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Abstract— This paper investigatesthe ergodic capacity of mul-
tipath channelsin the wideband regime with limited feedback.
Our work builds onrecentresultsthat have establishedsigni cant
capacity gainsachievable in the wideband/low-SNRregime,when
thereis perfect channelstateinformation (CSlI) at the transmitter.
Furthermor e, this benchmark gain can be obtained with just 1-bit
of CSl at the transmitter about eachchannelcoef cient. However,
the capacity achieving signalsare peaky; they have large instan-
taneoustransmit power, especiallyin the non-coheent scenario.
Signal peakinessis related to channel coherenceand, in contrast
to the prevalent assumption of rich multipath, we investigate
the capacity of sparse multipath channels, motivated by recent
experimental results. Sparsity naturally leads to coherence in
time and frequency With perfect recever CSI, it is showvn that
limited feedback,evenwith an instantaneouspower constraint, is
suf cient to achieve the benchmark capacity. Our analysisreveals
the benets of channel sparsity in the non-cohetent scenario,
where we employ a training-based communication scheme With
an average power constraint, it is shovn that the benchmark is
achievable, provided the channel coherencescalesat a suf ciently
fast rate with signal spacedimension. Furthermor e, in contrast
to peaky signaling schemesthat violate instantaneous power
constraints, we show that the benchmark is attainable in sparse
channels with nite instantaneoustransmit power. We present
rules of thumb on choosingthe signaling parametersasa function
of the channel parameterssothat the full bene ts of sparsity can
be realized.

I. INTRODUCTION

Recentresearchon the fundamentaperformancdimits of
wideband/lv-SNR communicationhas particularly focused
on theimpactof channelstateinformation(CSl), morespecif-
ically the non-coherentegime, whenthereis no CSI at the
recever a priori. Thisis becausefrom a capacityperspectie,
spreadingsignals have been showvn [1] to be sub-optimal
and pealy or ash signaling schemed?], [3] are necessary
to achieve non-coherentwideband capacity However these
resultshave beenderived basedon an implicit assumptiorof
rich multipath,in which the independentegreesof freedom
(DoF) in the channelscalelinearly with bandwidth. Recent
work by Zhenget al [4] hasemphasizedhe crucial role of
channelcoherencén thelow SNRregime andtheimportance
of channellearningschemeghat can bridge the gap between
the coherentand non-coherenextremes.

Motivatedby theseworks aswell asby recentmeasurement
campaignsfor UWB [5], [6], we recently introduced the
notion of multipath sparsity as a physical sourceof channel
coherenceaandproposeda channelmodelingframework in [7]
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that capturesthe effect of sparsityin delay and Doppler A
key implication of sparsityis that the degreesof freedom
(DoF) in the wideband channelscale sub-linearly with the
signal spacedimension(time-bandwidthproduct). Basedon
this model, we investicated the ergodic capacityof training-
basedcommunicationschemes.The analysisin [7] reveals
the impact of channelsparsityon channelcoherencescaling
andthe role playedby sparsityin reducing/eliminatingpeak/
signalingto achieve widebandcapacity

Building on the resultsin [7], the focus of this paperis
on the impact of feedbak on the ergodic capacityof sparse
widebandchannels Although earlier works (for example[8],
[9], [10] andreferencegherein) have explored capacitywith
transmitterCSl, it is only recently[11], [12] thattheimpactof
feedbackin the low-SNR non-coherentegime has receved
attention.In particular it is shaovn in [11] thatwith anaverage
power constraintthe capacitygain with perfecttransmitterand
recever CSI (over the casewhenthereis only recever CSl)
equalslog ﬁ andis obtainedwith the well known water
lling solution [8]. More interestingly it is shavn that this
gain can actually be achiered with limited feedback;when
thereis just 1 bit of CSl abouteachchannelcoefcient atthe
transmitterand on-off signaling is employed. However, for
bothwater lling andon-off signaling,the capacityachiesing
input tendsto be pealy (or) bursty in time, leadingto a
high peak-to-gerage power ratio, and dif culties from an
implementatiorstandpointThe peakinesaspecis muchmore
relevantin the non-coherenscenariofor which [11] proposes
peaky training and communication.The necessityof pealy
trainingis tied in with theneedto reliably estimatethe channel
at the recever.

We analyzethe capacityof sparsewidebandchannelswith
limited feedbackas in [11], [12]. We start with a brief
descriptionin Section Il of the sparsechannelmodel [7].
Our main focus is on the casewhen there is no recever
CSl a priori andtraining-baseccommunicationis employed.
The analysisis performed under an average or long-term
power constraintas well as with an instantaneousr short-
term constraint.We restrict our attentionto causalsignaling
schemeghat are realizablein practice.We rst analyzein
Section lll, the perfect recever CSI scenario.lt is shavn
that an optimal thresholdgiven by h; log 5 for ary

2 (0;1) directly provides a measureof capacity which
behaes as (1+ h;) SNR in the widebandlimit. Thus with

I 1, we achieve the perfecttransmitterCSI capacity which
is the benchmarkor all limited feedbackschemesWe derive
a sufcient condition under which this benchmarkcan be
approacheceven with an instantaneoupower constraint.A
key parametertthat determinesthis conditionis E [D, ], the



averagenumberof “active” independenthanneldimensions,
the numberof independenthannekoefcients thatexceedthe
thresholdn the power allocationschemeln particular with an
instantaneoupower constraint,the benchmarkcapacitygain
is achizedwhenE [De ]! 1 asSNR! 0 andwe discuss
its feasibility whenthe channelis rich andwhenit is sparse.

