
1

Non-CoherentWidebandCapacityof Sparse
Multipath Channelswith Limited Feedback

GauthamHariharanandAkbar M. Sayeed

Abstract— This paper investigatesthe ergodic capacity of mul-
tipath channels in the wideband regime with limited feedback.
Our work builds on recentresultsthat haveestablishedsigni�cant
capacity gainsachievable in the wideband/low-SNRregime,when
there is perfect channelstateinformation (CSI) at the transmitter.
Furthermor e,this benchmark gain canbeobtainedwith just 1-bit
of CSI at the transmitter about eachchannelcoef�cient. However,
the capacity achieving signalsare peaky; they have large instan-
taneoustransmit power, especiallyin the non-coherent scenario.
Signal peakinessis related to channel coherenceand, in contrast
to the prevalent assumption of rich multipath, we investigate
the capacity of sparse multipath channels,motivated by recent
experimental results. Sparsity naturally leads to coherence in
time and fr equency. With perfect receiver CSI, it is shown that
limited feedback,even with an instantaneouspower constraint, is
suf�cient to achieve the benchmark capacity. Our analysisreveals
the bene�ts of channel sparsity in the non-coherent scenario,
where we employ a training-based communication scheme.With
an average power constraint, it is shown that the benchmark is
achievable,provided the channelcoherencescalesat a suf�ciently
fast rate with signal spacedimension. Furthermor e, in contrast
to peaky signaling schemesthat violate instantaneous power
constraints, we show that the benchmark is attainable in sparse
channels with �nite instantaneous transmit power. We present
rules of thumb on choosingthe signalingparametersasa function
of the channelparametersso that the full bene�ts of sparsity can
be realized.

I . INTRODUCTION

Recentresearchon the fundamentalperformancelimits of
wideband/low-SNR communicationhas particularly focused
on theimpactof channelstateinformation(CSI),morespecif-
ically the non-coherentregime, when there is no CSI at the
receiver a priori . This is because,from a capacityperspective,
spreadingsignals have been shown [1] to be sub-optimal
and peaky or �ash signaling schemes[2], [3] are necessary
to achieve non-coherentwidebandcapacity. However these
resultshave beenderived basedon an implicit assumptionof
rich multipath, in which the independentdegreesof freedom
(DoF) in the channelscale linearly with bandwidth.Recent
work by Zhenget al [4] hasemphasizedthe crucial role of
channelcoherencein the low SNRregimeandthe importance
of channellearningschemesthat canbridge the gap between
the coherentandnon-coherentextremes.

Motivatedby theseworksaswell asby recentmeasurement
campaignsfor UWB [5], [6], we recently introduced the
notion of multipath sparsity as a physical sourceof channel
coherenceandproposeda channelmodelingframework in [7]
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that capturesthe effect of sparsity in delay and Doppler. A
key implication of sparsity is that the degreesof freedom
(DoF) in the widebandchannelscale sub-linearly with the
signal spacedimension(time-bandwidthproduct).Basedon
this model, we investigated the ergodic capacityof training-
basedcommunicationschemes.The analysis in [7] reveals
the impact of channelsparsityon channelcoherencescaling
andthe role playedby sparsityin reducing/eliminatingpeaky
signalingto achieve widebandcapacity.

Building on the results in [7], the focus of this paper is
on the impact of feedback on the ergodic capacityof sparse
widebandchannels.Although earlierworks (for example[8],
[9], [10] and referencestherein)have explored capacitywith
transmitterCSI, it is only recently[11], [12] that theimpactof
feedbackin the low-SNR, non-coherentregime has received
attention.In particular, it is shown in [11] thatwith anaverage
powerconstraint,thecapacitygainwith perfecttransmitterand
receiver CSI (over the casewhen thereis only receiver CSI)
equalslog

�
1

SNR

�
and is obtainedwith the well known water-

�lling solution [8]. More interestingly, it is shown that this
gain can actually be achieved with limited feedback;when
thereis just 1 bit of CSI abouteachchannelcoef�cient at the
transmitterand on-off signaling is employed. However, for
both water-�lling andon-off signaling,the capacityachieving
input tends to be peaky (or) bursty in time, leading to a
high peak-to-average power ratio, and dif�culties from an
implementationstandpoint.Thepeakinessaspectis muchmore
relevant in thenon-coherentscenario,for which [11] proposes
peaky training and communication.The necessityof peaky
trainingis tied in with theneedto reliablyestimatethechannel
at the receiver.

We analyzethe capacityof sparsewidebandchannelswith
limited feedback as in [11], [12]. We start with a brief
description in Section II of the sparsechannelmodel [7].
Our main focus is on the case when there is no receiver
CSI a priori and training-basedcommunicationis employed.
The analysis is performed under an average or long-term
power constraintas well as with an instantaneousor short-
term constraint.We restrict our attentionto causalsignaling
schemesthat are realizablein practice.We �rst analyzein
Section III, the perfect receiver CSI scenario.It is shown
that an optimal thresholdgiven by ht = � log

�
1

SNR

�
for any

� 2 (0; 1) directly provides a measureof capacity which
behaves as (1 + ht ) SNR in the widebandlimit. Thus with
� ! 1, we achieve theperfecttransmitterCSI capacity, which
is the benchmarkfor all limited feedbackschemes.We derive
a suf�cient condition under which this benchmarkcan be
approachedeven with an instantaneouspower constraint.A
key parameterthat determinesthis condition is E [D e� ], the
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averagenumberof “active” independentchanneldimensions,
thenumberof independentchannelcoef�cients thatexceedthe
thresholdin thepowerallocationscheme.In particular, with an
instantaneouspower constraint,the benchmarkcapacitygain
is achieved whenE [De� ] ! 1 asSNR! 0 andwe discuss
its feasibility whenthe channelis rich andwhen it is sparse.

In Section IV, we discussthe capacity of training-based
communicationschemes.With an averagepower constraint,
it is shown that as long as the channelcoherencedimension
Nc scaleswith SNR as Nc = 1

SNR� for some � > 1, the
capacity of the training-basedschemeconverges to the co-
herentcapacity, the performancebenchmark,in the wideband
limit. Furthermore,this conditionis achievableonly whenthe
channelis sparseand we provide guidelineson choosingthe
signal spaceparameters(signaling duration, bandwidth and
transmit power) so that � > 1 is satis�ed. The critical role
of channelsparsity is further revealedwhen we imposean
instantaneouspower constraint.In contrastto peaky signaling
that violates �nite constraintson the instantaneouspower,
channel sparsity is suf�cient to achieve both � > 1 and
E [De� ] ! 1 and helps attain the benchmarkwith both
averageand instantaneouspower constraints.

