l <Zi:l Pz, ]]>
Using the law of large numbers appropriately, we have
2N, rp?p 2N,r
can , and ron : 116
S0 = AN+ (- Dpr D) o M ke T (116)
]

F. Proof of Lemma 5

See [44, Chap. 2, p. 104] for a proof of the first statement.tRerstatement on determinant
approximation, we start with [61, p. 35, 39] which statest tha (HH”) can be decomposed
as a product of independent random variab@swhere

% N
Zi~ Y Ingl*s my =) HI[i, 1 60[1, j], (117)
j=1 =1
and the matrix® = {f[i, j]} is a unitary random matrix independentHf Note that
~ 2 ~ ~
ml” = S [FELi, 0] 100517 + 37 Bl GJBG, B] 010, 5160z, ) (118)
l l1#l2

and using the facts that the entries of a random unitary rate asymptotically self-averaging,

(that is, zero mean in a “statistical” sense) and the rowsaamhgmns have unit norm, we have
the following approximation fownij|2:

1 o
nl” & ~ > [Fli. 1
l

This leads to the approximation f&-, which we denote b@- in the statement of lemma.m

2

(119)
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G. Proof of Theorem 4

« (@) The i.i.d. result can be exploited in the Kronecker caséHdows:

log, det (H, H) 2 log, det (A, Hyg A, HZ) (120)

b

=

| |
=

log, det(A; A,.) + log, det (H;;d Hﬂi) (121)

—
3}
~

2

Soton, (5Pl -i41)) (22

where (a) follows from the definition dfl;, (b) from the fact thatV, = N, anddet(AB) =
det(BA), and (c) from (67) and the definitions &f andA,. Using E [log, det(H;H,)] [54],
we can Comput&’e,, kon(p) to be

Cerg, kron (p) — N10g2 (Z ) —+ Z 10g2 ( ) + Kkron —+ O(p) (123)
i ZJ

where
N
leuzk pki)
Kuon = log (— . (124)
; 2 Zkl Dk,
For the canonical case, we writdé H” as
N? . =
H.HY = ———HH" H]Ji, j] ~ CN(0,p;;) (125)
> _ij Pij

and comput&’e, can(p) as follows:

N N
E [1og2 det(ﬁﬁH)] @ Zlogz(i)+ZE -

N N

pi,
ZlogQ + Zlog2 <#) (127)
i=1

J/

o5, (Zﬁ% |ﬁ[¢,m2)] 126)

—
=
~

!

-~

Kcan

Oerg, can(p) ~ NlOgQ (Z ) + Zlog2 ( ) +Kcan +O< )
i Dij 1%

where (a) follows from the approximation (the approximatgets more accurate a6 —
oo) in Lemma 5. The convergence in (b) follows from Prop. 3 whilstated and proved
next. SinceN, = N; = N, all the above steps are true everHf is replaced withH”.
This leads to the expression féf.,, in (75).

Proposition 3: With the setting as above, we have

lo Z;\le ‘H[llaj]|2 N:)oo o Z;\lepzd
82 N 2\ =N

) in mean for any 7. (128)
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Proof: We decompose the left-hand side as

i (z |Hu,jn2>]

N

S VBl P (B )P < ) + B )P (LGP > K)

= E |log

S B, )P ([HE )P > K)
+ = =
S0 EHf, ] 2 (JHE 7)1 < K)
for someK > 0 fixed.
For the first term, note that the weak law of large numberestttat for all;

S [l )P (1F 7P < K) Voo i B [E(7, ) (1B 7)1 < K)1130)
N N \
- P

+ FE |log

(129)

N -
A 21 Pig— (pij+ K)e 7o
prm— N .
The convergence is in probability and hence, also weakly (j6310]. The second equality
follows from a routine expectation computation. Sideg(-) is a continuous function and
the limit random variable is a constant, following [62, p63p. 310] we also have

S [HG ) (18 )P < K)
N

P

(131)

log 2 log (P). (132)

The above convergence can further be strengthened to gamas in mean since the random
variables are bounded by for all 7 and all choices ofV [62, p. 310].
For the second term, we use the following lower bound:

[FLli, ) ([HE )1 < K) = B, ] P (e < (i) < K) (133)
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for some0 < ¢ < K. Using this, we can upper bound the second term by
S0 E ()P (|HG )P > &)
S0 H gl (e < (B ]2 < K)

SO B (B > K)

Ellog | 1+

< FE |l 1 134
< og | 1+ Ne (134)
S B [ ) (G )17 > K))
< (135)
Ne
Y i+ ) € 7
_ Z=1\Piy (136)
Ne

where the second step follows from the Iog-inequal}i(ty. Cionimlg these two results by
choosingK sufficiently large to ensure thép; ; + K)e *is is sufficiently small for alki, j
ande finite, we obtain the conclusion as in the statement of th@gsiion. [ ]

o (b) In the large-system regime, we have

N
Oerg, can (,0) - C1erg, kron (P) ~ Kcan - Kkron = Z 10g2 (N Zkl Pk ) (137)

i1 Zz Di Zk Pr,i
NN
— log, - = (138)
(Hi:l PiQi)
N AM - AM
_ v 1 row pow col pow 139
2 Og2 (GMrow pow ° GMCOl pOW) ( )

where P, = Y7 P [j,i] and Q; = Y1, P[i,j] are the column and the row powers,
respectively such that, P, = >, Q; = N%.

An application of the arithmetic-geometric mean ineqyaiiows that'.,, > Ky..n. FOr an
upper bound on the difference, we use the reverse arithhgetimetric mean inequality [60,
Theorem 3, p. 124] due to Docev, which is stated here for auavee.

Lemma 9:If x = [zq,---,x,] IS & positiven-tuple with K" = s then
AM, (K — 1)KwT
< . 140
GMx =  elog(K) (140)
u

SinceP. is rank-N, we apply Lemma 9 withk = N? — N + 1 for an upper bound, and
the result is (77).

. (c) Equality in the application of the arithmetic-geometmean inequality is possible if
and only if P, = @Q; = N for all 7. It is straightforward to check that a channel satisfying
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this property has to be necessarily regular (see Footnot&éh) conclusion for the lower
bound follows by plugging the choice &. in (78) in the capacity expressions.
[ |
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