In SectionlV, we discussthe capacity of training-based
communicationschemesWith an averagepower constraint,
it is shavn that aslong asthe channelcoherencaﬂimension
N. scaleswith SNR as N, = SNR for some > 1, the
capacity of the training-basedschemecorverges to the co-
herentcapacity the performancebenchmarkijn the wideband
limit. Furthermorethis conditionis achievable only whenthe
channelis sparseand we provide guidelineson choosingthe
signal spaceparametergsignaling duration, bandwidth and
transmitpower) so that > 1 is satis ed. The critical role
of channelsparsityis further revealed when we impose an
instantaneoupower constraint.In contrastto peaky signaling
that violates nite constraintson the instantaneousower,
channel sparsity is sufcient to achieve both > 1 and
E[De ]! 1 and helps attain the benchmarkwith both
averageand instantaneoupower constraints.

Il. SYSTEM MODEL

In this section,we brie y summarizethe model developed
in [7] for sparsemultipath channels.Our results are based
on an orthogonalshort-time Fourier (STF) signaling frame-
work [13], [14] that naturally relates multipath sparsity in
delay-Dopplerto coherencén time and frequeng.

A. Sparse Multipath ChannelModeling
A physical discretemultipath channelcan be modeledas
X

h(;) = n( n) ( n)
y(t) = aX(t n)é? U+ w(t) 1)
n
whereh( ; ) is the delay-Dopplerspreadingfunction of the

channel, n, h 2 [0;Tn]and , 2 [ Wg=2; W4=2] denote
the complex path gain, delay and Doppler shift associated
with the n-th path.T,, andWy denotethe delayand Doppler
spreadstespectrely. The quantitiesx(t); y(t) andw(t) denote
the transmitted,receved and additive white Gaussiannoise
waveforms, respectiely. Throughoutthis paper we assume
anundespread channel:.T,, Wy 1.

We use a virtual representation[15], [16] of the physical
modelin (1) that captureghe channelcharacteristicén terms
of resolvablepathsandgreatlyfacilitatessystemanalysisfrom
acommunication-theoretiperspectie. Thevirtual representa-
tion uniformly sampleghe multipathin delayand Dopplerat
a resolutioncommensuratevith signaling bandwidthW and
signalingdurationT, respectrely [15], [16]:

X ¥

yt) = =W)E? M+ w(t)2)
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hm ne
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whereL = dT,We and M = dTWy=2e. The sampled
representatiorf2) is linear andis characterizedy the virtual
delay-Dopplerchannelcoefcients fh-, g in (3). Eachh .y,
consistsof the sum of gains of all pathswhosedelaysand
Doppler shifts lie within the (*; m)-th delay- Dopplerresolu—
tion bin S -\ S ., of size = W, =
asshawn in Fig. 1(a). Distincth i, 's corresponcto apprOX|-
mately disjoint subsetf pathsand are henceapproximately
statistically independentln this work, we assumethat the
channel coefcients fh-, g are perfectly independent.We
also assumeRayleighfadingin which f h-, g are zero-mean
Gaussiarrandomvariables.

Let D denotethe numberof dominantnon-zerochannel
coefcients; it re ects the (dominant)statisticallyindependent
degreesof freedom(DoF) in the channeland also signi es
the delay-Dopplerdiversity afforded by the channel[15].
We decomposeD asD = DtDyw whereDyt denotesthe
Doppler/timediversityandDyy the frequeng/delay diversity.
The channelDoF or delay-Dopplerdiversity is boundedas:

D =

DT;max

DtDw
dTWge ;

Dmax = DT;max DW;max

dimWe (4)

whereDt.max denotesthe maximum Doppler diversity and
Dw:max denotesmaximumdelay diversity. Note that D 1. max

and Dw.max increaselinearly with T and W, respectiely,

and representa rich multipath ervironment in which each
resolutionbin in Fig. 1(a) correspondso a dominantchannel
coefcient.

However, thereis growing experimentalevidence[5], [17],
[6] thatthe dominantchannelcoefcients getsparselin delay
asthebandwidthincreaseskurthermorewe arealsointerested
in modeling scenarioswith Doppler effects, due to motion.
In suchcasesas we considerlarge bandwidthsand/orlong
signalingdurations,the resolutionof pathsin both delay and
Dopplerdomainsgets ner, leadingto the scenaridn Fig. 1(a)
wherethe delay-Doppleresolutionbinsaresparselypopulated
with paths,i.e. D < Dpax -

We model multipath sparsitywith a sub-linear scalingin
Dt andDyw with T andW:

a(W); Dt g(T) )

where g; and g, are arbitrary sub-linearfunctions. As a
concrete example, we will focus on a specic powerlaw
scalingfor the restof this paper:

Dr = L ; Dw = W’

Wdl TmZ

for 1; 2 2 (0;1). But the results derived here hold true
in generalfor ary sub-linearscaling law. Note that (4) and
(5) imply that the total numberof delay-DopplerDoF, D =
Dt Dw, scalessub-linearlywith the signal spacedimension
N = TW in sparsemultipath.

Remark1: With perfect CSl at the recever, the parame-
ter D denotesthe delay-Dopplerdiversity afforded by the
channelwhereaswith no CSl, it re ects the level of channel
uncertainty;the numberof channelparametershatneedto be
estimatedat the recever for coherentprocessing.

DW;max =

Dw

(6)
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Fig. 1. (a) Delay-dopplersamplingcommensuratevith signalingdurationand bandwidth.(b) Time-frequeng coherencesubspacesn STF signaling.(c)

lllustration of the training-basedommunicatiorschemean the STF domain.Onedimensionin eachcoherencesubspacddark squares)epresentshe training

dimensionandthe remainingdimensionsareusedfor communication.