I I . SYSTEM MODEL

In this section,we brie�y summarizethe modeldeveloped
in [7] for sparsemultipath channels.Our results are based
on an orthogonalshort-timeFourier (STF) signaling frame-
work [13], [14] that naturally relatesmultipath sparsity in
delay-Dopplerto coherencein time andfrequency.

A. SparseMultipath ChannelModeling

A physical discretemultipathchannelcanbe modeledas

h(� ; � ) =
X

n

� n � (� � � n )� (� � � n )

y(t) =
X

n

� n x(t � � n )ej 2� � n t + w(t) (1)

whereh(� ; � ) is the delay-Dopplerspreadingfunction of the
channel,� n , � n 2 [0; Tm ] and � n 2 [� Wd=2; Wd=2] denote
the complex path gain, delay and Doppler shift associated
with the n-th path.Tm andWd denotethe delayandDoppler
spreads,respectively. Thequantitiesx(t); y(t) andw(t) denote
the transmitted,received and additive white Gaussiannoise
waveforms, respectively. Throughoutthis paper, we assume
an underspread channel:Tm Wd � 1.

We usea virtual representation[15], [16] of the physical
model in (1) that capturesthe channelcharacteristicsin terms
of resolvablepathsandgreatlyfacilitatessystemanalysisfrom
a communication-theoreticperspective.Thevirtual representa-
tion uniformly samplesthe multipath in delayandDopplerat
a resolutioncommensuratewith signalingbandwidthW and
signalingdurationT, respectively [15], [16]:

y(t) =
LX

` =0

MX

m = � M

h`;m x(t � `=W)ej 2� mt=T + w(t)(2)

h`;m �
X

n 2 S� ;` \ S� ;m

� n : (3)

where L = dTm W e and M = dTWd=2e. The sampled
representation(2) is linear and is characterizedby the virtual
delay-Dopplerchannelcoef�cients f h`;m g in (3). Eachh`;m

consistsof the sum of gains of all pathswhosedelaysand
Doppler shifts lie within the (`; m)-th delay-Dopplerresolu-
tion bin S� ;` \ S� ;m of size � � � � � , � � = 1

W ; � � = 1
T

asshown in Fig. 1(a). Distinct h`;m 's correspondto approxi-
matelydisjoint subsetsof pathsandarehenceapproximately
statistically independent.In this work, we assumethat the
channel coef�cients f h`;m g are perfectly independent.We
also assumeRayleighfading in which f h`;m g are zero-mean
Gaussianrandomvariables.

Let D denotethe numberof dominantnon-zerochannel
coef�cients; it re�ects the (dominant)statisticallyindependent
degreesof freedom(DoF) in the channeland also signi�es
the delay-Dopplerdiversity afforded by the channel [15].
We decomposeD as D = DT DW where DT denotesthe
Doppler/timediversity andDW the frequency/delaydiversity.
The channelDoF or delay-Dopplerdiversity is boundedas:

D = DT DW � Dmax = DT ;max DW;max

DT ;max = dTWde ; DW;max = dTm W e (4)

where DT ;max denotesthe maximum Doppler diversity and
DW;max denotesmaximumdelaydiversity. Note that D T ;max

and DW;max increaselinearly with T and W , respectively,
and representa rich multipath environment in which each
resolutionbin in Fig. 1(a) correspondsto a dominantchannel
coef�cient.

However, thereis growing experimentalevidence[5], [17],
[6] that the dominantchannelcoef�cients get sparserin delay
asthebandwidthincreases.Furthermore,wearealsointerested
in modeling scenarioswith Doppler effects, due to motion.
In such cases,as we considerlarge bandwidthsand/or long
signalingdurations,the resolutionof pathsin both delayand
Dopplerdomainsgets�ner, leadingto thescenarioin Fig. 1(a)
wherethedelay-Dopplerresolutionbinsaresparselypopulated
with paths,i.e. D < Dmax .

We model multipath sparsitywith a sub-linear scaling in
DT andDW with T andW :

DW � g1(W ) ; DT � g2(T) (5)

where g1 and g2 are arbitrary sub-linear functions. As a
concreteexample, we will focus on a speci�c power-law
scalingfor the restof this paper:

DT =
T � 1

W � 1
d

; DW =
W � 2

T � 2
m

(6)

for � 1; � 2 2 (0; 1). But the results derived here hold true
in generalfor any sub-linearscaling law. Note that (4) and
(5) imply that the total numberof delay-DopplerDoF, D =
DT DW , scalessub-linearlywith the signal spacedimension
N = TW in sparsemultipath.

Remark1: With perfect CSI at the receiver, the parame-
ter D denotesthe delay-Dopplerdiversity afforded by the
channel,whereaswith no CSI, it re�ects the level of channel
uncertainty;thenumberof channelparametersthatneedto be
estimatedat the receiver for coherentprocessing.
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Fig. 1. (a) Delay-dopplersamplingcommensuratewith signalingdurationand bandwidth.(b) Time-frequency coherencesubspacesin STF signaling.(c)
Illustrationof the training-basedcommunicationschemein the STF domain.Onedimensionin eachcoherencesubspace(dark squares)representsthe training
dimensionandtheremainingdimensionsareusedfor communication.

B. Orthogonal Short-Time Fourier Signaling

We consider signaling using an orthonormal short-time
Fourier (STF) basis[13], [14] that is a naturalgeneralization1

of orthogonal frequency-division multiplexing (OFDM) for
time-varying channels.An orthogonalSTF basis f � `m (t)g
for the signal space is generatedfrom a �x ed prototype
waveform g(t) via time andfrequency shifts: � `m (t) = g(t �
`To)ej 2� W o t , where ToWo = 1, ` = 0; � � � ; NT � 1,
m = 0; � � � ; NW � 1 and N = NT NW = TW with
NT = T=To; NW = W=Wo. The transmittedsignal can be
representedas

x(t) =
N T � 1X

` =0

N W � 1X

m =0

x `m � `m (t) 0 � t � T (7)

where f x `m g representthe N transmittedsymbols that are
modulatedonto theSTFbasiswaveforms.Thereceivedsignal
is projectedonto the STF basiswaveformsto yield

y`m = hy; � `m i =
X

` 0;m 0

h`m;` 0m 0 x ` 0m 0 + w`m : (8)

We can representthe systemusing an N -dimensionalmatrix
equation

y = Hx + w (9)

where w representsthe additive noise vector whoseentries
are i.i.d. CN (0; 1). The N � N matrix H consistsof the
channelcoef�cients f h`m;` 0m 0g in (8). We assumethat the
input symbolsthat form the transmit codeword x satisfy an
averagepower constraint

1
T

� E
�
kxk2�

� P (10)

SincethereareN = TW symbolspercodeword,wede�ne the
parameterSNR(transmitenergy per modulatedsymbol) for a
given averagetransmitpower P asSNR= T P

T W = P
W . In this

work, the focus is on the widebandregime whereSNR! 0
asW ! 1 for a �x ed P.