B. Orthogonal Short-Tme Fourier Signaling

We consider signaling using an orthonormal short-time
Fourier (STF) basis[13], [14] thatis a naturalgeneralizatioh
of orthogonal frequeng-division multiplexing (OFDM) for
time-varying channels.An orthogonal STF basisf -, (t)g
for the signal spaceis generatedfrom a x ed prototype
waveform g(t) via time andfrequeng shifts: -, (t) = g(t
To)e2 Wol 'whereToWo = 1, - =0, Ny 1,
m =0 Ny 2l1andN = NyNw = TW with
Nt = T=Ty;Nw = W=W,. The transmittedsignal can be
represente@s
NX lNX 1

X'm
=0 m=0

x(t) = m() 0 t T (7
where f X, g representthe N transmittedsymbolsthat are
modulatedonto the STF basiswaveforms.The receved signal
is projectedonto the STF basiswaveformsto yield
X
Ym =ty mi= R o0

‘m | m: °m (8)

0 X«omo + Wiy -
«O.m 0

We canrepresenthe systemusing an N -dimensionalmatrix

equation

y= Hx +w (9)

wherew representghe additive noise vector whose entries
arei.i.d. CN(0;1). The N N matrix H consistsof the
channelcoefcients fh. .o 0g in (8). We assumethat the
input symbolsthat form the transmitcodevord x satisfy an
averagepower constraint

1

= E kxk? P

SincethereareN = TW symbolspercodeavord, we de ne the
parametelSNR (transmitenegy per modulatedsymbol)for a
given averagetransmitpower P asSNR= 1&- = F-In this
work, the focusis on the widebandregime where SNR! 0

asW! 1 fora xedP.

(10)

1STF signaling can be consideredas OFDM signaling over a block of
OFDM symbol periods and with an appropriatelychosenOFDM symbol
duration.

For sufciently underspreadhannelsthe parameter3, and
W, can be matchedto T,, and Wy so that the STF basis
waveformssene asapproximatesigenfunction®f the channel
[14], [13]; thatis, (8) simplies t0? y\m  hmXom + Wen .
Thusthe channelmatrix H is approximatelydiagonal.ln this
work, we assumehatH is exactly diagonal;thatis,

h i
H = diag rn {7h1N}; I‘I21 {7h2N} |’1D1 {ZhD Ny
Subspace 1 Subspace D

Subspace 2
(11)

The diagonalentriesof H in (11) admit an intuitive block
fading interpretationin terms of time-frequencycoheence
subspaced13] illustrated in Fig. 1(b). The signal spaceis
partitionedas N = TW = N.D where D representshe
numberof statisticallyindependentime-frequeng coherence
subspacesge ecting theDoFin thechannelandN represents
the dimensionof each coherencesubspacewhich we refer
to as the coherence dimension In the block fading model
in (11), the channel coefcients over the i-th coherence
subspacé;q; ;hiy . areassumedo be identical (denoted
by h;i), whereasthe coefcients acrossdifferent coherence
subspacesre independentand identically distributed. Thus,
the channelis characterizedby the D distinct STF channel
coefcients, fh;g, thatarei.i.d. zero-meanGaussiarrandom
variables(Raﬂeighfading) with (normalized)varianceequal
to E[jhij’]= ", E[ »j?1= 1[13].

Usingthe DoF scalingfor sparsechannelsn (5), thescaling
behaior for the coherencalimensioncan be computedas

W T
Weon = ﬁ f1(W);  Teon = ﬁ f2(T)
Ne = WoeonTeon f1(W)f2(T) (12)
whereTqon is the coheencetime and Wy is the coheence

bandwidth of the channel,as illustrated in Fig. 1(b). As a
consequencef the sub-linearityof g; andg, in (5), f, andf,
are alsosub-linear In particular correspondingo the power-

2The STF channelcoefcients aredifferentfrom the delay-Dopplercoef-
cients,even thoughwe are using the samesymbols.



law scalingin (6), we obtain
L w!t
Teon = e 7 Weon = T

Remark2: Note that whenthe channelis sparsepoth N
andD increasesub-linearlywith N , whereasvhenthechannel
is rich, D scaleslinearly with N, while N is x ed.

In this work, our focus is on computing non-coherent
channelcapacitywith feedbackand as we will seelater in
Sectionslll and 1V, capacityturns out to be a function only
of the parameterdN. and SNR Thus,in orderto analyzethe
low SNR asymptoticsthe following relationbetweenN . and
SNR (= P=W) playsa key role:
" SNR '
wherethe parameter re ects thelevel of channelcoherence.
We will revisit (14) and discussits achiezability andimplica-
tionsin SectionlV.

(13)

N >0 (14)

I1l. CAPACITY WITH PERFECT RECEIVER CSI AND
LIMITED FEEDBACK

In this section,we studythe scenariowhenthereis perfect
CSI at the receiver. We assumethroughoutthis paper that
both the transmitter and the recever have statistical CSI
- knowledge of Tn, Wy, 01, @2, f1 and f, so that the
scalingin D and N. is known. On the one extreme, with
perfectrecever CSlandno transmitterCSl (no feedback)the
coherentcapacityper dimension(in b/s/Hz) equals

E |ngdet INCD + HQH H

Ccon0(SNR) = N.D
c

sup
Q: Tr(Q)

TP
(15)
The optimizationis over the setof N.D -dimensionalpositive
de nite input covariancematricesQ = E xx" satisfying
the average power constraintin (10). Due to the diagonal
natureof H in (11), the optimal Q is also diagonal.Further
more, with no transmitterCSl, the uniform power allocation
Q = % In.o = SNRIy,p achieves this optimum. The
correspondingapacityin the limit of low SNR equals[7]

Ceono(SNR = log,(e) SNR SNR (16)

On the other extreme is the caseof perfectrecever and
transmitterCSI, wherethe recever instantaneousljeedsback
all the channelcoefcients, fhigP:l , to the transmitter cor-
respondingto the D independentoherencesubspacesThe
optimum transmitterpower allocationin this caseis water
lling [8] over the differentcoherencesubspacesn the low
SNRextreme,it is shavn in [11] thatthe capacitywith perfect
transmitter CSl scalesas log ﬁ SNR Thus the capacity
gain comparedto recever CSI only is directly proportional
to the water lling threshold,h,, log ﬁ , and this gain
senesasa benchmarKor all limited feedbackschemesMore
interestingly it is shovn in [11] that this maximum capacity
gain canbe achieved with just onebit of feedbackperchannel
coefcient.

In this caseof limited feedback,both the transmitterand
the recever have a priori knowledgeof a commonthreshold,

h.. The recever comparesthe channelstrength(jh;j%; i =

1;2; ;D) in eachcoherencesubspaceawith h;, and feeds
back
1if jhij2 b
= 17
b 0 if jhij?> < hg (17)

At the transmittey power allocation is uniform acrossthe
coherencesubspacedor which b = 1 and no power is
allocatedto thosesubspacefor which b = 0. Conditionedon
thefb g2, , theinput power allocation,which we still denote
by Q with alittle aluseof notation,takesthe form

Q

diag jx1j%;jx2i%  jxnj?

dag fui g, %Ml % R
N¢ Ne¢ Ne¢

g (Ghij2  hy): (18)

The choice of Py dependson the type of power constraint
and also on the nature of feedback.To explore this further,

let D¢ denotethe numberof active subspaceshosewhich

exceedthe thresholdh;. We have

Po

(ihij?  h) (19)

i=1

ED. 19 DE (2 h) PDen
where (a) is due to the fact that fh;g2, arei.i.d. and (b)
is becauséfor a standardGaussianh;, E  (jhij> h) =
Pr jhij?2 h =e M

If we assumeknowledgeof all flyg?, atthe beginning of
eachcodevord, then we can uniformly divide power among

the active subspacesThatis

(20)

TP
N.De

Using (15) and (18), the capacitywith this power allocation
equals

Ccoh:l;LT (SNFO

PO; nc = (21)

1 . -2 . -2
= - + : .
mh:[;lx . E log, 1 N.D. ihij ihij

hy

(22)

The power allocationin (21) satis es the power constraint
instantaneouslaswell ason average.To seethis, note that

1 N ®
Pinst:nc = ?kaz = ?C G
i=1
N® TP
= ¢ hij2 h =P
T _ ND, Jhij t
(23)

and clearly E [Pinst:nc] P as well. However, the abore
schemds not realizablein practicesinceit is not causal.This
is especiallyrelevantin the more practicalscenariowhenthe
receiver estimateshe channelcoefcients fh;g2, andfeeds
backfh g2, basedon theseestimatesThis motivatesus to
instead considera causalpower allocation scheme,one in



which for all i = 1; ;D, g in (18) dependsonly on b
and Py is independenbf fihyg?, . From (18), we have

NS NS
E kxk? =N¢  E[g]=Nc Py E (jhij2 h)
i=1 i=1

@ N¢PoE [De ]

(24)
where(a) follows from (20). Thusto satisfyE kxk?> TP,
the power allocationfor this causalschemes given by

TP TP
Poc= NEDe ] NeDe h (29)
andthe correspondingapacityis given by
Ocon1r (SNR
_o 1 TP 5 2 _
= mh?xai:l E log, 1+ WJhiJ (hij” h)
(26)

The causabpower allocationpolicy in (25) satis esthe average
power constraintout canhave a large instantaneoupower. We
have

Ne® TP -

De
e T ip
T Npen 1

he = De h

Pinst;c =

(27)
Thus E [Pinst:c] P, but unlike (23), Pinstc 2 [0;1 ). We
will addressthis importantissuein Sectionlll-B, but rst,
we solve the capacity problemin (26), consideringonly an
averagepower constraint.

A. Capacitywith Average Power Constaint

The following theoremestablishedhat a thresholdof the
form h; log ﬁ for some 2 (0;1) provides the
solutionto (26).

Theorem1: Given ary 2 (0;1), a causalsignaling
scheme satisfying the average power constraint achieves
G Gon1r(SNR  Gyg asspeciedin (29) and (30)
(on page(6)) using an optimal thresholdsatisfying

hy

Iim ——— = 1: 28
SR 0 log <im (28)
Proof: We startwith (26)
Ocon1m (SNR
= maxiXD E log, 1+ L'h-'2 (Ghij> )
D 0% ST NDe wME UM
(a) h 2 i
= E log, 1+ SNRe™jhj? (jhj* hy) (31)

where(a) follows from the factthatf h;g arei.i.d. CN (0; 1).
Computingthe expectationin (31) using[18, 4.337(1),p.

. h .
574]andde ning = 3WRNeS for corveniencewe have

Bcon 1Lt F]SNR)

h Ry oo
=e ™ log, 1+ SNRhe™ + log,(e) exp( ) ~ &—dt

h Jog, 1+ SNRh " + log,(e)

- e (32)
wherewe de ne
z 1 t
e—dt:
t

= exp( ) (33)

Furthermorejn the limit of !
boundsto  [19, 5.1.20,p. 229]:

1 , we have the following

1 2 1
EIoge 1+ — loge 1+ — (34)

The choiceof h; thatmaximizes(32) is obtainedby setting
its derivative to zeroand satis es

1

1
’ SNR

=0

log, 1+ SNRhe™ (35)

Now if h; is suchthatlimsyr o

(0;1), thenas SNR!