1STF signaling can be consideredas OFDM signaling over a block of
OFDM symbol periods and with an appropriatelychosenOFDM symbol
duration.

For suf�ciently underspreadchannels,theparametersTo and
Wo can be matchedto Tm and Wd so that the STF basis
waveformsserve asapproximateeigenfunctionsof thechannel
[14], [13]; that is, (8) simpli�es to2 y`m � h`m x `m + w`m .
Thusthe channelmatrix H is approximatelydiagonal.In this
work, we assumethat H is exactly diagonal;that is,

H = diag
h

h11 � � � h1N c| {z }
Subspace 1

; h21 � � � h2N c| {z }
Subspace 2

� � � hD 1 � � � hD N c| {z }
Subspace D

i
:

(11)
The diagonalentriesof H in (11) admit an intuitive block
fading interpretation in terms of time-frequencycoherence
subspaces[13] illustrated in Fig. 1(b). The signal spaceis
partitioned as N = TW = NcD where D representsthe
numberof statisticallyindependenttime-frequency coherence
subspaces,re�ecting theDoFin thechannel,andNc represents
the dimensionof eachcoherencesubspace,which we refer
to as the coherence dimension. In the block fading model
in (11), the channel coef�cients over the i -th coherence
subspacehi 1; � � � ; hiN c are assumedto be identical (denoted
by hi ), whereasthe coef�cients acrossdifferent coherence
subspacesare independentand identically distributed. Thus,
the channelis characterizedby the D distinct STF channel
coef�cients, f hi g, that are i.i.d. zero-meanGaussianrandom
variables(Rayleighfading) with (normalized)varianceequal
to E[jhi j2] =

P
n E[j� n j2] = 1 [13].

UsingtheDoF scalingfor sparsechannelsin (5), thescaling
behavior for the coherencedimensioncanbe computedas

Wcoh =
W

DW
� f 1(W ); Tcoh =

T
DT

� f 2(T)

Nc = Wcoh Tcoh � f 1(W )f 2(T) (12)

whereTcoh is the coherencetime andWcoh is the coherence
bandwidth of the channel,as illustrated in Fig. 1(b). As a
consequenceof thesub-linearityof g1 andg2 in (5), f 1 andf 2

arealsosub-linear. In particular, correspondingto the power-

2The STF channelcoef�cients aredifferentfrom the delay-Dopplercoef�-
cients,even thoughwe areusing the samesymbols.
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law scalingin (6), we obtain

Tcoh =
T1� � 1

W � 2
d

; Wcoh =
W 1� � 2

T � 1
m

(13)

Remark2: Note that when the channelis sparse,both Nc

andD increasesub-linearlywith N , whereaswhenthechannel
is rich, D scaleslinearly with N , while Nc is �x ed.

In this work, our focus is on computing non-coherent
channelcapacitywith feedbackand as we will see later in
SectionsIII and IV, capacityturns out to be a function only
of the parametersNc andSNR. Thus,in order to analyzethe
low SNRasymptotics,the following relationbetweenNc and
SNR (= P=W) playsa key role:

Nc =
1

SNR� ; � > 0 (14)

wheretheparameter� re�ects the level of channelcoherence.
We will revisit (14) anddiscussits achievability andimplica-
tions in SectionIV.

I I I . CAPACITY WITH PERFECT RECEIVER CSI AND

L IMITED FEEDBACK

In this section,we studythe scenariowhenthereis perfect
CSI at the receiver. We assumethroughout this paper that
both the transmitter and the receiver have statistical CSI
- knowledge of Tm , Wd, g1, g2, f 1 and f 2 so that the
scaling in D and Nc is known. On the one extreme, with
perfectreceiver CSI andno transmitterCSI (no feedback),the
coherentcapacityper dimension(in b/s/Hz)equals

Ccoh;0(SNR) = sup
Q : Tr(Q ) � T P

E
�
log2 det

�
I N c D + HQH H

��

NcD
(15)

The optimizationis over the setof NcD-dimensionalpositive
de�nite input covariancematricesQ = E

�
xx H

�
satisfying

the averagepower constraint in (10). Due to the diagonal
natureof H in (11), the optimal Q is alsodiagonal.Further-
more,with no transmitterCSI, the uniform power allocation
Q = T P

N c D I N c D = SNRI N c D achieves this optimum. The
correspondingcapacityin the limit of low SNR equals[7]

Ccoh;0(SNR) = log2(e) �
�
SNR� SNR2�

(16)

On the other extreme is the caseof perfect receiver and
transmitterCSI, wherethereceiver instantaneouslyfeedsback
all the channelcoef�cients, f hi gD

i =1 , to the transmitter, cor-
respondingto the D independentcoherencesubspaces.The
optimum transmitterpower allocation in this caseis water-
�lling [8] over the different coherencesubspaces.In the low
SNRextreme,it is shown in [11] that thecapacitywith perfect
transmitterCSI scalesas log

�
1

SNR

�
SNR. Thus the capacity

gain comparedto receiver CSI only is directly proportional
to the water-�lling threshold,hw � log

�
1

SNR

�
, and this gain

servesasa benchmarkfor all limited feedbackschemes.More
interestingly, it is shown in [11] that this maximumcapacity
gain canbeachievedwith just onebit of feedbackperchannel
coef�cient.

In this caseof limited feedback,both the transmitterand
the receiver have a priori knowledgeof a commonthreshold,

ht . The receiver comparesthe channelstrength(jhi j2; i =
1; 2; � � � ; D ) in eachcoherencesubspacewith ht , and feeds
back

bi =

(
1 if jhi j2 � ht

0 if jhi j2 < ht :
(17)

At the transmitter, power allocation is uniform acrossthe
coherencesubspacesfor which bi = 1 and no power is
allocatedto thosesubspacesfor which bi = 0. Conditionedon
the f bi gD

i =1 , the input power allocation,which we still denote
by Q with a little abuseof notation,takes the form

Q = diag
�
jx1j2; jx2j2; � � � ; jxN j2

�

= diag
�

q1; � � � ; q1| {z }
N c

; q2; � � � ; q2| {z }
N c

; � � � ; qD ; � � � ; qD| {z }
N c

�

qi = P0 � � (jhi j2 � ht ): (18)

The choice of P0 dependson the type of power constraint
and also on the natureof feedback.To explore this further,
let De� denotethe numberof active subspaces,thosewhich
exceedthe thresholdht . We have

De� =
DX

i =1

� (jhi j2 � ht ) (19)

E [De� ]
(a)
= DE

�
� (jhj2 � ht )

� (b)
= De� ht (20)

where (a) is due to the fact that f hi gD
i =1 are i.i.d. and (b)

is becausefor a standardGaussianhi , E
�
� (jhi j2 � ht )

�
=

Pr
�
jhi j2 � ht

�
= e� ht .