1 . Thus using (34),
1 1

— P _ =1 for some 2
log (i)

0, we have SNRh; ™ | 0Oand !
1. Using this in (35), we have
SNRE rsnrren | L Therefore,with the choice of
h; asin (28), it followsthatasSNR! 0, ! 0. Substituting
this choiceof h; in (32) andusingthe upperandlower bounds
on in (34), we obtainthe boundsin (29) and (30). [ ]
It canalsobe shavn thattherateachiezablewith this causal
schemeis asymptotically(in low SNR) the sameas the non-
causalcapacity in (22). That is, @Coh;l;LT(SNR) is a tight
boundto Ceon1:0T (SNR) andfor all 2 (0; 1), we have

lim Ccoh;l;LT(SNQ @coh;l;LT(SNR) —
SNR! 0 Ccoh;l;LT(SNQ
We omit the details here for lack of spacebut a rigorous
derivation canbe foundin [20, AppendixA].
Corollary 1: The capacity gain for the D-bit feedback,
causalpower allocation schemeover the recever CSI only
capacityin (16) satis es

0: (36)

Gcon1;Lr (SNR 1
Sl!lR! 0 Ceon0(SNR =@+h)= 1+ log

SNR
(37)
Proof: By performing a Taylor series expansion of
the upper and lower boundsin (29) and (30), we note that
they areequaluptoa rst-order andobtain,@coh;l;LT(SNR) =
1+ log &z SNR= (1+ h)SNR On the other hand,
with only recever CSI, we have from (16), Ccono(SNR) =
SNR Thusthe desiredresultfollows. [ ]

Remark3: The capacitygain due to feedbackis directly
proportionalto h; andthe highestgain is obtainedby choosing

I 1, andequalsthe perfectCSI benchmark.

We now revert our attention back to the instantaneous
transmit power describedin (27). Note thatasD ! 1,
Pinstc | P asa consequencef the law of large numbers.
However, for ary large but nite D, Pjsst.c may be much
larger than P. This is a seriousissuein practical systems
that typically operatewith peak power limitations. Thus it
is important to analyze the impact of constraintson the
instantaneoupower in (27), asdiscussedext.
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B. Capacitywith Instantaneousower Constaint

In addition to the averagepower constraint,we imposea
constrainton the instantaneousransmitpower of the form

a:s:

Pinst;c AP (38)
where A > 1 and nite. With this short-term constraint,
we calculatethe capacity @coh;l;ST(SNR), of the causalsig-
naling scheme.We are particularly interestedin exploring
conditionsunderwhich we do not take a hit in capacityand
Bcon1:57(SNR Ogon1.i7(SNR. To this end, we emply
the following power allocation

Q= 429 i 14 fe g 1
Ne¢ N¢

foo 2N
Ne¢
|

g = Poc (hij® h) ) (ihjj> h) ADe™
] =

(39)
The secondndicatorfunctionin (39) checksfor the constraint
in (38) causally during eachtime-frequeng coherenceslot,
and allocatespower only if this constraintis satis ed. The
capacityof this schemecan be computedas showvn in the set
of equations(40) (on page(7)) where @Coh;l;LT(SNR) is the
capacityof the causalsignalingschemein (26), with only an

averagepower constraint,a]gd_ (a) follows from the fact that
fhigareiid.andp , Pr ., (jhjj> h) ADe ™ .
Thus, characterizing@coh;LST(SNR) is equivalentto charac-
terizingp;. In particularunderwhatconditiondoes# !
1? This is discussedn the following proposition.

Proposition1: With by log sxz as in (28),

% L, wherefor 1< A < 2, L satis es
1 4 DA A=2) a1
SNR (1+SNR =4) 2~ ' (1+SNR =4)°* D7 (41)
andfor A > 2, we have
4
L 1 5A D) (42)
SNR 1+ SNR =4
In particular if
lim E[De ]= DSNR =1 (43)
SNR! 0
thenL ! 1 for al A > 1 and ®,n1.s7(SNR !
Ocon1:7(SNR) .
Proof: SeeAppendixA. [ ]

C. Discussion:Rich vs. Spase Multipath

The result of Theorem1 implies that the capacity of the
D-bit feedback schemeapproacheshe benchmark( !
1), the capacity with perfect transmitterand recever CSI.
Furthermorethis benchmarkcan be attainedin the wideband
limit, evenwhenthereis aninstantaneoupower constraintAs
describedn Propositionl, E [De ]! 1 providesasufcient
condition. We now discussthe feasibility of satisfyingthese
conditionswhen the channelis rich and when it is sparse.
As describedbelow, analyzingthe behaior of E [D¢ ], the
averagenumberof active coherencesubspacesprovides the
key insightsin this regard. Note that with h; log ﬁq
asin (28), we have, using (20)

E[D. ]= De ™= D SNR (44)

A1) Rich multipath: For a rich channel,we note from (4)
thatD scaledinearly with T andW . Thereforefor a x edT,

D SNR ! (sinceSNR= %). ThusE [De 1= D SNR =

SNR ! 1 for0< < 1. We concludethat for rich
multipaththe benchmarks trivially attainedwith bothaverage
andinstantaneoupower constraints.

A2) Sparsemultipath : Fromthe powver-law scalingin (6), we
have (ignoring constantsD T *W 2 andtherefore

E[De ]=DSNR T !SNR ? (45)
Fora xedT, we ha/e,Eisn the limit of SNR! O:
20 1> >,
E[De ]! S constant = (46)
"1 0< <

Thus althoughwe can approachthe benchmarkfor average
power constraint,(46) suggestacap( ! 2(0< < 1))
on the highestachievable gain with an instantaneougpower
constraint.

We proposethe following solutionto getaroundthis restric-
tion. Insteadof signalingwith a x ed T, supposeve maintain
a scalingrelationshipfor T asa function of W, thatis, T
W forsome > 0.ConsequenthyD T W 2 W 2* 1
andwe have

E[De ]= D SNR
In the limit of SNR!

SNR 2 ¢t (47)

0, the asymptoticbehaior is modi ed

as 8
20 1> > ,+ 4
E[De ]! jconstant = >+ (48)
1 0< < -+ 1
By choosing Lz thatis, o+ 1 1, it follows
thatfor all 2 (0;1), E[De ]! 1 . Thusthe benchmark

capacity is achiezed with both average and instantaneous
power constraints.
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=5 Pr@ (jhjj? h) ADe ™A E log, 1+ SNR " jhij? (jhij> h)
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@ e log, 1+ SNR €™ jhj2 (jhjz hy) 5 = ®n1.7(SNR 'E)l i
V. FEEDBACK CAPACITY WITH CHANNEL ESTIMATION AT  wherethe supremumis over fQ : Tr(Q) @a )TPg
THE RECEIVER As before,the optimal Q is diagonaland analogougo (18),
The focus of this sectionis on the more realistic scenario €duals
whenthereis no CSl attherecever a priori. We rst consider  Q = diag m; . ;G . % 0b; . .0
only an averagepower constraintandshaow thatthe rst-order Pl—{z—q} PZ— Z—(? 2 {z-3
. . . . Ne 1 Ne 1 Ne 1
term of coherentcapacitycan be achieved if the channelis L .
sparseand the channelcoherencedimensionN. scaleswith @ TP, jRij2 hpain
SNR at an appropriaterate, allowing the recever to learn G = (Ne. 1D g o jhj2 pyran = (49)

the channelreliably. We also shav that this is infeasible
when the channelis rich, due to poor channelestimation.
Within the non-coherentegime, we focus on training-based
communicatiorschemes.

We consideracommunicatiorschemevherethetransmitted
signalsincludetraining symbolsto enablechannelestimation
and coherentdetection. The restriction to training schemes
is motivated by their practical feasibility. The total enegy
available for training and communicationis PT, of which
a fraction is usedfor training and the remainingfraction
1 ) is usedfor communicationDue to the block fading
model, our schemeusesone signal spacedimensionin each
coherencesubspacdor training and the remaining(N. 1)
for communication,as illustrated in Fig. 1(c). We consider
minimum meansquarederror (MMSE) channelestimationin
this work. The readeris referredto [7, Sec.ll(c)] for a more
detaileddescriptionof the training scheme.

A. Capacity of the Training-basedCommunicationSheme
with Average Power Constaint

Let @tram;l;LT(SNFQ denotethe averagemutualinformation
achievable (perdimension)with the causaltraining and com-
municationschemesatisfyingthe averagepower constraint.To
characteriz@tram;1;|_T(SNFQ, we proceecdbn the samelinesas
the casewith no feedbacK7, Lemmal]. Let H betheactual
channelf betheestimatecchanneland = H 1 denotes
the estimationerror matrix. We begin with the following well-
known lower-bound[21] to ®ain:1.07 (SNR):

@train;l;LT(hSNR)
E |ngdet I(Nc 1)D + lehH (l +
N:.D

x)li

sup
Q

The following theoremdescribeshe conditionsunderwhich
the capacity of the training-basedcommunicationscheme
convergesto the coherentcapacity

Theorem2: If N¢ = = for some > 1, then

li @train;l;LT(SNR) =1
SNR' 0 Bon 1,7 (SNR) .
Proof: Using the choice of Q from (49) in (49) and

proceedingon the lines of (40), we obtain the following
simpli cation:

(50)

dgtrain;l;LT hﬁrai”; i N¢; SNR
train

- 1+ (L )@+ NcSNRh"SNR

(I )SNR+ ;>

(51)
+ (1 )+ N ¢SNR)hain SNRe(1 )SNR+ 1 5 ;
(I )NCSNR?
hfrain 1+ N ¢ SNR)

1=e —wesw ; ,= (N 1SNR+ 1 —

c

where  is asde ned in (33). The tightestlower boundto
(51) is obtainedby maximizing @yain:1.ir hi@"; ;N¢; SNR
over thefractionof enegy spentontraining, , andover hian:

max max®n.1 h@": :Nc;SNR (52)

Cirain-1:
train;1;LT h{rain

As such, performing the double optimization as formulated
abore seemsdif cult. However, motivated by our study in
Sectionlll, we canassumea speci ¢ form for the threshold,
givenby hi@" = log 1= . Weomitthedetailsherebut it is
rigorouslyshavn in [20, AppendixC] thatwith this choiceof
the thresholdthe optimal choiceof andN. canbe obtained
in closedform andthe desiredresultis established.

(40)



Instead we demonstratéerethata sub-optimalyet simpler
approachactually sufces to obtain the desiredresult. We
considera sub-optimalchoice for in (52) that optimizes
the averagemutual information in the no feedbackcase|[7,
Lemma?2] andis given by

NcSNR+Ne 1

(N: 2)N.SNR 1+ e
c [

N.SNR+ N, 1 1:(53)

With this choice,we next shaw that choosinga thresholdof
the form

- N:.SNR
train — c
=TT NCSNRht (54)
where h log st from (28), is sufcient to obtainthe

rst-order term of coherentcapacity To this end, let

A, = (& )a+ NcSNR) hi@n SNR
1 - @1 )SNR+ ; »
_ (@ )@+ N¢SNR)h™®"SNR+(1 )SNR+ 1 5.
Az = 1 : YN SNRZ 1(55)

It canbe showvn that

. 1
Iim —=0

SILIFT oAl =0 SNR! 0 Ap (56)
forary > 0 andasa consequenceye have, using(51)
@train;l;LT 1 [Ing (1 + Al) + Az]

@ log, (1+ Aq) + 1 log 1+ 2
1 gz ( 1) 5 g Aiz
(b) 1
AL+ — 57
A (57)

where(a) follows from theinequality flog 1+ 2 and
(b) is dueto the low SNRapproximationthe Taylor seriesfor
the log consideringonly the rst-order term.