If we assumeknowledgeof all f bi gD
i =1 at the beginning of

eachcodeword, then we can uniformly divide power among
the active subspaces.That is

P0;nc =
TP

NcDe�
: (21)

Using (15) and (18), the capacitywith this power allocation
equals

Ccoh;1;LT (SNR)

= max
ht

1
D

DX

i =1

E
�
log2

�
1 +

TP
NcDe�

� jhi j
2
�

�
�
jhi j2 � ht

�
�

:

(22)

The power allocation in (21) satis�es the power constraint
instantaneouslyaswell ason average.To seethis, note that

Pinst;nc =
1
T

kxk2 =
Nc

T

DX

i =1

qi

=
Nc

T

DX

i =1

TP
NcDe�

�
�
jhi j2 � ht

�
= P

(23)

and clearly E [Pinst;nc] � P as well. However, the above
schemeis not realizablein practicesinceit is not causal.This
is especiallyrelevant in the morepracticalscenariowhenthe
receiver estimatesthe channelcoef�cients f hi gD

i =1 and feeds
back f bi gD

i =1 basedon theseestimates.This motivatesus to
insteadconsidera causalpower allocation scheme,one in
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which for all i = 1; � � � ; D , qi in (18) dependsonly on bi

andP0 is independentof f bi gD
i =1 . From (18), we have

E
�
kxk2�

= Nc

DX

i =1

E [qi ] = Nc

DX

i =1

P0 � E
�
� (jhi j2 � ht )

�

(a)
= NcP0E [De� ]

(24)

where(a) follows from (20). Thusto satisfyE
�
kxk2

�
� TP,

the power allocationfor this causalschemeis given by

P0;c =
TP

NcE [De� ]
=

TP
NcDe� ht

(25)

and the correspondingcapacityis given by

bCcoh;1;LT (SNR)

= max
ht

1
D

DX

i =1

E
�
log2

�
1 +

TP
NcDe� ht

jhi j2
�

� (jhi j
2 � ht )

�
:

(26)

Thecausalpower allocationpolicy in (25) satis�estheaverage
power constraintbut canhave a largeinstantaneouspower. We
have

Pinst;c =
Nc

T

DX

i =1

TP
NcDe� ht

�
�
jhi j2 � ht

�
=

�
De�

De� ht

�
P:

(27)
Thus E [Pinst;c] � P , but unlike (23), Pinst;c 2 [0; 1 ). We
will addressthis important issue in Section III-B, but �rst,
we solve the capacityproblem in (26), consideringonly an
averagepower constraint.

A. Capacitywith Average Power Constraint

The following theoremestablishesthat a thresholdof the
form ht � � log

�
1

SNR

�
for some � 2 (0; 1) provides the

solution to (26).
Theorem1: Given any � 2 (0; 1), a causal signaling

scheme satisfying the average power constraint achieves
bCLB � bCcoh;1;LT (SNR) � bCU B as speci�ed in (29) and (30)
(on page(6)) usingan optimal thresholdsatisfying

lim
SNR! 0

ht

� log
�

1
SNR

� = 1: (28)

Proof: We startwith (26)

bCcoh;1;LT (SNR)

= max
ht

1
D

DX

i =1

E
�
log2

�
1 +

TP
NcDe� ht

jhi j2
�

� (jhi j
2 � ht )

�

(a)
= E

h
log2

�
1 + SNReht jhj2

�
� (jhj2 � ht )

i
(31)

where(a) follows from the fact that f hi g are i.i.d. CN (0; 1).
Computingthe expectationin (31) using [18, 4.337(1),p.

574] andde�ning � = 1+ SNRht eht

SNReht for convenience,we have

bCcoh;1;LT (SNR)

= e� ht �
h
log2

�
1 + SNRht eht

�
+ log2(e) � exp(� )

R1
�

e� t

t dt
i

= e� ht �
�
log2

�
1 + SNRht eht

�
+ log2(e) � � �

�
(32)

wherewe de�ne

� � = exp(� )
Z 1

�

e� t

t
dt: (33)

Furthermore,in the limit of � ! 1 , we have the following
boundsto � � [19, 5.1.20,p. 229]:

1
2

loge

�
1 +

2
�

�
� � � � loge

�
1 +

1
�

�
: (34)

Thechoiceof ht thatmaximizes(32) is obtainedby setting
its derivative to zeroandsatis�es

� , 1 � loge

�
1 + SNRht eht

�
�

1
SNReht

� � � = 0: (35)

Now if ht is suchthat limSNR! 0
ht

� log ( 1
SNR) = 1 for some� 2

(0; 1), then as SNR! 0, we have SNRht eht ! 0 and � !
1 . Thus using (34), � � � 1

� . Using this in (35), we have
1

SNReht � � � � 1
1+ SNRht eht ! 1. Therefore,with the choiceof

ht asin (28), it follows thatasSNR! 0, � ! 0. Substituting
this choiceof ht in (32) andusingtheupperandlower bounds
on � � in (34), we obtain the boundsin (29) and(30).

It canalsobeshown thattherateachievablewith this causal
schemeis asymptotically(in low SNR) the sameas the non-
causalcapacity in (22). That is, bCcoh;1;LT (SNR) is a tight
boundto Ccoh;1;LT (SNR) andfor all � 2 (0; 1), we have

lim
SNR! 0

�
�Ccoh;1;LT (SNR) � bCcoh;1;LT (SNR)

�
�

Ccoh;1;LT (SNR)
= 0: (36)

We omit the details here for lack of spacebut a rigorous
derivation canbe found in [20, AppendixA].

Corollary 1: The capacity gain for the D-bit feedback,
causalpower allocation schemeover the receiver CSI only
capacityin (16) satis�es

lim
SNR! 0

bCcoh;1;LT (SNR)
Ccoh;0(SNR)

= (1 + ht ) =
�

1 + � log
�

1
SNR

��
:

(37)
Proof: By performing a Taylor series expansionof

the upper and lower boundsin (29) and (30), we note that
they areequaluptoa �rst-order andobtain, bCcoh;1;LT (SNR) =�
1 + � log

�
1

SNR

� �
SNR = (1 + ht )SNR. On the other hand,

with only receiver CSI, we have from (16), Ccoh;0(SNR) =
SNR. Thus the desiredresult follows.

Remark3: The capacitygain due to feedbackis directly
proportionalto ht andthehighestgain is obtainedby choosing
� ! 1, andequalsthe perfectCSI benchmark.