Substitutingfor hi@" from (54) and simplifying (ignoring
higherorderterms)we canreducethe lower boundin (57) to

dgtrain;l;LT(SNR

N N.SNR
1 1+ h]SNR
( ) No 1 1+ NeSNR 1+ NS
(58)
Substitutingfor ~ from (53) and N = <=, it can be

checledthatwhen > 1theleadingtermequalgl+ h;] SNR
which equalsthe rst-order term of the coherentcapacityas
describedn Corollary 1. On the otherhandwhen < 1, the
leadingterm takesthe form O SNRT . ]
Having establishedhe result with averagepower constraint,
we turn our attentionto the scenariowhenthereis an instan-
taneouspower constraint.

B. Capacity of Training-based Sdheme with Instantaneous
Power Constaint

We imposea nite constrainton the instantaneousrans-
mit power as in (38) for the communicationphaseof the
channellearningschemeWith this constraint,we explore an
achievable lower boundfor the capacity We considerexactly
the samepower allocationschemeasin (39) (SectionllI-B)

andproceedon the samelines to computethe capacity Thus,
analogougo (40), we obtain

@train;l;ST(SNR

1 1 X jRij2g(1+ E
= 1 — = E log, 1+ "G+ Ev)
0 NC b i=1 1+ G + E]:(rl 3
X AD AN N oSNR)
h - ; e N ¢ SNR
@ hp e A0 T aas
j=1 (
b ptrain
= @train;l;LT(SNR '_l?'
; !
wherepian = pr (h i2 htrain) AD e Wfsﬁ‘uﬁm
P = 18] i T

j=1
Once again the problem reducesto analyzian the sum of
the probabilities f pang2, and we desire —=£P— 1 1.

Taking recourseto the analysisin Proposition 1 and by

using a thresholdof the form htran = %ht for the

training-baseccommunicationschemewith h log sim
D train

as in (28), it can be shovn that the —="_ s |ower

bounded by exactly the same expressionas in (41),(42).
More speci cally, we concludethatif E[De ]! 1, then
@train;l;ST(SNR! @train;l;LT(SNQ-

C. Discussionof Results

The analysisin SectionsIV-A and IV-B reveals the fol-
lowing two conditionsthat are critical in evaluatingthe per
formanceof the D -bit feedbackschemein the non-coherent
scenario.

C1) ThechannelcoherencalimensionN¢, scaleswith SNR
accordingto N¢ g with > 1, and

C2) The independentdegrees of freedom (DoF), D, in
the channel scaleswith SNR such that E[D. ] =
DSNR ! 1 asSNR! 0.

With only an average power constraint, C1 is necessary
and sufcient so that ®yain.1..7(SNR | Gcon1.07(SNR). In
particular with ! 1, we approachthe perfectCSI capacity
the benchmarlfor all limited feedbackschemesWhenthere
is aninstantaneoupower constraint,we needto satisfy both
C1 and C2 so that the benchmarkcan be attained.

What do thesetwo conditions mean?Note that C1 pred-
icatesa certainminimum channelcoherencdevel to ensure
the delity of the training performance On the other hand,
C2 describesthe required growth rate in the DoF so that
E[De ] = DSNR ! 1 and the instantaneouspower
constraintis satis ed, without ary lossin capacity It is clear
that the two conditions are someavhat con icting in nature
sincefor a richer channel,it is easierto increaseD but a lot
tougherto increaseN, while for a sparserchannel,it is vice
versa.Thereforea naturalquestionis if they canbe satis ed
simultaneously

In this quest,we rst analyzethe achievability of C1. What
arethe conditionson the channelparameter¢T,,, Wy, 1 and

2) andhow do they interactwith the signal spaceparameters
(T, W and P) sothat > 1 is feasible?As we discuss



next, by leveragingdelayandDopplersparsityandusingpeaky

signaling(whennecessary), > 1 is achievable.

B1) Rich multipath: Whenthe channelis rich in both delay
and Dopplet Nc = +—— is x ed and doesnot scalewith

SNR Thuswe cannever maintainthe scalingrelationshipin

N. asin Theorem2 andC1 cannever be satis ed. Therefore,
we cannotattain the benchmarkeven with only an average
power constraint.

B2) Doppler sparsity only: In this caseW¢on = % is xed
andthescalingin N¢ is only throughTeon  f2(T) (see(12)).
Thereforeby scalingT with W accordingo T f, (W )

andchoosing > 1,wehaseN, Ten f2 fo Y(W)

s For the power-law scalingin (13), we obtain

T Wiz (59)

B3) Delay sparsity only: In this case,T¢on = W%‘ andN¢ =
Woeon Teon SCaleswith SNR only throughWeo, 1 ﬁ .
Therefore,for ary sub-linearf;, we cannotsatisfy > 1.
A solution to this is to use pealy signaling where training
and communicationis performedonly on a subsetof the D
coherencesubspacesWe model peakinesssimilar to [4], [7]
anddene = SNR; > 0asthefractionof D overwhich
signalingis performed.It can be shavn in this scenario[7,
Lemma 3] that the condition for asymptoticcoherencegets

relaed to Ne = o=t from the original N¢ = o
where peaky = + . Thusnow we require peaky > 1,
thatis > 1 . For the powverlaw scalingin (13), we have
N fo(W)=w?t : ﬁ. Thuswith > 5, we

satisfy the desiredcondition.

B4) Delay and Doppler sparsity: Using (12), we have
Weoh f1(W) and Teon fo(T). Therefore,if we scale
T with W accordingto

X
f1(x)
so that N, = fa(W)f2(fa(W)) =

fo(W)f, fo ! o si= Thuswith > 1in (60),
we attainthe desiredscalingof N with SNR For the power
law scalingin (13), the desiredscalingin N, canbe obtained
by choosingT, W and P satisfyingthe following canonical
relationshipthatis obtainedusing (13) in (60)

T fa(W) with fa(x)=f, ! (60)

Wcoh Tcoh

1 1+ 9

1
PWTT 2

T 2W,*

T= (61)
PT 1

From the abore discussionijt is clearthat channelsparsity

is necessarandin additionwe alsorequirea speci ¢ scaling

relationshipbetweenT andW asde ned in (61). How does

this scaling law impact the scaling of D with SNR? This

is critical in determiningthe achievability of C2, which we

discussedhext. We recall that by de nition
TW
Ne¢

Using (61) in (62) and simplifying, we obtain the induced
scalingbehaior on D as

D= = TW SNR

(62)

2

1)
D SNR T 1 (63)

Therefore,we have

+ 2@ ) 2
1

E[De ]= D SNR = SNR T (64)
and consequently
8
+( 1)
20 1> > 2 Ao
E[De ]! _constant = 212 (65)
1 0< < z+(1 11) .

It is easily seenthat if 2”1711)1 > 1, thatis, > +-2,
EDe ]! 1 forall 2 (0;1) and C2 is satis ed. The
specialcasesf delay sparsityonly and Dopplersparsityonly
(asin B2 andB3) are simple extensionsand naturally follow.

In summarythe capacityof the training-basedommunica-
tion schemecorvergesto the coherentcapacityand achieves
the benchmarkprovided (i) the channelis sparseand (ii) the
canonicalscalinglaw in (61) relating the signal and channel
parameterss obeyed. With only an averagepower constraint,
we require > 1, whereaswith an instantaneougpower
constraint,we require

> max 1;

2 (66)

V. CONCLUDING REMARKS

We contrastthe results of this work with recently made
obsenationsin [11], [12]. The focusin [11] is on training-
basedcommunicationschemesand on scenarioswhen T¢gh
increasesas SNR decreasesalthoughthereis no mention of
how such scalinglaws would hold in general.In particulay
the authorsshav that capacity scalesas log(T¢on) SNR if

log(Teon) log 57z and equalsthe coherentcapacity
log stz SNRwhenlog(Teon)  log stz - On the other

hand,we have shovn thatwhenthe channelis sparsechannel
coherencescalesnaturallywith T andW andthe benchmark
gain,log ﬁ canalwaysbeattainedoy appropriately}choos-
ing T andW. Furthermorewhile [11], [12] considereconly
anaveragepower constraintwe have establishedchiezability
underboth averageandinstantaneoupower constraintsAlso,
pealy trainingschemesrenecessaryn the frameavork of [11]
to achieve perfecttraining performance Suchschemesvould
violateary nite instantaneoupower constraintOur ndings
herereveal that channelsparsityis a new degree of freedom
that can be exploited in obtainingnearcoherentperformance
with non-peak training-basedcommunicationschemes.

Finally, the resultsobtainedhereclosely parallelour earlier
work [7], wherewe analyzednon-coherentapacity without
feedbackand shaved that when N = g with > 1,
the channelis asymptoticallycoheent channelestimation
performances nearperfectat a vanishingenegy cost. Here
we have shavn, analogoudo [7], thatunderthe assumptiorof
anerrorfree D -bit feedbacHink, the capacityof the training-
basedschemeconvergesto the benchmark Furthermore the
costof feedbackmeasuredn termsof the numberof feedback
bits per dimension ﬁ— goesto zeroasymptoticallywhenthe
channelis sparse.



APPENDIX

A. Proof of Proposition1
Tocomputep , Pr | (jhjj> h) ADe ™ ,we
needthe following result[22, Theorem2.8, p. 57] on the tail
probability of a sum of independentandomvariables.
Lemmal: Let X;;i = 1; ;n be independentrandom
@rlableswnh E[Xi] = 0O andE[X?] = 2. Dene B, =

", 2. If thereexists a positive constamH suchthat

EX{"] %m! HM 2 (67)
for all i andx Bo . thenwe have Pr Ppinzl Xi > x
exp 4H Jfx  Br thenwehavePr L, X; > x
exp 5o - [ |
To applyLemmal, we setn = i andX; = (jh;j? hy)
E (hi? h) = (hj2 h) eh= j Eforj=
1, ;i. Then,a simple computationof the higher moments

of X; impliesthatE[X?]= ?=E(1 E),B;=iEQ1 F),
EXM=E1 B (1 B™ '+ ( )™E™ 1). It canbe
checledthatH = (1 E) issufcient to satisfythe conditions
of LSmmal. With this setting,we have

X
Pr@ (ihjj> h) iE>(AD i)EA
8 | (68)
< ep YrdF if i bA-c;
(AD i)2E PP .
exp Gy i bPc+ L
If 1< A< 2 with = g5 using(68), the following
lower bound, L, holds for 'Dl —i= P
2 3
L=1 4e ¢+ o=t
. ib A-c b A0-c+1
(a) L e (AD 1) (e b2D-c 1)
- e 1
+ b BB L@mowo
2
1 1 e (% l)
e 1 i (69)
+(1+ D@ A=2)e (A DD
where (a) follows from rst usmgM (A 1)°D for

alll i D andthen uponfurther3|mpli cation usingthe
sumof a geometricseries.
If A

'D=1 Pi .

2, we have the following lower boundto —3
X 1
L=1 exp( AD ) e 1 e PADDY T
1i D €
(70)
log o=z asin (28), the dominantterm of E

With h; =

is SNR and hencein is MR- With this choiceof h; in
(69) and (70) and simplifying, we obtain the desiredbounds
in (41) and (42). It is also straightforvard to seethat when
D satisesDSNR ! 1 asSNR! O, L! 1in boththe

cases. |
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