We now revert our attention back to the instantaneous
transmit power describedin (27). Note that as D ! 1 ,
Pinst;c ! P as a consequenceof the law of large numbers.
However, for any large but �nite D , Pinst;c may be much
larger than P. This is a serious issue in practical systems
that typically operatewith peak power limitations. Thus it
is important to analyze the impact of constraintson the
instantaneouspower in (27), asdiscussednext.
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bCU B = SNR� �
�
log2

�
1 + � SNR1� � log

�
1

SNR

� �
+ log2

�
1 + SNR1 � �

1+ � SNR1 � � log ( 1
SNR)

��
(29)

bCLB = SNR� �
�
log2

�
1 + � SNR1� � log

�
1

SNR

� �
+

1
2

log2

�
1 + 2SNR1 � �

1+ � SNR1 � � log ( 1
SNR)

��
(30)

B. Capacitywith InstantaneousPower Constraint

In addition to the averagepower constraint,we imposea
constrainton the instantaneoustransmitpower of the form

Pinst;c
a:s:
� AP (38)

where A > 1 and �nite. With this short-term constraint,
we calculatethe capacity, bCcoh;1;ST(SNR), of the causalsig-
naling scheme.We are particularly interestedin exploring
conditionsunderwhich we do not take a hit in capacityand
bCcoh;1;ST(SNR) � bCcoh;1;LT (SNR). To this end, we employ
the following power allocation

Q = diag
�

q1; � � � ; q1| {z }
N c

; q2; � � � ; q2| {z }
N c

; � � � ; qD ; � � � ; qD| {z }
N c

�

qi = P0;c � (jhi j2 � ht ) �

 
iP

j =1
� (jhj j2 � ht ) � AD e� ht

!

:

(39)
Thesecondindicatorfunctionin (39) checksfor theconstraint
in (38) causally, during eachtime-frequency coherenceslot,
and allocatespower only if this constraintis satis�ed. The
capacityof this schemecanbe computedasshown in the set
of equations(40) (on page(7)) where bCcoh;1;LT (SNR) is the
capacityof the causalsignalingschemein (26), with only an
averagepower constraint,and (a) follows from the fact that
f hi g arei.i.d. andpi , Pr

� P i
j =1 � (jhj j2 � ht ) � AD e� ht

�
.

Thus, characterizingbCcoh;1;ST(SNR) is equivalent to charac-

terizingpi . In particular, underwhatconditiondoes
� D

i =1 pi

D !
1? This is discussedin the following proposition.

Proposition1: With ht � � log
�

1
SNR

�
as in (28),

� D
i =1 pi

D � L , wherefor 1 < A < 2, L satis�es

L � 1 � 4

SNR� (1+ SNR� =4)
AD

2 � 1
� D (1 � A= 2)

(1+ SNR� =4)D ( A � 1) 2 (41)

and for A > 2, we have

L � 1 �
4

SNR�
�

1 + SNR� =4
� D (A � 1)

(42)

In particular, if

lim
SNR! 0

E [De� ] = DSNR� = 1 (43)

then L ! 1 for all A > 1 and bCcoh;1;ST(SNR) !
bCcoh;1;LT (SNR) .

Proof: SeeAppendixA.

C. Discussion:Rich vs. SparseMultipath

The result of Theorem1 implies that the capacityof the
D-bit feedbackschemeapproachesthe benchmark(� !
1), the capacity with perfect transmitterand receiver CSI.
Furthermore,this benchmarkcanbe attainedin the wideband
limit, evenwhenthereis aninstantaneouspowerconstraint.As
describedin Proposition1, E [D e� ] ! 1 providesa suf�cient
condition. We now discussthe feasibility of satisfying these
conditionswhen the channelis rich and when it is sparse.
As describedbelow, analyzingthe behavior of E [D e� ], the
averagenumberof active coherencesubspaces,provides the
key insights in this regard. Note that with ht � � log

�
1

SNR

�

as in (28), we have, using(20)

E [De� ] = De� ht = D SNR� (44)

A1) Rich multipath : For a rich channel,we note from (4)
thatD scaleslinearly with T andW . Therefore,for a �x edT,
D � SNR� 1 (sinceSNR= P

W ). ThusE [De� ] = D SNR� =
SNR� � 1 ! 1 for 0 < � < 1. We concludethat for rich
multipaththebenchmarkis trivially attainedwith bothaverage
and instantaneouspower constraints.
A2) Sparsemultipath : Fromthepower-law scalingin (6), we
have (ignoring constants)D � T � 1 W � 2 andtherefore

E [De� ] = D SNR� � T � 1 SNR� � � 2 (45)

For a �x ed T, we have, in the limit of SNR! 0:

E [De� ] !

8
><

>:

0 1 > � > � 2

constant � = � 2

1 0 < � < � 2

(46)

Thus althoughwe can approachthe benchmarkfor average
power constraint,(46) suggestsa cap (� ! � 2 (0 < � 2 < 1))
on the highestachievable gain with an instantaneouspower
constraint.

We proposethefollowing solutionto getaroundthis restric-
tion. Insteadof signalingwith a �x edT, supposewe maintain
a scalingrelationshipfor T asa function of W , that is, T �
W � for some� > 0. Consequently, D � T � 1 W � 2 � W � 2 + �� 1

andwe have

E [De� ] = D SNR� � SNR� � � 2 � �� 1 (47)

In the limit of SNR! 0, the asymptoticbehavior is modi�ed
as

E [De� ] !

8
><

>:

0 1 > � > � 2 + �� 1

constant � = � 2 + �� 1

1 0 < � < � 2 + �� 1

(48)

By choosing� � 1� � 2
� 1

, that is, � 2 + �� 1 � 1, it follows
that for all � 2 (0; 1), E [De� ] ! 1 . Thus the benchmark
capacity is achieved with both average and instantaneous
power constraints.
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bCcoh;1;ST(SNR)

=
1
D

E

2

4
DX

i =1

log2

0

@1 +
TP
Nc

jhi j2
� (jhi j2 � ht )

De� ht
�

0

@
iX

j =1

� (jhj j2 � ht ) � AD e� ht

1

A

1

A

3

5

=
1
D

DX

i =1

E

2

4log2

�
1 + SNR� eht � jhi j2� (jhi j2 � ht )

�
�

0

@
iX

j =1

� (jhj j2 � ht ) � AD e� ht

1

A

3

5

=
1
D

DX

i =1

Pr

0

@
iX

j =1

� (jhj j2 � ht ) � AD e� ht

1

A � E
�
log2

�
1 + SNR� eht � jhi j2� (jhi j2 � ht )

� �

(a)
= E

�
log2

�
1 + SNR� eht � jhj2� (jhj2 � ht )

� �
�

P D
i =1 Pr

� P i
j =1 � (jhj j2 � ht ) � AD e� ht

�

D
= bCcoh;1;LT (SNR) �

P D
i =1 pi

D

(40)

IV. FEEDBACK CAPACITY WITH CHANNEL ESTIMATION AT

THE RECEIVER

The focus of this sectionis on the more realistic scenario
whenthereis no CSI at thereceiver a priori . We �rst consider
only anaveragepower constraintandshow that the �rst-order
term of coherentcapacitycan be achieved if the channelis
sparseand the channelcoherencedimensionNc scaleswith
SNR at an appropriaterate, allowing the receiver to learn
the channel reliably. We also show that this is infeasible
when the channel is rich, due to poor channelestimation.
Within the non-coherentregime, we focus on training-based
communicationschemes.

Weconsideracommunicationschemewherethetransmitted
signalsincludetraining symbolsto enablechannelestimation
and coherentdetection.The restriction to training schemes
is motivated by their practical feasibility. The total energy
available for training and communicationis PT, of which
a fraction � is usedfor training and the remainingfraction
(1 � � ) is usedfor communication.Due to the block fading
model, our schemeusesone signal spacedimensionin each
coherencesubspacefor training and the remaining(Nc � 1)
for communication,as illustrated in Fig. 1(c). We consider
minimum meansquarederror (MMSE) channelestimationin
this work. The readeris referredto [7, Sec.II(c)] for a more
detaileddescriptionof the training scheme.

A. Capacity of the Training-basedCommunicationScheme
with Average Power Constraint

Let bCtrain ;1;LT (SNR) denotetheaveragemutualinformation
achievable (per-dimension)with the causaltraining andcom-
municationschemesatisfyingtheaveragepower constraint.To
characterizebCtrain ;1;LT (SNR), we proceedon thesamelinesas
the casewith no feedback[7, Lemma1]. Let H be the actual
channel,bH betheestimatedchanneland� = H � bH denotes
theestimationerrormatrix. We begin with thefollowing well-
known lower-bound[21] to bCtrain ;1;LT (SNR):

bCtrain ;1;LT (SNR)

� sup
Q

E
h
log2 det

�
I (N c � 1)D + bH Q bH H (I + � �x ) � 1 � i

NcD
:

wherethe supremumis over f Q : Tr(Q) � (1 � � )TPg.
As before,the optimal Q is diagonaland analogousto (18),
equals

Q = diag
�

q1; � � � ; q1| {z }
N c � 1

; q2; � � � ; q2| {z }
N c � 1

; � � � ; qD ; � � � ; qD| {z }
N c � 1

�

qi =
(1 � � )TP
(Nc � 1)D

�
�

�
jbhi j2 � htrain

t

�

E
h
�

�
jbhj2 � htrain

t

�i : (49)

The following theoremdescribesthe conditionsunderwhich
the capacity of the training-basedcommunicationscheme
convergesto the coherentcapacity.

Theorem2: If Nc = 1
SNR� for some� > 1, then

lim
SNR! 0

bCtrain ;1;LT (SNR)
bCcoh;1;LT (SNR)

= 1: (50)

Proof: Using the choice of Q from (49) in (49) and
proceedingon the lines of (40), we obtain the following
simpli�cation:

bCtrain ;1;LT
�
htrain

t ; � ; Nc; SNR
�

= � 1 �
�

log2

�
1 +

(1 � � )(1 + � NcSNR)htrain
t SNR

(1 � � )SNR+ � 1� 2

�

+ � (1 � � )(1+ � N c SNR) htrain
t SNR+(1 � � ) SNR+ � 1 � 2

� (1 � � ) N c SNR2

�
;

� 1 = e�
htrain
t (1+ � N c SNR)

� N c SNR ; � 2 = � (Nc � 1)SNR+
�

1 �
1

Nc

�

(51)

where � x is as de�ned in (33). The tightest lower bound to
(51) is obtainedby maximizing bCtrain ;1;LT

�
htrain

t ; � ; Nc; SNR
�

over thefractionof energy spenton training,� , andover htrain
t :

C �
train ;1;LT = max

htrain
t

�
max

�
bCtrain ;1

�
htrain

t ; � ; Nc; SNR
�
�

:(52)

As such, performing the double optimization as formulated
above seemsdif�cult. However, motivated by our study in
SectionIII, we can assumea speci�c form for the threshold,
givenby htrain

t = � log
�

1
SNR

�
. We omit thedetailsherebut it is

rigorouslyshown in [20, AppendixC] thatwith this choiceof
the threshold,theoptimalchoiceof � andNc canbeobtained
in closedform andthe desiredresult is established.
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Instead,we demonstrateherethata sub-optimal,yet simpler
approachactually suf�ces to obtain the desired result. We
considera sub-optimalchoice for � � in (52) that optimizes
the averagemutual information in the no feedbackcase[7,
Lemma2] and is given by

� � = N c SNR+ N c � 1
(N c � 2)N c SNR �

� q
1 + N c SNR(N c � 2)

N c SNR+ N c � 1 � 1
�
: (53)

With this choice,we next show that choosinga thresholdof
the form

htrain
t =

� � NcSNR
1 + � � NcSNR

ht (54)

whereht � � log
�

1
SNR

�
from (28), is suf�cient to obtain the

�rst-order term of coherentcapacity. To this end, let

A1 = (1 � � � )(1+ � � N c SNR)htrain
t SNR

(1 � � � )SNR+ � 1 � 2

A2 = (1 � � � )(1+ � � N c SNR)htrain
t SNR+(1 � � � )SNR+ � 1 � 2

� � (1 � � � )N c SNR2 : (55)

It canbe shown that

lim
SNR! 0

A1 = 0 lim
SNR! 0

1
A2

= 0 (56)

for any � > 0 andasa consequence,we have, using(51)

bCtrain ;1;LT � � 1 � [log2 (1 + A1) + � A 2 ]
(a)
� � 1 �

�
log2 (1 + A1) +

1
2

log
�

1 +
2

A2

��

(b)
� � 1 �

�
A1 +

1
A2

�
(57)

where(a) follows from theinequality� � � 1
2 log

�
1 + 2

�

�
and

(b) is dueto the low SNRapproximation,theTaylor seriesfor
the log consideringonly the �rst-order term.

Substitutingfor htrain
t from (54) and simplifying (ignoring

higherorderterms)we canreducethe lower boundin (57) to

bCtrain ;1;LT (SNR)

� (1 � � � )
�

Nc

Nc � 1

� �
� � NcSNR

1 + � � NcSNR

�
[1 + ht ] SNR

(58)

Substituting for � � from (53) and Nc = 1
SNR� , it can be

checkedthatwhen� > 1 theleadingtermequals[1 + ht ] SNR
which equalsthe �rst-order term of the coherentcapacityas
describedin Corollary 1. On the otherhandwhen � < 1, the
leadingterm takes the form O

�
SNR

3 � �
2

�
.

Having establishedthe result with averagepower constraint,
we turn our attentionto the scenariowhenthereis an instan-
taneouspower constraint.

B. Capacity of Training-basedScheme with Instantaneous
Power Constraint

We imposea �nite constrainton the instantaneoustrans-
mit power as in (38) for the communicationphaseof the
channellearningscheme.With this constraint,we explore an
achievable lower boundfor the capacity. We considerexactly
the samepower allocationschemeas in (39) (SectionIII-B)

andproceedon the samelines to computethe capacity. Thus,
analogousto (40), we obtain

bCtrain ;1;ST(SNR)

=
�

1 �
1

Nc

�
1
D

DX

i =1

E

"

log2

 

1 +
jbhi j2qi (1 + E tr )

1 + qi + E tr
�

�

0

@
iX

j =1

� (jbhj j2 � htrain
t ) �

AD e�
htrain
t (1+ � N c SNR)

� N c SNR

(1 � � )

1

A

1

A

3

5

= bCtrain ;1;LT (SNR) �
P D

i =1 ptrain
i

D

whereptrain
i = Pr

 
iP

j =1
� (jbhj j2 � htrain

t ) � AD e
�

htrain
t (1+ � N c SNR)

� N c SNR

(1 � � )

!

.

Once again the problem reducesto analyzing the sum of
the probabilities f ptrain

i gD
i =1 and we desire

� D
i =1 ptrain

i
D ! 1.

Taking recourseto the analysis in Proposition 1 and by
using a thresholdof the form htrain

t = � � N c SNR
1+ � � N c SNRht for the

training-basedcommunicationschemewith ht � � log
�

1
SNR

�

as in (28), it can be shown that the
� D

i =1 ptrain
i

D is lower
bounded by exactly the same expression as in (41),(42).
More speci�cally, we concludethat if E [D e� ] ! 1 , then
bCtrain ;1;ST(SNR) ! bCtrain ;1;LT (SNR).

C. Discussionof Results

The analysisin SectionsIV-A and IV-B reveals the fol-
lowing two conditionsthat are critical in evaluating the per-
formanceof the D-bit feedbackschemein the non-coherent
scenario.

C1) Thechannelcoherencedimension,Nc, scaleswith SNR
accordingto Nc � 1

SNR� with � > 1, and
C2) The independentdegrees of freedom (DoF), D , in

the channel scales with SNR such that E [D e� ] =
DSNR� ! 1 asSNR! 0.

With only an average power constraint, C1 is necessary
and suf�cient so that bCtrain ;1;LT (SNR) ! bCcoh;1;LT (SNR). In
particular, with � ! 1, we approachthe perfectCSI capacity,
the benchmarkfor all limited feedbackschemes.When there
is an instantaneouspower constraint,we needto satisfyboth
C1 andC2 so that the benchmarkcanbe attained.

What do thesetwo conditionsmean?Note that C1 pred-
icatesa certain minimum channelcoherencelevel to ensure
the �delity of the training performance.On the other hand,
C2 describesthe required growth rate in the DoF so that
E [De� ] = DSNR� ! 1 and the instantaneouspower
constraintis satis�ed, without any loss in capacity. It is clear
that the two conditions are somewhat con�icting in nature
sincefor a richer channel,it is easierto increaseD but a lot
tougherto increaseNc, while for a sparserchannel,it is vice
versa.Thereforea naturalquestionis if they can be satis�ed
simultaneously.

In this quest,we �rst analyzetheachievability of C1. What
aretheconditionson thechannelparameters(Tm , Wd, � 1 and
� 2) andhow do they interactwith the signalspaceparameters
(T, W and P) so that � > 1 is feasible?As we discuss
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next, by leveragingdelayandDopplersparsityandusingpeaky
signaling(whennecessary),� > 1 is achievable.
B1) Rich multipath : Whenthe channelis rich in both delay
and Doppler, Nc = 1

Tm W d
is �x ed and doesnot scalewith

SNR. Thuswe cannever maintainthe scalingrelationshipin
Nc asin Theorem2 andC1 cannever be satis�ed. Therefore,
we cannotattain the benchmarkeven with only an average
power constraint.
B2) Doppler sparsity only: In this caseWcoh = 1

Tm
is �x ed

andthescalingin Nc is only throughTcoh � f 2(T) (see(12)).
Therefore,by scalingT with W accordingto T � f 2

� 1 (W � )
andchoosing� > 1, wehaveNc � Tcoh � f 2

�
f 2

� 1(W � )
�

�
1

SNR� . For the power-law scalingin (13), we obtain

T � W
�

1 � � 1 (59)

B3) Delay sparsity only: In this case,Tcoh = 1
W d

andNc =
Wcoh Tcoh scaleswith SNR only throughWcoh � f 1

�
1

SNR

�
.

Therefore,for any sub-linearf 1, we cannotsatisfy � > 1.
A solution to this is to use peaky signaling where training
and communicationis performedonly on a subsetof the D
coherencesubspaces.We model peakinesssimilar to [4], [7]
andde�ne � = SNR
 ; 
 > 0 asthe fractionof D over which
signaling is performed.It can be shown in this scenario[7,
Lemma 3] that the condition for asymptoticcoherencegets
relaxed to Nc = 1

SNR� p eaky from the original Nc = 1
SNR�

where � peaky = � + 
 . Thus now we require � peaky > 1,
that is � > 1 � 
 . For the power-law scalingin (13), we have
Nc � f 1(W ) = W 1� � 2 � 1

SNR1 � � 2
. Thus with 
 > � 2, we

satisfy the desiredcondition.
B4) Delay and Doppler sparsity: Using (12), we have
Wcoh � f 1(W ) and Tcoh � f 2(T). Therefore,if we scale
T with W accordingto

T � f 3(W ) with f 3(x) = f 2
� 1

�
x �

f 1(x)

�
(60)

so that Nc = Wcoh Tcoh � f 1(W )f 2(f 3(W )) =
f 1(W )f 2

�
f 2

� 1
�

W �

f 1 (W )

��
� 1

SNR� . Thuswith � > 1 in (60),
we attainthe desiredscalingof Nc with SNR. For the power-
law scalingin (13), the desiredscalingin Nc canbe obtained
by choosingT, W and P satisfyingthe following canonical
relationshipthat is obtainedusing(13) in (60)

T =

�
T � 2

m W � 1
d

� 1
1 � � 1 W

� � 1+ � 2
1 � � 1

P
�

1 � � 1

: (61)

From the above discussion,it is clear that channelsparsity
is necessaryandin additionwe alsorequirea speci�c scaling
relationshipbetweenT and W as de�ned in (61). How does
this scaling law impact the scaling of D with SNR? This
is critical in determiningthe achievability of C2, which we
discussednext. We recall that by de�nition

D =
TW
Nc

= TW SNR� (62)

Using (61) in (62) and simplifying, we obtain the induced
scalingbehavior on D as

D � SNR
� 1 ( 1 � � ) � � 2

1 � � 1 (63)

Therefore,we have

E [De� ] = D SNR� = SNR� + � 1 (1 � � ) � � 2
1 � � 1 (64)

andconsequently

E [De� ] !

8
><

>:

0 1 > � > � 2 +( � � 1) � 1

1� � 1

constant � = � 2 +( � � 1) � 1

1� � 1

1 0 < � < � 2 +( � � 1) � 1

1� � 1

(65)

It is easily seenthat if � 2 +( � � 1) � 1

1� � 1
> 1, that is, � > 1� � 2

� 1
,

E [De� ] ! 1 for all � 2 (0; 1) and C2 is satis�ed. The
specialcasesof delaysparsityonly andDopplersparsityonly
(asin B2 andB3) aresimpleextensionsandnaturallyfollow.

In summary, thecapacityof the training-basedcommunica-
tion schemeconvergesto the coherentcapacityand achieves
the benchmarkprovided (i) the channelis sparseand (ii) the
canonicalscalinglaw in (61) relating the signal and channel
parametersis obeyed.With only an averagepower constraint,
we require � > 1, whereaswith an instantaneouspower
constraint,we require

� > max
�

1;
1 � � 2

� 1

�
(66)

V. CONCLUDING REMARKS

We contrastthe results of this work with recently made
observations in [11], [12]. The focus in [11] is on training-
basedcommunicationschemesand on scenarioswhen Tcoh

increasesas SNR decreases,althoughthereis no mentionof
how such scaling laws would hold in general.In particular,
the authorsshow that capacity scalesas log(Tcoh ) SNR if
log(Tcoh ) � log

�
1

SNR

�
and equals the coherentcapacity,

log
�

1
SNR

�
SNR when log(Tcoh ) � log

�
1

SNR

�
. On the other

hand,we have shown thatwhenthechannelis sparse,channel
coherencescalesnaturallywith T andW andthe benchmark
gain, log

�
1

SNR

�
canalwaysbeattainedby appropriatelychoos-

ing T andW . Furthermore,while [11], [12] consideredonly
anaveragepower constraint,we have establishedachievability
underbothaverageandinstantaneouspower constraints.Also,
peaky trainingschemesarenecessaryin theframework of [11]
to achieve perfecttraining performance.Suchschemeswould
violateany �nite instantaneouspower constraint.Our �ndings
herereveal that channelsparsityis a new degreeof freedom
that can be exploited in obtainingnear-coherentperformance
with non-peaky training-basedcommunicationschemes.

Finally, the resultsobtainedherecloselyparallelour earlier
work [7], where we analyzednon-coherentcapacitywithout
feedbackand showed that when Nc = 1

SNR� with � > 1,
the channel is asymptoticallycoherent; channel estimation
performanceis near-perfectat a vanishingenergy cost.Here
we have shown, analogousto [7], thatundertheassumptionof
anerror-freeD-bit feedbacklink, thecapacityof the training-
basedschemeconvergesto the benchmark.Furthermore,the
costof feedback,measuredin termsof thenumberof feedback
bits per dimension

�
D
N

�
goesto zeroasymptoticallywhenthe

channelis sparse.
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APPENDIX

A. Proof of Proposition1

To computepi , Pr
� P i

j =1 � (jhj j2 � ht ) � AD e� ht

�
, we

needthe following result [22, Theorem2.8, p. 57] on the tail
probability of a sumof independentrandomvariables.

Lemma1: Let X i ; i = 1; � � � ; n be independentrandom
variableswith E[X i ] = 0 and E[X 2

i ] = � 2
i . De�ne Bn =P n

i =1 � 2
i . If thereexists a positive constantH suchthat

E[X m
i ] �

1
2

m!� 2
i H m � 2 (67)

for all i and x � B n
H , then we have Pr

� P n
i =1 X i > x

�
�

exp
�

� x
4H

�
. If x � B n

H , thenwe have Pr
� P n

i =1 X i > x
�

�
exp

�
� x 2

4B n

�
.

To apply Lemma1, we setn = i andX j = � (jhj j2 � ht ) �
E

�
� (jhj j2 � ht )

�
= � (jhj j2 � ht ) � e� ht = � j � E for j =

1; � � � ; i . Then,a simple computationof the higher moments
of X j implies that E[X 2

j ] = � 2
j = E(1 � E), B i = iE(1 � E),

E[X m
j ] = E(1 � E) � ((1 � E)m � 1 + (� 1)m Em � 1). It canbe

checkedthatH = (1� E) is suf�cient to satisfytheconditions
of Lemma1. With this setting,we have

Pr

0

@
iX

j =1

� (jhj j2 � ht ) � iE > (AD � i )E

1

A

�

8
<

:

exp
�

� (AD � i )E
4(1 � E)

�
if i � bAD

2 c;

exp
�

� (AD � i )2 E
4i (1 � E)

�
if i � bAD

2 c + 1:

(68)

If 1 < A < 2, with � = E
4(1 � E) using (68), the following

lower bound,L , holds for
� D

i =1 pi

D :

L = 1 �

2

4e� AD �
X

i �b AD
2 c

ei� +
X

i �b AD
2 c+1

e� ( AD � i ) 2 �
i

3

5

(a)
= 1 �

"
e� � (AD � 1) � (e� b AD

2 c � 1)
e� � 1

+
�

D �
�

AD
2

� �
e� (A � 1) 2 D �

�

� 1 �
�

1
e� � 1

� e� � ( AD
2 � 1)

+ (1 + D(1 � A=2)) e� (A � 1) 2 D �
i (69)

where(a) follows from �rst using (AD � i )2

i � (A � 1)2D for
all 1 � i � D and then upon further simpli�cation using the
sumof a geometricseries.

If A � 2, we have the following lower boundto
� D

i =1 pi

D :

L = 1� exp(� AD � )
X

1� i � D

ei� � 1� e� � (D (A � 1) � 1) �
1

e� � 1
:

(70)
With ht = � log

�
1

SNR

�
as in (28), the dominantterm of E

is SNR� and hencein � is SNR�

4 . With this choiceof ht in
(69) and (70) and simplifying, we obtain the desiredbounds
in (41) and (42). It is also straightforward to seethat when
D satis�es D SNR� � ! 1 asSNR! 0, L ! 1 in both the
cases.
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